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PREFACE 

The addition of another text to the long list of existing 
geometry texts ealla for an explanation of the motives under- 
lying its preparation. 

Briefly stated, this text aims to effect a compromise between 
the extreme demands of certain reformers and the equally un- 
tenable position of overconservative writers. Our educational 
troubles cannot be cured by a complete break with the past, nor 
by ignoring the legitimate demands of our times. Accordingly, 
the authors have tried to endow the subject with life and reality, 
and at the same time to retain, as far as possible, that spirit of 
careful reasoning for which geometry has always been famous. 

To accomplish this double purpose, the authors depend 
mainly on the following features : 

1. A PreliTtiinary Course precedes the Demonstrative Course. 
It bad long been the experience of the authors that many 
pupils become permanently discouraged at the very beginning 
of demonstrative geometry by the simultaneous appearance 
of too many difficulties. The Preliminary Course is intended 
to serve as a preparation for formal geometry by vitalizing the 
content of all definitions by abundant illustration and discus- 
sion; by cultivating skill in the use of ruler and compasses 
through interesting drawing exercises ; by presenting exercises 
requiring for their solution simple reasoning and inference ; 
and by developing gradually the conviction that formal proof 
is necessary for further advance. 

The actual time required by the Preliminary Course de- 
pends somewhat on the class and on the mode of procedure, 
A laboratory plan with individual notebooks may be followed, 
or the exercises may be solved on the blackboard. In either ease 
the Preliminary Course can be completed in five or six weeks. 
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vi PREFACE 

Careful testa in many classrooms have proved that the intro- 
ductory work results in an actual saving of time. In fact, the 
entire book does not require more than the usual allotted time. 

2. Tkn Demonstrative Course is built up not only in a topical 
but also in a psychological order. The authors have paid great 
attention to a natural, progressive order of topics, and have 
endeavored to arrange a sequence of theorems which should be 
teachable. The assumptions to be used in each Book are sum- 
marized at the beginning, and each dif&cult topic is approached 
by way of an informal discussion. Consideration of the incom- 
mensurable case is made unnecessary by the sequence of theo- 
rems and by assumptions which replace the usual attempts at 
demonstration. Hypothetical constructions are avoided. More- 
over, the whole course may be completed without a formal con- 
sideration of the theory of limits. At the end of Book V, 
however, teachers preferring a formal treatment of limits will 
find a clear presentation of this topic. 

3. The methods embodied in the text aim to make the pupil 
independent of the printed 2)age. In too many cases students 
merely verify and reproduce the statements of the book. A 
creative spirit is absolutely essential in geometry, and in this 
text the attempt is made to cultivate a spirit of discovery from 
the very beginning. At the beginning of each new topic com- 
plete or nearly complete proofs are given. As the student ad- 
vances, proofs are either omitted (pp. 112, 148, 167), or are 
given in outline (pp. 119, 273), or are suggested by an analy- 
sis (pp. 161, 268). In this way, even after a I'ather extensive 
discussion in the classroom, work is left for the student to do. 

4. The various types of exercises receive jiraettcaUy equal 
attention. Constructions, computations, and original theorems 
will be found throughout the text. Many of these carefully 
graded exercises can be worked at sight. Special attention is 
called to the use of composite figures (see p. 116, Ex. 8; p. 117, 
Ex.9; ft 141, Ex.11; p. 175, Ex.14; p. 213, Ex. 11; etc.). 
These have the important function of enabling the student to 
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PREFACE vii 

make his own discoveries. To aid in the discovery of geo- 
metric relations, tables of methods are given from time to time 
(see pp. 76, 82, 85, 93, 118). 

6. The list of applied problems is extensive but not excessive. 
A proper balance between theory and practice is of the greats 
est importance, if the demonstrative work is not to be seriously 
impaired. Accordingly, the attempt has been made to give pref- 
erence to such applications aa have probably come within the 
pupil's range of experience. Problems requiring an unusual 
amount of explanation, even if interesting in themselves, have 
been excluded. 

6. The text provides a minor and a major course. Thus the 
teacher may omit, without modifying the remainder of the work, 
any or all of the following pages : Part II of the Preliminary 
Course (pp. 53-68), the sections on coordinates (pp. 177-180), 
the trigonometric work (pp. 259-264), and the formal work on 
limits (pp. 309-316). A number of theorems may be treated 
as exercises, for example, those on pp. 136-139, 162, 161, 226, 
268, 277-283. 

The list of theorems is considerably reduced, hut it is entirely 
adequate to meet tlie requirements of higher institutions. 

The authors note with pleasure that their work seems to be 
in agreement with the suggestions of various associations and 
committees, notably with the report of the Committee on a 
National Geometry Syllabus." 

Acknowledgments are due to many friends for valuable 
su^estions and criticisms. In particular, the authors wish 
to express their special indebtedness to their colleagues in 
Eochester and Newark for their interest in the preparation of 
this text, and for their willingness to try out the manuscript 
in their classes. the authors 
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PLAKE GEOMETRY 

PRELIMINARY COURSE 

1. Origin of Geometry. Egyptian Geometry. Geometry is one 
of the most ancient of all arts and sciences It arose in Baby- 
lonia and Egypt in connection with such practical activities aa 
building, surveying, navigating, etc. In fact, the word "geom- 
etry" means earth meastirement. Herodotus, a Greek histo- 
rian who traveled in Egypt, says that the annual overflowing of 
the Nile changed many boundaries in the adjoining farm land. 
Thus it became necessary to measui-e the land of each taxpayer 
every year in order that taxes might be properly adjusted. 
In this way, he claims, geometi-y originated in Egypt, and all 
the classical writera agree with him in calling Egypt the home 
of geoiuetiy. 

Much new light was thrown on early geometry by the dis- 
covery, in recent years, of Habylonian inscriptions and Egyptian 
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;'2 %^.^ J31$»METEY— PRELIMINARY COURSE 

.-Jp^jHr^Ss efeiJ); as J700 b.c. an Egyi>tian scribe, Ahmes, wrote 
' 'aMflatfieifiafical treatise containing a number of geometric rules. 
Even without such written recoi-ds the enormous architec- 
tural works of the ancients — their pyramids, obelisks, temples, 
palaces, and canals — would indicate a very respectable insight 
into geometric relations. 



2. Greek Geometry. The early geometry, however valuable 
it may have been for pi'actical purposes, was deficient in tliat 
it consisted simply of a set of rules obtained after centuries of 



experimenting. How to get a result seemed to be its important 
question. That this condition did not last indefinitely is due to 
the genius of the Greeks. Being a race of thinkers and poets, 
they wished to know .why a certain result must follow under a 
given set of conditions. For many years their wise men studied 
in Egypt. Ujion returning they aroused among their followera 
a great interest in the study of geometry. Many new truths were 
now discovered, which were gradually arranged in a system. 
In this way geometry became a science. After about three 
hundred years of persistent study the Greeks produced a great 
masterpiece in the form of Euclid's "Elements of Geometry " 
(300 B.C.). This was a textbook on geometry, divided into thir- 
teen chaptei-s or " books." It was accepted at once as the great 
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PURPOSE OF GEOMETRY 3 

authority on all geometric questions, and has retained much of 
its importance to this day. 

3. Purpose of Geometry. Geometry, in the form given it by 
the Greeks, is no longer primarily concerned with such practi- 
cal activities aa surveying. Its main purpose is the discovery 
and classification of the most important properties of points, 
lines, surfaces, and solids, in their relation to each other. 

Hence we must find out how the words " solid," " surfaee," 
"line," "point," are used in geometry. 

4. Space, Solids, and Surfaces. Every intelligent being has a 
notion of what space is. The schoolroom represents a por- 
tion of spaee. If it 
were not bounded 
by walls, or surfaces, 
it would extend in- 
definitely. Therefore 
we see that a com- 
pletely inclosed por- 
tion of space arises o 

Any limited portio; 
bounded by surfaces. 

5.' Lines and Points. Again, the walls of the schoolroom 
would extend indefinitely if they were not bounded. But 
they are bounded by their intersections, the edges of the 
room. These edges are lines. Finally, these edges, or lines, 
would extend indefinitely if they did not terminate each other 
by their intersections. The intersections of lines are points. 

6. A surface may be considered by itself, without reference 
to a solid. 

A line may be considered by itself, without reference to a 
surface. 

Apointmay be considered by itself, without i-eference toaline. 

Surfaces are either plane (flat) or curved. 

Lines are either straight or curved. 



ffiBH 



ly when there exist bounding surfaces, 
of space is a geometric solid. Solids are . 
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4 PLANE GEOMETRY— PRELIMINARY COURSE 

7. Examples of SolldB. Geometric solids, surfaces, lines, and 
points are purely ideal objects. An ordinaiy solid, for in- 
stance, is material; but in geometry we are not concerned 
with the matter of which a solid is composed. We ai'e inter- 
ested only in its shape and size. 

The following dii^rams represent some of the most common 
solids : 




8. Value of Geometry. The study of geometry is of great 
value for two reasons : 

In the Jirst pla<!e, some knowledge of geometric principles ia 
indispensable to any person desiring more than a superficial 
acquaintance with engineering, ai'chitecture, designing, di-aft- 
ing, physics, astronomy, surveying, or navigation. Of course 
it ia impossible in an elementary book to point out in detail 
the connection between geometry and applied science, but the 
feet that it exists would be a sufficient leaaon for the appearance 
of geometry in every high-school course. 

In the second place, there is no other subject that illus- 
trates more clearly, when correctly taught, what it means to 
prove a statement, or emphasizes more strongly the necessity 
of accuracy in expression. Geometry also greatly increases 
one's power of mathematical reasoning, secures a deeper insight 
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METHOD OF GEOMETRY 5 

into spatial relations, and gives greater skill in classification. 
If to this be added the fact that the study of geometry re- 
quires no special mental equipment beyond ordinary common 
sense, and that geometric truths once established hold for all 
time, Qo further explanation is needed for the interest shown 
by many great thinkers in geometric investigations, nor for 
the prevailing opinion that every educated person ought to 
know something of geometric methods. 

9. Hetbod of Geometry. The history of geometry shows that 
whenever the subject was studied merely for practical pur- 
poses few important discoveries were made. The validity of 
a principle was determined by experiment, and people were 
satisfied if they found how to get a certain result. Prioress 
began as soon as the attempt was made to give reasona for 
processes and I'ules. At the present time geometry can be 
studied either by experimenting or by reasoning. Either 
method is valuable, but it requires little reflection to see that 
a person who knows why he proceeds in a certain way is on 
safer ground than one who follows a rule blindly. The second 
method is, however, the more difficult one. In order to lessen 
the difficulty this book has been divided Into two parts, an 
informal part and a formal part. The introductory course will 
lead by slow degrees from one method to the other. At first 
simple observational teats will be used; later a reason will 
be required for every statement. 



by Google 



PAKT I 
THE STRAIGHT LINE 

10. General Properties. The straight line and the plane are 

among the moat fundamental concepts of geometry. For that 
reason it is difficult, if not impossible, to deiine them. The 
following simple tests may take the place of definitions : 

1. Lay your pencil on the cover of your book. The pencil 
may be moved about freely on the surface of the cover, how- 
ever you happen to place it. Could this be done on a curved 
surface ? 

2. Fold a sheet of paper. The crease represents a straight line. 

3, If an elastic band or a piece of thread is stretched, it 
assumes the appearance of a straight line, 

4, Look along the edge of your ruler. If the edge is straight, 
it can take on the appearance of a point. 

EXERCISES 

1. Locate on your paper, near the top, any convenient point. 
Represent this point by a pencil dot. Name the dot A. 

2. Through this point draw a straight line. Observe that the 
drawing is not really a line, since lines are ideal objects, but it 
serves to represent a line. . ^ 

3. How would you test the straightness \ / 
of this line ? ^>/ 

4. How could you make a straightedge ^ 
from a sheet of paper ? 

5. Draw a dotted line through A ; a sp<aeed line (see figure), 

6. How many straight lines can be drawn through a given 
point? 

I ,z,;i.,C00g[c 



LINE-SEGMEKTS 7 

7. How many points can two straight lines have in common ? 

8. Explain why a point is sometimes represented by the 
symbol X. 

9. Draw a straight line through ~~^ ^ — 

the points A and B. 

10. How many straight lines can be drawn through these 
two points ? 

11. Of what value is this fact in testing the straightness of 
a ruler ? in testing a plane surface ? in supporting a rod ? 

12. Into how many parts is a straight line divided by two 
points on it ? 

11. Summary. Properties of Stra^ht Lines Inferred directly: 

1. Through a given point an i-ndefinite number of straight 
lines may he drawn. 

2. Two straight lines can intersect in b%it one point. 

3. Only one straight line can be drawn through ttvo given points, 

4. Two straight lines that have two points in common coincide 
throughout and form but one line. 

5. Two straight lines do not inclose a sj^ee. 

12. Line-Segments . Heasurement of S^iments. Any drawing 
of a straight line in reality represents but a small portion of 
that line. Our imagination, however, can extend this limited 
portion indefinitely. It is sometimes convenient to distinguish 
between a limited and an unlimited line. 

Any portion of a straight line lying between two of its 
points is called a segment of that line. ^ g 

A straight line may te designated by ~ 

naming two of its points, as the line 
AB\ or by a single (small) letter, as the p /> 

line a. ^ 

A segment is designated by naming its 
end points (extremities), as the segment CD; oi' by a single 
(small) letter, as the segment m. 
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1. How many line^egments are there in the capital letter M ? 
Indicate each segment by naming ita extremities. 

2. How would you test the equality or inequality of two 



3. Draw two straight lines. Indicate on the first an arbitrary 
segment a. On the second line mark off a _ 
segment equal to a by using (1) a strip ' ' 

of paper having a straight edge; (2) a 

ruler j (3) a pair of dividers. Which of these methods is the 
most convenient? 

4. Draw five segments of different lengths. How can you 
compare one of them with a given length on the scale ? Why 
do we use a Btandard scale ? Kame the principal standards of 
length. 

5. Measure the five segments in inches; in centimeters. 
Tabulate your readings as follows; 



, 2iin., 



Segment 


Inehe. 
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6. Draw segments of the following lengtl 
SJ in., 4-^ in., 12 cm., 8.8 cm. 

7. Draw a segment 10 cm. long and measure its length in 
inches. How many inches are there in a centimeter? Test 
your result by taking off, with the dividers, one centimeter on 
the centimeter scale and applying it to the inch scale, 

8. Draw a segment 6 in. long and find its length in centi- 
meters. From this calculate the number of centimeters in 
1 inch. 

DiqilizDdbyGoOgle 



OPPOSITE DIRECTIONS 9 

9. Mark off on a line ten consecutive diviaiona of yonr 
centimeter scale. How can you test the accuracy of the scale ? 

10. I>raT on your paper, or on the blackboard, several seg- 
ments. Estimate their lengths and test by measuring them. 

11. Estimate the comparative lengths 

of the segments a and b in the figure, ^ <^ 

and then test your estimate by means ^ t v.^ 

of the dividers. 

12. On a map measure in inches or centimeters the dis- 
tances between four cities chosen at random. With the aid 
of the scale given on the map express these distances in milea 
or kilometers. 

13. Can you measure with absolute accuracy ? If not, why 
are different degrees of accuracy possible 7 

13. Summary. 1. A segment is meaBured by comparing it 
with given standards of length. Measurements are only 
approximate. The degree of accuracy obtained will depend 
chiefly on the size of the unit chosen ; that is, the smaller the 
unit, the more correct will be the measurement. 

2. If the extremities of a segment are given, the entire segToettt 
is thereby determined both as to position and length. 

3. The segment joining two points is known as the measun 
of the distance between the points. 

4. Two segments whose extremities can be made to coincide 
must coincide throughout. 

5. Two segments a and b must be in one of three relations to 
each other ; 

a > b (a is greater than fi), 

a = 6 (a equals i), 

a <. b (a is less than b). 

14. Opposite Directlaiis. The Fundamental Operations. A satis- 
factory underatanding of some new terms and processes may 
best be gained by solving the following exercises : 
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1. Given a line I and a point A on it. Required to change 
the position of -4 on ^ by 2 cm. How many solutions are pos- 
sible ? On your di-awing denote the 

new positions of A by A^ and A^ 1 

(read " A one " and " A two "). 

2. How many directions can be distinguished on a straight 
line from a given point on that line ? 

3. Prolong a segment AB = 4 cm. by 3 cm, in the direction 
AB; in the dii-ection BA. 

4. How many directions are indicated 
by two straight lines crossing each other ? 
by three lines passing through one point ? 
four lines ? n lines ? 

5. Draw a segment about 6 in. long 

and on it take off in succession AB = 2 in., BC = 1| in., 
CD = If in. Find the length of AD by computation and by 
measurement. 

6. A man walks 4.5 mi. due north, and then 3| mi. due south. 
How far is he from the starting point ? Draw a diagram of 
his route, 1 mi. being represented by 1 in, 

7. A boat sails due east for 3 hr., at the rate of 7 mi. an hour. 
It then returns over the same course at the rate of 6.5 mi. an 
hour. Ascei-tain by means of a drawing how far the boat is from 
the starting point 2 hr, after turning about. (Represent 1 mi, 
by 1 cm.) 

8. On a straight line lay off, four times in succession, a 
segment 2,5 cm. long. Measure the resulting segment. Test 
the result by calculation. How might the dividers be used to 
advantage in this exercise ? 

9. Divide a line 15 cm. long into five equal parts by inspec- 
tion ; by measurement. 
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FUNDAMENTAL OPERATIONS 11 

10. On a straight line locate in order the points, .-t, B, C, D, 
E, F. Express 

A C, BD, CF, each as the sum of two segments ; 
AD, BE, each as the sum of three segments ; 
AB, BD, each as tlie difference of two segments j 
AB + BD, BD + DF, AB + BD + DE, each as a single 
segment 

11. A, B, C, are points on a line. If AB = BC, how is B 
situated ? 

12. Draw a line-segment and locate its middle point by 
inspection. Test by measurement. 

15. Summary. The preceding exercises justify the state- 
ments of this section and the two following. 

Any point of a straight line divides it into two parts, which 
are said to lie on opposite sides of that point, or to have opposite 
directions. Each of these parts is 
sometimes called a ray. ^ ^ f 

The point from which a ray ex- 
tends is called its origin. Thus, in the figure, OA and OB are 
rays having the common origin 0. 

16. Segments may be adiled together. Of two unequal seg- 
ments the smaller mat/ be subtracted from the larger. Segments 
may be -multiplied or divided * by a number. 

17. If on a line three points, A, B, C, are taken in succes- 
sion, so that AB = BC, B is called the mid-point of segment A C, 
or B is said to bisect segment AC, and A and C are equally 
distant from B. 

18. Equality of Segments. A number of fundamental alge- 
braic processes are also of great importance in geometry, as 
the following exercises will suggest. 

■ Division, at this point, Is possible only if the given segment can b^ 
measured. 
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1. Given a segment a. Draw a segment equal to 3 a. 

2. Given two segments a and b. Draw segments equal to 
a + b, a~b, 3 (tt — fi), taking a>b. 

3. In Eig. 1,* a = a', —I " — - — *— 

and b = b'. I Q' . fe' . 



Explain why a + b = a' •\-b'. fio, i ■ 

4. If, in Fig. 2, AC = A'C', and 

AB = A '£', explain why BC = B'C. -4 +- 

5. In Yig. 3, AB = CD. Find two _^ ^ 

other equal segments. P,q_ g 

6. Given 4B = 3 a, and CD^Sb 
(Fig. 4). If a = b, explain why "^ f 



fi: 


= CD. 






7. 


In the 


sam. 


3 figure 




a = 


4jB 


»=^- 



f ^ I ft I ft f 

If AB = CD, explain why p^^ ^ 

a = fi. 

8. Express in words the principles underlying Exs. 3-7. 

REVIEW EXERCISES 

1. Locate on a straight line, succesaivclj, one point ; two points ; 
three points; n points, ilow many segments arise in each case? 
How many rays? 

2. What is the largest number of points in which three lines can 
intersect? four lines? five lines? n lines? Arrange your answers in 
the form of a table. 

3. What is the largest number of lines determined (fixed) by two 
points? three points? n points? 

• a' is read " a prime." 
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4. Given the aegmenta p = 28 mm., ij = 16 mm., r = 9 mm., s = 
37 mm. Draw s^menta equal to^-t-^; s + r; » — q; p — r; p + r+ q; 
p + <,-$. . 

5. Given as 15 cm., fr = 8cm. Draw segments equal tO 5jL*; 



6. A segment II 
•e to be in the rat 



cm. long is to be divided into three parts which 
• of 1, 2, 3. Find their lengths. 



1x2 = 2; 2 X 2 = 4; 3 



Cheek. 
7. The SI 



2 + 4 + 6 = 12. 

of the lengtli and the width of a house is 70 ft. The 
to 4. What are the dimensions of the 



width is to the length 
house? 

8. A segment x units long is to be divided into five parts which 
are to be in the ratio of 1, 2, 3, 4, 5. Determine the length of each 

9. A segment 18 in. long is divided into three parts such that 
the first is equal to the sum of the other two, while the sum of the 
first two is eight times the third. Find the length of each part. 

10. From a fixed point draw five raya. Lay oft on these rays, from 
the common origin, the segments a, b, c, d, e, respectively, making 
a = 2 cm., 6 = 3 cm., c = 4 cm., </ = 5 cm., e = 6 cm. Join the ex- 
tremities of these segments in order, naming the new segments 
IN, n, }i, q. Measure ni, n, p, q, and tabulate your results as follows : 



^,„„. 


length 


Meamred 
length 


error 




p 

3 











11. Will the values of m, n, p, and q be the same in each case 
various figures drawn in accordance with the above directions? 
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THE ANGLE 

19. Definition and Notation. An angle is a fi^re formed hj 
two rays having a common origin. The two rays, AB and AC, 
are called the sides, and A, their origin, 
is called tlie vertex, of the angle. 

The outstretched fliigera, the hands of a, clock, 
the Bpokea of a wheel, the divisioDB of tbe coni- 
pasB, the gable of a roof, and many similar illus- 
trations readily suggest the frequent occurrence 

The methods of naming angles ai-e shown in the figures 
below. 



and great iuiportance 




A single angle at a point may be designated by a capital 



When several angles have the same vertex, each angle may 
be designated by three letters ; namely, by one letter on each 
of its sides, together with one at its vertex. The letter at the 
vertex is read between the other two, as 
angle DAC, angle CAB, etc. \ 

Sometimes an angle is denoted by a \b 
small letter placed between its sides near \ 
the vertex, aa angle m. \ 

The sides may be denoted by small 
letters. The angle ab is the angle formed by the rays a and b. 
This notation is, however, used less frequently than the 
preceding. 

The word "angle" is frequently replaced by the symbol Z. The 
symbol ^ is used as an abbreviation tor " wigles." 
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1. How many angles may be found in the letters N and W ? 

2. From a given point draw three rays ; four rays ; live rays. 
How many angles are formed in each case ? 

3. Through a given point draw two lines ; three lines ; four 
lines. How many angles are formed in each case ? 

4. Draw two angles, making them as nearly equal as you 
can. Test their equality by copying one of the angles on traj^ing 
paper, or by cutting out one of the angles, and applying it to 
the other. 

5. The figure shows how a strip of paper having a straight 
edge may be used to copy an angle. 

Place the straight edge on the side / 

AB of Z BA C, and mark on it the . B^ 

position of the vertex A. Mark ' -' 



also the point D, where the side . , 

AC intersects the other edge of * 



1 



the paper. Vaen Z.DAE=Z.CAB. 

With the aid of this paper strip draw an angle equal to Z. CA B. 

6. It you extend the sides of ZCAB beyond C and B, do 
you change the size of the angle ? 

7. Draw a ray and place your pencil on it. Revolve the 
pencil on the flat surface of the paper, using one extremity of 
the pencil as a pivot. Observe that each position of the pencil 
indicates a different angle. The pencil will eventually return 
to its first position. This 
rotation evidently gives 
a picture of every pos- 
sible angle. 

8. Show that in the ^ ^ 
figures a line could revolve from the position a to the posi- 
tion b, or from i to a. 

This fact is indicated b; tlie arrowheads. 

I ,z,;i.,C00g[c 



16 PLANE GEOMETKY— PRELIMINARY COURSE 

Classification op Angles 
(a) the three fundamental angles 

20. From the preceding exercises may be derived a general 
idea of the magtiitude of an angle. It appears that the magni- 
tude of an angle depends on the amount of revolution necessary 
to turn a line through the angle about the vertex as a pivot. 
The revolving line is said to generate or describe the angle. The 
size of an angle is independent of the length of ita s 

21. ATOundangle,orperigoii,isanangle 
whose magnitude is indicated by a com- 
plete revolution of the generating line. 

22. All round angles are equal. 



& 



23. A straight angle is an angle ^'— v 



whose sides are in the same straight 
line, on opposite sides of the vertex ; 
as ZAOB. 

24. All straight angles are equal. Why ? 

25. Two angles having the same vertex 
and a common side between them are called 
adjacent angles; as the AAOB and BOC. 




1. Can two angles have a common side and a 
tex without being adjacent ? 

2. Inthe annexed figure Z^OC 
is a straight angle. If a ray OB 
revolves from the position OA 
toward the position OC, two angles q — 
ai'e formed, Z.m. and Zw. At 

first Z OT is less than Z n. Finally, however, Z m will be 
greater than Zn. Hence one position of OB must have made 
the angles equal. Indicate approximately this position of OB 
in the figure. 
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3. Take a piece of paper having a sti-aiglit edge AB and 
fold it so as to bring the point B on the point A. Open the 
paper and name the crease OC. Then Z.AOC = Z.BOC. 




26. A ri{lit nof^t is an angle such that the adjacent angle 
formed by extending one of its sides beyond the vertex is 
equaJ to it. Thus, in the figure, ^BOC is a right angle. 

27. A right angle is half of a straight angle. Why ? 

28. All right angles are equal. Why ? 

29. The sides of a right angle are said to be perpendicular to 
each other ; thus OC in the figure is perpendicular to OB, and 
OB is perpendicular to OC. This ia sometimes abbreviated aa 
follows: OC A.OB, 0£±0C. If OC \a perpendicular to ^B, 
O is called the foot of the perpendicular OC. 

30. Kound angles, straight angles, and right angles are so 
important that they are taken aa standards with which other 
angles are compared. 

31. If three rays, a, b, and c, are drawn from the same point, 
as shown in the accompanying figure, the following relations 
exist : 

1. ^ tz« is the sum of Z ab and Z be. 

2. /.ah is the difference between Z«i- 
and Z-bc. 

3. Zociayreoierthan either ZoftorZi*. 

4. If Z (i6 = Z he, the ray 6 is the bisector 
of Zoc. 

32. Two angles A and B must he in one of the following three 
relations to each other: /.A>Z.B, Z.A = Z.B, ov Z.A</.B. 
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18 PLANE GEOMETRY— PRELIMINARY COURSE 
(B) THE THREE OBUQUE ANGLES 

33. Ad acute angle is aa angle less than a right angle, as the 
angle COD. 

34. An obtuse angle is an angle greater than a right angle 
but less than a straight angle, as angle AOB. 

35. A reflex angle is an angle greater than a straight angle 
but less than a round angle, as angle MON. 




36. Acute, obtuse, and reflex angles are sometimes called 
oblique ai^lea, and intersecting lines not mutually perpendicular 
are said to be oblique to each other. 



1. What kind of angle is each of the following aisles of 
the annexed figure : /. A OB, 
ZAOD, ZAOE, /.aof, 
z bod, z bob, z bof, 

/LE0H1 

2. In the same figure 
what is the relation of OA 
to 07) ? OC to 07) ? OB to 
OE? OB to OF? 

3. Draw an acute angle ; 
a right angle (using a paper 
pattern obtained by fold- 
ing) ; an obtuse angle. 

4. Point out right angles i 
of tlie schoolroom 




the construction and equipment 
the exterior of a house; in the street, 
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(C) THE POUR SPECIALLY RELATED ANGLE-PAIRS 
37. Two angles whose sum is equal to a right angle are 
i^aid to be complementary. Each of the angles is called the 
It of the other. 




ThusZSOClB the complement of ^COD\ also ^ a is the complement 

38. Two angles whose sum id equal c 
to a straight angle are said to be supple- / 
mentary, each being the supplement of / 
the other. / 

In the accompanying figure A AOC and A -4- B 

BOC are Bupplementafj. 

39. Two angles whose sum is a round angle are said to be 
conjugate angles. 

40. If two lines, AB and CD, intersect at 
O, as in the figure, the A AOC and BOD are 
called vertical or opposite angles ; also the A 
^ODand BOC. 




1. Draw an acute angle, and then (using a pattern of a right 
angle) draw its adjacent complement. This may be done in 
two ways. Explain. 

2. Draw an angle and construct its adjacent supplement. 
This may be done in two ways. Explain. 

3. Draw the supplement and the complement of a given 
angle. Show that the difFerenee of thrae two angles is a right 



by Google 




20 PLANE GEOMETKY— PRELIMINARY COURSE 

4. If two angles are equal, how do their complements 

compare ? their supplements 1 Why ? 

5. What kind of angle is equal to its supplement? less 
than its supplement? greater than its supplement? 

6. If one of two rods is made to turn about a point in the 
other as a pivot, two pairs of vertical angles are formed. As 
the vertical angles are generated by the same amount of tui-n- 
ing, how do they compare in size ? 

7. Show the equality of two vertical angles by copying 
one of them on tracing paper. 

8. Given an angle a. Construct its 
adjacent supplement in two ways. 
Does this suggest another reason for 
the equality of vertical angles ? 

9. In the accompanying tigure iind the vertical angle of 
Z.a-\-Z.h; the supplement of Z S ; the 
supplement of Z i + Z rf. How many paira 
of vertical angles and of supplementary 
adjacent angles in the figure ? What is 
the sum of Z o, Z c, and Z e ? 

10. Prove that the vertical angles of two 
complementary angles are also complemen- 
tary, and that the vertical angles of two supplementary angles 
are supplementary. 

11. State the conclusions obtained in each of the following 
cases : 

1. Z« is the supplement of ZJ, and 
ZS is the supplement of ^c. 

2. Zra is the complement of Z5, and 
Z6 is the complement of ^c. 

3. Za is the supplement of Zt, and 
Zft is the complement of Zc. 

4. Z a is the supplement of Z i, Z.b = Z.c, and 
Z c is the supplement of Z d. 

DiqilizDdbyGoOgle 
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6. The supplement of /.a equala the supplement of Ah. 
6. The supplement of Z a is greater than 
the supplement of Ah. 

12. Show that the supplements of two 
complementary angles are together equal to 
three right angles. 

13. Through the vertex of a right angle 
draw a straight line falling with- 
out the angle. Prove that the two 
acute angles formed are comple- 
mentary. 

14. In the figure A a. is the 
supplement of A e. Prove that 
Ab is the supplement of A d. 

15. If two angles are comple- 
mentary, what is the relation of 
their complements? If two angles are supplementary, what 
is the relation of their supplements ? 

41. Sumnuuy. The truth of the following statements is 
now apparent: 

1. All round angles are equal. 

2. All straight angles are equal. 

3. All right angles are equal. 

4. At a given point in a given line only one perpendicular 
can he drawn to that line (in the same plane). 

5. The complements of the same angle, or of equal angles, 




6. The supplements of the i 



s angle, or of equal angles, 



7. Vertical angles are equal. 

8. If two adjacent angles have their exterior sides in a straight 
line, they are supplementari/, 

9. If two adjacent angles are suppilementary, their exterior 
sides lie in a straight line. 
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Measurement op Angles 

42. From the preceding study of angles it ia evident that a 
round angle equala two straight angles or four right angles. 

Fold a piece of paper of any shape and call tbe a 

straight folded edge AB. Fold again so as to bring 
S on A. Now open the paper. The four angles 
formed by the creases are right angles. Why ? 
By continuing to fold the paper properly we may 
obtain eight equal angles, sixteen eqnal angles, etc. 
This is a mechanical way of dividing the round 
angle into i, 8, 16, etc., equal parts. tJ 

43. In measuring angles we imagine the angular magnitude 
about a point in a plane to be divided into 360 equal parts, 
called degrees, and we simply state how many degrees the 
angle under consideration contains. Thus the degree is ^J,, 
of a round angle, ^J^ of a sti-aight angle, ^ oizi right angle. 

The degree is again divided into 60 equal parts called 
minutes, and the minute into 60 equal parts called seconds. 
The expression 40 degrees 7 minutea 20 seconds is written 
40° 7' 20". 

44. A special instrument, called a protractor, [s frequently used for 
angle measurements. Tbe figure represents one form of the protractor. 
By joining the notch of the 
protractor to each graduation 
mark we obtain a set of angles 
at O, each usually represent- 
ing an angle of one degree. 

To measure a given angle 
with the protractor, place the 
notch of the protractor at 
the vertex of the angle, and the 
base line along one aide of 

the angle. The other side of the angle then indicates on the protractor 
the number of degrees in the angle. 

To drain an angle of a given numlier of degrees, place the base of the 
protractor along a straight line and mark on the line the position of the 
notch O. Then place the pencil at the required graduation mark and 
(after removing the protractor) join the point so marked to O. 
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EXERCISES 



1. Divide ft straight angle into three parts, a, h, c. Estimate the 
size ot these angles. Then measure each angle with the protractor 
and tabulate your results as follows : 



^o„ 


Deobees 


EllROR 


Esttcmtert 


Me«™red 


6 
Sum 









2. Divide a round angle into five parts and proceed as in Ex. 1. 

3. With a protractor draw angles of 20°, 30°, 45°, 90°, 36", 120°, 
135°, 225°. 

1. How many degrees in the following fractions of a right angle ; 

h h 4, i, h h A, A, f„ A, A, 8, i, S, «, I, A ? 

5. How many degrees in the following fractions of a straight 

"Sl«i i. J, h i. J. J. h A, A> A> A. A, A. A. A. A' 

6. Which integers are exactly contained in 360? Does this sug- 
gest why a round angle is divided into 360 parts? 

7. How many degrees in the complement of each of the follow- 
ing angles : 20°, 30°, 45°, 67°, 89°, a°, (a -1- /i)°, (45 + o)°? 

8. How many degrees in the supplement of each of the following 
angles: 60°, 45°, S0°, 110°, r°, {x - a)°? 

9. An angle is ^ (J, J) • of its supplement. How many degrees 
in the angle? 

10, AnangleisS (2,4, 5)" timesasgreat asitscomplement. How 
many degrees does it contain? 

11. The supplement of an angle is three times its complement. 
How many degrees in the angle ? 

Suggeslion. 180 - i = 3 (90 - i). 
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12. What fractions of a right angle are the angles formed bj 
the hands of a clock, from hour to hour, between 12 and 6 o'clock ? 
What fractions of a straight angle? How many degrees in each 
angle ? State in each case whether the angle is acute, right, or obtuse. 

13. How many degrees in the angles formed by the hands of a 
clock when the time is 3.12, 11.48, 10.48, 8.24, 9.36, 6.20, 7.22 
(railroad notation)? (Remember that the minute hand travels 
12 times as fast as the hour baud, and that a minute division on 
the face of the clock represents 6°.) 

14. In how many minutes does the minute hand revolve throt^h 
anangleof 90°7 45"? 270"? In how many hours does the hour hand 
describe these angles ? 

15. What angle is described in an hour by the minute hand? by 
the hour hand ? 

16. A man, setting his watch, moves the minute hand forward 
half an hour and then moves it back S mia. How many degrees in 
the angle between the first and the final position of the minute 
hand? 

17. The driving wheel of an engine revolves 10 (20, 30, x) • times 
per minute. In what time does one of the spokes turn through a 
right angle? 

18. A screw required lOJ complete turns before it was firm in the 
wood. The depth of the hole was found to be | in. How far did 
a turn of a straight angle drive it? 

19. What is the complement of 24" 17'? of 79' 11'? of 46= 34' 10"? 

20. Find the sum of the following angles : 26" 47' 3", 44" 22' 32", 
68° 51' 48", 39° 58' 37". 

21. Find the supplements of the following angles : 163° 17', 48° 34', 
94° 52' 21". 

22. The supplement of an angle is 8 times its complement. Find 
the value of the angle in degrees, minutes, and seconds. 

23. Reduce to degrees, minutes, and seconds j\ of a straight 
angle. 

• Each of the values given in the parenthesis is to be substituted in 
place of the value given before the parenthe^, making a new exercise. 
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EXERCISES 26 

24. The accompanying figure shows the card of the mariner's 
compass. Count the number of equal parts into which the "points 
of the compass " divide the round angle. How many degrees in each 
of these parts ? Draw a compass card. 



25. Determioe by how many degrees the following directions 
differ: 

N. and E. W. and N.E. 

N. and W. N.N.E. and E.S.E. 

N. and S. N.W. and S.E. 

S. and S.W. N.W. and S.W. 

N. and E.S.E. S.S.E. and W.N.W. 

W.S.W. and S.E. S.W. by S. and S.W. by W. 

S. and N.W. N.W. by W. and S. by E. 

26. Determine the course of a ship, that is, the point of the com- 
pass toward which a ship is soiling, iu each of the following cases : 

N. 45° W. S. 45" E. N. 67^° W. S. 22^' E. 

S. 11J° W. N. 00" E. S. 67i° E. S. SSJ" W. 
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Review and Extension 

1. From a point &s b, common origin draw six raya indicated 
in order hj the lutteiB A, B,C,D,E,F. ExptesB Z A OD and Z.BOF 
each as the aum of three angles ; Z A OC _ 

and Z BOD each as the difEerence of 
two angles; ZAOB + ZBOD-ZCOD 
aa & allele angle. 

2. If Z/l OB = ^BOC, what name is 
given to OB? 

3. In the above figure, 

if ZAOB = ZCOD, show that ZAOC = ZBOD; 
it ZAOC = ZBOD, shovr thaX ZAOB = ZCOD; 
if ZAOB = ZCOD, while ZAOD = ZZAOB and 

ZBOE = SZ COD, show that ZAOD = ZBOE; 
if ZAOB = \ZAOC, and ZCOD = \ZCOE, 
•viiWei ZAOC = ZCOE,s\i<m t\isX ZAOB - ZCOD. 
Express in words the principles underlying these relations. 
. 4. On one aide of a straight line, and having a common vertex, 
are situated (a) three (four, five) equal angles; (h) four angles, of 
which each after the first is twice as lar^e aa the preceding one. 
How many degrees in each angle? 

Let X = nimiber of degrees in the first angle. 

5. There are four angles about a point, of which each after the 
first is three times aa large aa the preceding angle. How many degrees 
in each angle? 

6. What is the result in Ex. 5, if the second angle is three times 
the first, and the third and fourth are each equal to the sum of the 
two preceding angles? 

7. One of two supplementary angles ia 2 (3, 4) times aa large aa 
the other. How many degrees in each angle? 

8. There are five angles about a point. Four of them have the 
following magnitudes : 74°, 101°, 59°, 94°, How many degrees in the 
fifth angle? 
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EXERCISES 27 

9. Given Za = iO", Zb = S<y, ^c = 2(y, Ztl = lO". Draw angles 
equal toZa + ^6, Z6+Zd, Zft-^f, Z6 + Za-^d. 

10. Given Z o = 150°, Z 6 = 60°. Draw angles equal to ^"^^ ; 

11. How many degrees doea the minute hand of a clock traverse 
in 1 hr.7 in J (J, |) hr.? in 30 (20, 10, 25) min. of time? in 5 (12, 
24,36) min. of time? 

12. In what time does the minute hand of a clock describe an 
angle of 45"? 00"? 180°? 270"? 

13. Change to the lowest indicated denominations 20° 24' i 30° 30'; 
179° 58' 60". 

14. Draw an angle of 50° and bisect it \ / 

with the aid of the protractor. \ / ^^^ 

15. Inthefiguremandnarethebisectors \ / /' 

of the two supple njpntaty-adjacent angles. \l'''' 

Prove that m -L n. 

16. If an angle is bisected, prove that the supplements of the two 
equal angles are equal. 

17. What kind of angle is formed by the 
bisectors of two vertical augles? 

18. In the figure ni X n, and Za~ /.a'. 
Show that Zl^Zc. 

19. The sum of an acute angle and an ob- 
tuse angle cannot exceed how many degrees ? 

20. If Zn is greater than Z'l, show that the supplement of Za 
must be less than the supplement of Lh. 

21. How many degrees in an angle which is 12° less than its sup- 
plement ? 18° greater than its coraplementV 

22. Find ZA and ZB, if ^(Z^ -1- ZS) = 48" 16' 20", whUe 
\(J.A -.ZB) = 22° 52' 17". 

23. Find the value of one half the supplement of 65° H' 31". 

24. How many complete revolutions in an angular magnitude of 
7832°? How many degrees between the initial and final positions of 
the revolving ray ? 
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TRIANGLES 

45. Experience teaches us that two straight lines do not in- 
close a space. If, however, the sides of an angle ai'e crossed 
by a straight line, we obtain a closed 
space. 

A triangle is a figure bounded by three 
straight lines. The points of intersec- 
tion of the lines are called the verticea, 
and the segments joining the vertices are called the sides of 
the triangle. 




« denoted b; capital letters and tlie aides b; Email let- 
ters. Sometimes it is convenient to use corresponding letters, that is, the 
dde opposite ZA is denoted by the corresponding small letter a. 

The sum of the three sides of a triangle is called the 
perimeter. 

46. The Angles of a Triangle. Exterior Angle. The following 

exercises are intended to develop a clearer insight into the 
matual i-elations of the angles of a triangle. 



1. Point out triangles in 
street ; on the surfaces of c 



the exterior of a house ; in the 
ertain solids (e.g. pyi-ainids). 

2. Draw five triangles of different shapes, and measure the 
aides of each. Tabulate your results. Can any three segments 
be used for the sides of a triangle ? 

3. Measure the angles of the triangles and tabulate. You 
will find that the sum of the three angles in each case is equal 
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to 180°. It will be proved later that this is true of all ti-iangles ; 
that is, that the sum of the angles of a?u/ triangle equals a 
straight angle. 

An exterior angle of a triangle is the angle formed by oae 
side of the triangle and 
the prolongation of another 
side. 

4. In the figure ^ a; is an 
exterior angle, while the 
angles a, b, c, are interior 
angles. Draw the figure. 

5. How many exterior angles can a triangle have ? Compare 
Z X and Z y. How many pairs of vertical angles in the figure ? 

6. Draw these triangles, using the given measurements : 




AB 


BC 


CA 


^A 


ZB - 


^C 


4 in. 


6 in. 






30= 




7 cm. 




8 cm. 


40" 








40 mm. 


70 mm. 






80" 


5 in. 






45= 


45" 






5 cm. 






iXP 


60" 






4 in. 


60° 




60° 




8 cm. 






77" 


48" 






2.8 cm. 


48» 




113° 


7.8 cm. 


12.1 cm. 






28° 








8 cm. 


72" 




72° 


6.7 cm. 


«.7 cm. 






120° 








2 ill. 


30" 




00" 


SJin. 


21 in. 






32" 
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7. How many degrees in the angles of a triangle If the ratio 
of the anglea is 1:2:3? 1:1:2? 2:3:5? 3;5:7? 

8. How many right angles may a triangle have? How 
many obtuse angles ? 

9. How many acute angles must eveiy triangle have ? 

10. Can a triangle be di-awn whose interior angles ave 40°, 
60°, lOO" respectively ? 80°, 70°, 40° ? 90°, 40°, 50° ? 

11. Two angles of a triangle are together equal to 100°. 
What is the value of the third angle ? 

12. Verify by measurement the fact (to be proved later) that 
an exterior angle of a triangle is equal to the sum of the two 
remote interior angles. 

Classification of Triangles based on Angles 

47. A triangle, one of whose angles is a i-ight angle, is called a 
right triangle. The sides inclosing the right angle are called the 
lege, and the side opposite the right angle is called the hypotenuse. 




48. A triangle, one of whose angles is an obtuse angle, is 
called an obtuse triangle. 

49. A triangle, each of whose angles is an acute angle, is 
called an acute triangle. 

50. Acute triangles and obtuse triangles are called oblique 
triangles. 

51. A triangle whose three angles are equal is called an 
equUngnlar triangle. 

The word " triangle " ia often replaced bj the Bjmbol A, 

I ,z,;i.,C00g[c 



The Isosceles Triangle 

52. On the sides of an angle lay ofE equal segments from 
the vertex and join their extremities. The result is a triangle 
' having two equal sides. Such a triangle is said to be isosceles. 
The equal sides are called the l^s, and the 
other side is the base of the triangle. In the 
figure h is the base. 

The angle opposite the base of an isos- 
celes triangle is called the vertex angle of 
the triangle. 

The angles at the ends of the base of an isosceles triangle 
are called the base angles of the triangle. 




1. Draw an isoseelea triangle whose vertex angle is acute ; right ; 
obtuse. 

2. Draw three isosceles triangles. Measure the base aisles in each. 
What do you observe? 

3. Draw two intersecting lines and form isosceles triangles lyii^ 
on opposite aides of the intersection point. 

4. A plane divides space into two regions which lie on opposite 
aides of the plane. A line in a plane divides the plane into two 
regions such that the segment joining points on opposite sides of the 
line crosses that line. Into how many regions do the bounding lines 
(produced) of a triangle divide the plane ? 

5. Give illustrations of isosceles triangles (for example, gable of a 
house, faces of a pyramid). 

6. Show by a drawing that if an unlimited straight line intersects 
one aide of a triangle at any point except an extremity, it must pass 
through the interior of the triangle and cut one of the other sides. 

7. A line-segment is drawn from one vertex of a triangle to the 
opposite side, dividing the triangle into two triangles. If one of 
these triangles is acut«, what is the other? If one ia right, what is 
the other ? 
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8. Through one vertex of a triangle draw & straight line falling 
without the triangle. What is the sum of the three angles formed 
at that vertex ? 

9. Through the three vertices of a triangle draw lines falling 
without the triangle, so that a new tri- 
angle is formed. Tliis triangle is said to 
be circumscribed about the given triai^le. 
Theoriginal triangle is said to beimcribed 
in the new triangle. 

10. Laj o& on a straight line lengths 
equal to the perimeters of the inscribed and of the c 
triangle. How do they compare? 

11. It in the adjoining figure ^ a = Z a 
prove that Ah = /.V. 

12. Produce two sides of a triangle tw 
jond their point of intersection, raakin 
the extensions equal respectively to the sides. Join the extremities 
of the extensions. Show with tracing paper that the new triangle 
is a repetition of the first. 

13. If in the adjoining figure Aa +Zb i; 
than 2 rt ^, prove that Ac -^ M is greater than 
2 rt. A- On which side of the transverse 1 
will the other two lines meet when produced? 

14. A straight railroad track extending ( 
rectly away in the line of vision appears to vanish in the distance 
at a single point. What geometrical figures do the rails and the 
ties appear to form 1 

15. If the triangles ABB' and ACC in the 
adjoining figure are isosceles, what is the rela- 
tion between BC and B'CI Give areason for 
your answer. 

16. Draw five rajs from a common origin. 
On each lay off three given segments, a, h, e, in succession, begin- 
ning at the origin. Connect the corresponding extremities. Of 
what does the figure remind you? How many isosceles triangles 
in the figure? 



ter than "^ 

■rse line )^£.-- 

luced? .---'^^ 
ding di- ^ 
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POLYGONS 



53. A plane figure may be bounded by three sides, four sides, 
five aides, etc. The general name for such a figure ia " polygon." 

A polygon ia a plane figure bounded by straight lines. The 
sides, the vertices, the interior and the exterior angles, and 
the perimeter of a polygon are defined as in the case of a 
triangle. Two angles at the estremitiea of the same side are 
said to Include that side. 

54. Polygons cUsBlfied as to the Number of Sdes. Polygona 
are named according to the number of their sides. A quadri- 
lateral has four sides ; a pentagon, five sides ; a hexagon, six 
aides ; an octagon, eight sides ; a 

decagon, ten sides j a dodecagon, . ^,,£^ 

twelve sides, etc. ^^.^'^ i ^\^ 

^\ / ^\.n 

55. A diagonal of a polygon ia a \ / -'^ 
segment joining two vertices that are \ > __,-''''„,j£ 

not consecutive. In the figure AC, a ^^~" f 

AD, AE, are diagonals. 

Unless the test contains n remaj-k Co the contrary, we shall nse only 
polygons each of whose interior angles is less than a straight angle. Sach 
polygons are called convex polygons. 

56. Angles; Diagonals. The relations existing Itetween the 
sides, the angles, and the diagonals of a polygon may be readily 
inferred from such exercises aa the following ; 



1. Draw a quadrilateral and produce the sidea beyond the 
vertices. How many exterior angles are formed ? How many 
pairs of vertical angles ? 

2. Answer the same questions for polygona of 6, 6, 7, 8, 9, 
10, n sides. 

3. How many diagonals can be diawn from one vertex of a 
polygon of 4 (5, 6, 7, 8, 9, 10, n.) aides ? Tabulate your answers. 
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4. In the previous exercise how many triangles are formed 
by these diagonals ? 

5. How many different diagonals can be drawn in a quadri- 
lateral? in a pentagon? in a hexagon? Tabulate your answei-s. 

6. How many paira o£ vei-tieal angles do these diagonals 
form within the polygons ? 

7. Join any point within a polygon to all the vertices. How 
many triangles are formed ? 

8. Join any point, not a vertex, in the perimeter of a polygon 
to all the vertices. How many triangles are formed ? 

57. Regular Polygons. Since 60 is contained exactly in 360, 
a set of six angles, each equal to 60°, can be drawn around a 
point. If on the sides of these equal angles equal segments ai'e 
laid off from the common vertex, and the points of division 
are joined in order, a polygon is formed. In the same manner 
angles of 90°, 72°, 45°, 36°, may be used. It will be proved 
later that the sides and the angles of such polygons are equal ; 
for that i-eason they are called regular polygons. 




1. With the aid of the protractor draw regular polygons of 4, 5, 
6, 8, 10 sides. 

2. Test your drawings by measurii^ their sides and angles. 

3. How many degrees la each of the interior angles of these 
polygons? in each of the exterior angles? Tabulate your answers. 

4. Inwhichof these polygons do the rays form straight lines? Why? 

5. Give concrete illustrations of regular polygons. 
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6. With the aid of ruler, protractor, and compasses copy and ex- 
tend the following patterns, which are frequently used in tiling or 
parquet flooring. Very artistic effects may be secured by coloring 
the parts of the figures iu accordance with some definite plan. 



7. Draw the following patterns. In the first figure a regular hex- 
agon is surrounded by rectai^les and equilateral triangles. 



XX 




8. In the following patterns irregular hexagons intervene between 
the regular polygons. Draw the tigures. 



Note. Interesting applications of geometry are furnished by the field 
of ornamentation and design. It has been found that the earliest deco- 
rative patterns of nearly all primitive races are of a geometric char- 
acter. These patterns usually grew out of such arts as weaving, tlie 
making of vases, or tlie laying of tile floors. The American Indians 
akilltully introduced simple designs In their basketry and pottery, and 
some Mexican rock temples show profuse geometric embellishment. 
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THE CIRCLE 

58. Preliminary Definitions. A regular polygon of n sides 

may be obtained by drawing from a point n rays forming n 

equal angles, and laying off on these 

rays equal segments. The points of 

division (vertices) /I, B, C, . . . could 

obviously have been obtained more 

mpidly by drawing a circle. The 

common origin is the center, and 

em;h of the segments a radius of 

the circle. 

59. A circle is a closed curved line in a plane, all points of 
which are equally distant from a fixed point in the plane, 
called the center. 

Many writers use the term " circnmference " in tlie 
ikbove sense, a circle being defined as a plane ligure 
bounded by a circumference. Thei-e is good aiitboriiy 
for our definition, wliicli lias the merit of agreeing will) 
common usage and the language of bigber matbematics. 

The circle plays a very Important part iii geometry. It is the only 
curved line we shall have occasion to study in this text. Its use in man;^ 
of the most fundamental constructions will prove lU importance. Hun- 
dreds of concrete Illustrations of the circle might be given here (e.g. 
ring, coins, dial of clock, wheel, protractor). We call attention espe- 
cially to the " round" bodies — the sphere, the cylinder, the cone — from 
which circular sections may be obtained (e.g. sections of a ball, tree, 
megaphone). 

A line-segment connecting the center and any point of the 
circle is called a radlna. Any line-segment passing through the 
center and having its extremities in the circle is called a 
diameter. 

From these definitions it follows that : 

60. All radii of the same circle are equal. All diameters of 
the same circle are equal. 

61. Two circles having equal radii or equal diameters can be 
made to coincide and are eqval. 
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62. A circle divides the plane into an interior and an exteriOT 
region. A point is in the interior or 

in the exterior region, according as 
the line joining it to the center is 
less than or greater than the radius. 
Any interior point A is said to be 
within the circle, while any exterior 
point B ia wittiout the circle. 

63. A part of a circle (circumfer- 
ence) is called an arc. One half of a 

circle ia called a semicircle. A foui-th part of a circle is called 
a qaadrant. 

To draw a circle we use a special instrument, the coippa^sea. 
A pencil or a crayon with a piece of string attached serves the 
sajne purpose. 



1. How would you locate on a map all houses that are 1 mi. 
• from the City Hall ? 

2. What is the meaning of the statement, " The earthquake 
was felt within a radius of 100 mi. " ? 

3. What kind of path does the extremity of a clock hand 
describe ? 

4. As you open your book observe the path described by 
a comer of the cover. 

5. How does a gardener make a circular flower bed ? 

6. Kevolve a circular piece of paper about one of its diame- 
ters. What kind of solid is generated ? 

7. If a wheel ia made to slide along the axle passing through 
its hub, what kind of solid is generated ? 

8. A wheel revolves ten times per second. In what time does 
a point on its rim pass through a quadrant ? 

9. In what time does the extremity of the minute hand of 
a clock describe a semicircle ? 
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10. A string fitting exactly around a bicycle wheel vraa found 
to be 7J ft. long. If the wheel makes three revolutions per 
second, what is the distance ti'aversed in one minute ? 

Points and Circles 

11. Show that a point may be in any one of three different 
positions with i-eference to a circle. 

12. Given a point P. Find all the points that are 2 cm. 
from P. 

13. Given a circle and a point P. Find the points on the 
circle that are 3 cm. from P. When is the solution impos- 
sible ? 

14. Given two points A and B. Find a point that is S cm. 
from A and 4 cm. from if. How many solutions are possible ? 
When is the solution impossible ? 

16. Given a point. Required to draw a cirele of radius 2 cm, 
that shall pass through this point. How many solutions are 
possible ? 

64. Lines and Circles. The different relative positions of a 
line and a circle are illustrated in the following exercises. 



1. Draw a circle and lay your pencil on the paper so that 
it passes through the center. Move the pencil away from the 
center. Observe that a line either cuts a circle iu two points, 
or touches the circle, or falls entii-ely without the circle. 

2. Given a line and a point rwt on the Ime. Draw three 
circles having the given point as center and illustrating the 
fact that there are three possible ptraitions of a line with 
reference to a circle. 

3. Given a line / and a point P. Required to find on I the 
points that are 5 cm. from /'. When do you obtain two solu- 
tions? one solution? no solution? 
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65. A secant is a straight line of unlimited length which 
intersects a circle. 



66. A tangent is a straight line of un- 
limited length which has one and only 
one point in common with a circle. The 
point is called the point of contact or 
point of tangency. 

67. A chord is a line-segment joining 
any two points of a circle. 

In the figure a, is a secant, a. Is a tangent, while AB is a chord. 

68. A secant to a circle int&rsects the circle in two and only 
two points. 

69. Two Circles. The different relative positions of two cir- 
cles, and other geometrical properties, are developed in the 
following exercises ; 




c different relative posi- 



1. Cut out two circular pieces of paper, making their radii 
3 cm. and 5 cm., and place them in each of the following 
positions: (1) one falls entirely without the other; (2) they 
touch externally; (3) they intersect; (4) they touch inter- 
nally ; (6) one is entirely within the other ; (6) their centers 
coincide. 

2. Draw two unequal circles in i 
tions. 

3. Draw two circles whose 
centers are A and B. Join A 
and B. 

4. Draw a segment AB 3 in. 
long. On it indicate any two 
convenient points j in. apart. Name these points C, D, so that 
the order of the points is A, C, D, B. 
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5. About A as s. center, witli ADrs a. radiua, and also about 
B as a center, with BC us a radius, draw- 
circles. How many points do these cir- ^ | . j 

des have in common ? 

6. Repeat Ex. 6, using A and B as centers, and taking for 
radii the segments AD and BD respectively. How many points 
are common to the two circles ? 

7. Repeat Ex. 6, using A and B as centers, and taking for 
radii A C and BD respectively. How many points are common 
to the circles ? 

8. "Will the results of Exs. 5, 6, 7, be the same if the dis- 
tances separating A, C, D, B, are changed, and only the order 
remains the same ? 

9. In each of Exs. 5-7 state the relation between the length 
of the segment joining the centers and the sum of the radii of 
the two circles. 

10. If the lengths of the segment Ijetween the centers and of 
the radii of two circles be represented by I, r, r' respectively, 
express the relation between I, r, and r' in each of the six posi- 
tions of two circles obtained in Ex. 2. 

11. Draw five circles with the same center. G-ive concrete 
examples of such circles. 

12. Can two circles which have the same center touch or 
intersect ? 

70. Center Line ; Center S^nn«i>t. The line passing through 
the centers of two circles is called their line of centers or center 
line, and the fegment of the center line joining the centers is 
called their center segment. 

71. If the center segment of two eireles is less than the sum 
but greater than the difference of their radii, the circles intersect 
in two and only two points. 

72. Concentric Circles. Circles having the same center are said 
to be concentric. 
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The figures are made up of semicircles h&ving their centers in the 
same straight line. 

2. Draw the following figure, the diameters of the smaller semi- 
circles being half as lai^ as those of the greater semicircles, and the 
centers of the semicircles being in the same straight line. 




3. On a straight line lay off in succession a set of equal segments. 
With the extremities of these segments as centers, and with a radius 
equal to twice one of the segments, draw arcs of circles as shown in 
the figure. The smaller arcs are constructed from the same centers. 
Draw the figure and complete it 



4. Draw a circle of radius 3 cm. Using an; point on this circle 
as a center, and with the same radius, draw another circle. With 
each of the two intersection points on the first circle as centers, 
keeping the same radius, draw circles. Repeat the process, using 
only points on the first circle as centers. The result is a design 
frequently used in omamentatioa. 
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5. Draw the following figures: 





In the first figure the semicircles have as their diatnetern the radii 

• of the outer circle. The second figure is a " spiral," composed of 

consecutive semicircles, each new radius being twice the previous 

radius and the centers lying on a straight line, each at ttie extremity 

of the arc preceding. 

6. Copy and complete the following figures : 




In each case draw two mutually perpendicular straight lines. In 
the first figure lay off on the four rays equal consecutive segments. 
Then draw four sets of circles, two of which are shown lathe diagram. 
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73. Constniction of Triangles, given the Sides. If the extremi' 
ties of a segment AB are used aa the centers of circles, it is 
obviously possible to find 
two ladii, A Y and BX, 
such that the two circles 
intersect. If either point 
of intersection ia joined 
to A and B, a triangle is 
formed. 

The circles will inter- 
sect when the line of 
centers is less than the sum of the radii ; that is, when 
AB<AC + 3C. We infer from this that a triangle can be 
constructed with three given lines as sides, when the sum of 
any two sides ia greater than the third side. 

74. CoaBtiUCtion I. To construct a triangle, given the three 




The method of construction is shown in the figui'c. 

75. Scalene Triangle. A triangle in which no two sides are 
equal is said to be scalene. 

76. Construction II. To construct an isosceles triangle, given 
the base and a leg. 



The method of construction is shown in the figure. 
Can 6 and ^ be of any length ? 

77. The vertex C in the figure is said to be equidistant from 
A and B. 
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78. Equilateral Triangle. A triangle of which all three sides 
aie equal is said to be equilateral. 

79. Construction III. To construct an equilateral triangle, 
given a side. 




AC = AB= BC. Hence the three sides of the triangle ABC 
are equal. 

Note. This coDstruclion is tlie first proposiUon of Book I of Euclid's 
Elementa. 



1. Construct triangles, when possible, from the following data, o 
ftndcrepresenting the sides. What kind of triangle reaultsiueachcai 



» 


b 


r 


4 cm. 


5 cm. 


6 cm. 


3 in. 


4 in. 


5 in. 


4h,. 


5 in. 


»ln. 


7 cm. 


8 cm. 


ecm. 


5 cm. 


5 cm. 


8 cm. 


Sin. 


3 in. 


3 in. 


1 ill. 


2 in. 


4 in. 



2. Construct a jioiDt et^uidistant from two given poii 
many solutions are possible ? 

3. Construct six different isosceles triangles on the s» 
Join their vertices in succession. What do you observe? 
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4. Construct aa equilateral triangle ABC, and on each of its 
sides construct an equilateral triangle. Show that if the three tri- 
angles surrounding triangle ABC be folded over on the sides of the 
original triangle, a pyramid can be made, having the given triangle 
ABC as ita base. 

5. Draw Beveral circles so that each passes through two given points. 

6. Can two circles intersect in three points? 

7. Draw three circles such that each int«rsects the other two. 

8. Draw three circles such that each passes through the centers 
of the other two. 

9. Draw four circles such that each intersects the other three. 
10. Classify triangles according to their angles; according to 

their sides. 



11. Withthe aid of ruler and compasses draw the following figures: 





In the first figure the radii of all the arcs are equal, the centers 
being respectively the vertices of the square and the mid-points of 
the sides. The second figure is based on an equilateral triangle, the 
centers of the interior arcs being the mid-points of radii drawn to 
the vertices of the equilateral triangle. 

12. Lay off on a straight line AB ten successive centimeter divi- 
sions, and mark the points of division 0, 1, 2, 3, 4, • ■ ■ . With point 2 
as a center, and with a radius of 2 cm., draw a semicircle terminated 
by points and 4. On the same side of AB, and with point 8 as a 
center, draw a semicircle like the first. With point 5 as a center, and 
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on the same side ot AB aa before, draw a semicircle passing through 
the points 2 and 8. Theo, using the points 1, 5, and S as successive 
centers, and with a radius of 1 cm., draw semicircles on the opposite 
side of AB The completed figure should present the appearance of 



13 In th fit f th tw f llowing designs locate by a 

me t th nte b f t1\ a so nding the equilateral triangle. 

In th second des gn the ert es of the square are the centers of the 
ar 8 Draw the ligu 




14. With the aid of ruler and compasses draw the following figures ; 




In each of these figiirE 
tera tor four of the arcs, 
side of the square. 



1 the vertices of the square are used as c 
In the second figure the radius equals ' 



15. Complete the circles in the figures for Ex. 13. 
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CIRCLE AND ANGLE 
PEEuraNAKY Definitions 

80. An angle formed by two radii is called a central angle. 

81. A central angle is said to intercept the arc cut off by 
its sides. 

82. A chord is said to subtend the arc 
whose extremities it joins. 

83. Two arcs are said to be complements, 
supplements, conjugates, of each other, 
according aa their sum is a quadrant, a 
semicircle, a circle, respectively. 

84. Of two unequal conjugate area of a circle, the leas is 
called the minor arc and the greater the major arc. A minor 
arc is generally called simply an arc, 

85. Relation of Central Angles, Arcs, and Chords. Let the figure 
suggest a wheel with eight spokes, the ^ 
angles at the center being equal, each con- 
taining 45°. Copy the figure on a piece 
of tracing paper, the point correspond- 
ing to A being named A', etc. Revolve 
the duplicate figure around the center 0. 
The circle will move on itself. When the 
point A' reaches the position B, point B' 

will fall on C, etc. Hence the arc ^B is seen to coincide with 
arc BC. (Why?) From this we infer that 
Equal central angles in a circle intercept 
equal arcs. Conversely, equal arcs of a circle 
are intercepted hy equal central angles. 

86. If in the previous figures we had 
drawn the chorda subtending the arcs AB, 
BC, etc., we could have proved at the same 

time that the equality of the arcs involves also the equality of 
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their subtending chords. For when the extremities of two equal 
arcs of a circle coincide, their chords also coincide. (Why?) 
Hence 

Equal chords of a circle subtend equal arcs ; and conversely, 
equal arcs are subtended by equal chords. 

87. These relations of arcs, chords, and central angles evi- 
dently hold also for equal circles. They enable us to construct 
an angle equal to a given angle ; to twice a given angle, etc.. 

88. Summary. In the same circle or in equal circles : 

1. Equal central angles intercept equal arcs. 

2. Equal arcs are intercepted by equal central angles. 

3. Equal chords subtend equal arcs. 

4. Equal arcs are subtended by equal chords. 

Resulting Constructions 

89. Conattnction IV. To construct an angle equal to a given 





Let /.AOB be the given angle. With center and any 
radius OA, describe a circle. With O' as a center, and using a 
radius O'A' equal to OA, describe acircle. Make chord A'B' 
equal to chord AB by drawing an arc with center A' and 
radius ^5. Then ZA'O'B' = ^AOB. (Why?) 

Is it necessary to draw the entire circle ? 
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and the twn adjoining angles. 
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The diagiani explains the construction. 
ihe sum of Z.A and Z.B is leas than 180". 



possible when 



91. Constmction VI. To construct a triangle, given two sides 
and the included angle. 




The diagram explains the construction. It is possible for all 
valnea of AB, A C, and Z A less than 180°. 

9S. Theory of the Protractor. Con- 
struct a number of equal angles having 
a common vertei O. With center 
and arbitrary radii draw concentric 
circles. The result is seen in the figure. 
The equal angles intercept equal arcs 
on each of the circles. If, now, there 
had been SCO equal angles about O, 
that is, 360 angle-degrees, each circle 
would have been divided into 360 equal 
area. Tbeae 300 equal circle divisions 
are also called degrees. AnHrc-degree 
Ib^b of a circle. Thus if ^^jOfl, contains 30 angle-degrees, arc A^Bj 
10 arc-degrees. This explains why two arcs, e.g. A-iB^^ and A^g, 
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may contain the same number of arc-degrees without being equal. It also 
explains nbj circular protractors of different tizes can be used for draw- 
ing an angle of a giren number of degrees. In general, 

93. The number ofangle^egrees in the central angle is equal to 
the numier of are-degrees in the intercepted arc. In other worda, 

94. A central angle is measured by its interested arc. 

95. Regulai Po ygon T 
arcs intercepted by ra g 
circle are equal, A so h ase h 
isosceles triangles h m d be prt d 
equal by folding. d se 
base angles are eqi mp BC 
Z. BCD. Whenever the series of equal chords 
forms a closed perimeter, a regular polygon 
results ; tor the sides and the angles of such 
a polygon are equal. This will always happen 
when the first central angle is contained an integral number of Ci 
a round angle. 




Angle Constructions 
(In the following exercises the protractor should not be used.) 

1. At a given point in a line construct an angle equal to a given 
angle. Show that this may be done in four ways. 

2. Construct an angle five times as large as a given acute angle. 

3. Construct an angle equal to the difference of two given angles. 

4. Construct the difference of an interior angle of a regular hexagon 
and an interior angle of a regular pentagon. Is the resulting angle 
contained exactly in a round angle ? 

5. Double a given arc of a circle. 

6. Construct the difference of two arcs of a circle. 

7. Construct an angle equal to the sum of the angles of a triangle. 
What do you observe? 

8. Construct the sum of the angles o^a quadrilateral. 

9. Construct the sum of three consecutive at^Ies of a regular 
hexagon. 
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Computations 

10. How msnj degrees in a quadrant? 

11. How many degrees in the area subtended by the sides of a 
reguUr polygon of i sides? 5 sides? 6 sides? 10 sides? 15 sides? 
24 sides? n sides? 

12. Through how many degrees does a point on the equator turn 
in4hr.? 6hr.? 12 hr.? 18 hr.? Imin.? lOmin.? 

13. The length of the sun's equator is about 2,T22,000 mi., while 
that of the earth's equator is about 25,000 mi. How many miles in 
a degi^ee of each of these equators? 

14. The sun's time of rotation is about 25 dajs. In what time does 
a sun spot near the equator pass through 72°? How many miles does 
it traverse during that time? What are the corresponding answers 
for a point on the earth's equator? 

15. If the earth's orbit around the sun is regarded as a circle, how 
many degrees does the earth traverse in one month? in one day? 

16. If the sun's apparent path across the sky each day ia regarded 
as a semicircle, how many degrees does the sun traverse in 1 hx. on 
a day which is 12 hrs. long? 

Review and Extension 

17. Triangle ABC is said to be inscribed in 
the circle. Inscribe a triangle in a circle and 

then copy the figure. 

18. How may a segment of given length be 
made a chord of a given circle? 

19. Lay ofi the radius of a cirele as a chord 
six times in succession. What do you observe? 
Can you give a reason for this? 

20. Construct two isosceles triangles on opposite 
sides of a common base. Join their vertices. 

21. If a =: b in the above exercise, show that each 
triangle is but a repetition of the other. Under what 
circumstances can a circle be circumscribed about the 
entire figure ? 
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22- iDBcribe a quadrilateral in a circle. Construct the sum of tvo 
opposite angles of the figure. 

23. If the center O of a circle is joined to the 
extremities of a chord AB, prove that a 
celes triangle is formed. 

24. If the isosceles triangle OAB in . 
revolves about 0, prove that A and B i\ 
the circle. What tind of figure does the mid- 
point P oi AB describe? 

25. In a semicircle inscribe a triangle, making the diameter one 
side of the triangle. 

26. Prove, bj folding, that any diameter 
of a circle bisects the circle. 

27. Two lines, m and n, intersect, one of 
the angles formed being Za. At any point 
of II construct Z 6 = Z a. Which other 
angles in the figure are equal to Za and 
Zbl HowisZt related to Z6? 

28. Construct a quadrilateral (see accom- 
panying figure) such that 

Za + Zb + Zc = 2rt.d. 

29. How many of the geometric 
developed so far do you find illustrated ci 
cretely in the schoolroom V 

30. Prepare a summary of the moat important definitions, < 
stmctions, and propositions in Part I. 
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PART II 



AXIAL SYMMETRY 



96. Pielimlnary Exerdaea. (1) Fold a sheet of paper, and 
before opening prick a hole through it. Then open. There will 
be two holes, one on each aide of the crease. Name these A 
and B, and name the line of the 
crease, A Draw the segment v4B, 
and name the point where it 
crosses the crease, Jf. Show that 

(1) M is the mid-point of Ah; 

(2) / is perpendicular to AB. 
The line of folding is the 

perpendicular bisector of the 
segment AB. 

(2) In (1) point A is said to correspond to point B. This is 
sometimes indicated by the abbreviation A | S. Extend AB 
indefinitely. Locate three pairs 
of corresponding points. 



In the fignt 



A \A' 



I 1 I 



A' B' a' 



-+- 



(Read "^corresponds to^','' 
etc.) 

(3) Fold a piece of paper, and before opening prick two holes. 
Upon opening yon will find two pairs of 
holes. Mark these^.ii', B,B', asin(2). '*/— 
Connect,land^', Bands'. Then^B|,4'B' / 
(read "^B corresponds to ,!'£'"). It is B'- — 
evident that to every point on ^ JS there 
corresponds a point on A 'B', and that AB = A 'B'. Also I is the 
perpendicular bisector of ^^' and BB'. 
GS 
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(4) Repeat (3), pricking three holes. There will be three pairs 
of corresponding points. Join these as in (3). A BC \ A' B'C'^ that 
■ is, to every point of A ABC there 
eoiTesponds a point of A ^ 'B'C'. 
/XABC may be made to coin- 
cide with A ^ 'B'C. In the same 
manner we conld obtain a poly- 
gon ABODE- ■■\A'B'C'D'E'--. 
The two figures so obtained could 
be made to coincide. 

Summary 

97. The corresponding points in the preceding figures are 
often called symmetric points. The line of folding is called the 
axis of symmetry. 

9S. Two points, A and A', are said to be symmetric with 
respect to a line I, called their axis of symmetry, if that line is 
the perpendicnlai' bisector of the segment joining the two points. 
In general, two figures are symmetric with respect to a line, 
called their axis of symmetry, if to every point A of the first 
there corresponds a point A ' of the second, such that tlie axis is 
the perpendicular bisector of the segment joining the two points. 

99. Two symmetrie (pZane) figures can be made to coincide. 

Axial symmetrf is of great significance, as is apparent in ttie sym- 
metric Btnieture of tlie liuman body, of animal organisms, of leaves, etc. 
Axial symmetry is used extensively in architecture, designing, pattern 
making, etc. 

100. Constiuction of Symmetric Figures. 
It is evident that if P is ani/ point in the 
axis, PA = PA'; that is, P is equidistant 
from A and A'. & circle of radius PA and j 
center P will pass through A'. This circle 
must intersect the axis at some point X. 
Then XA = XA'. These relations enable i 
point A' symmetric to a given point A. 




i to construct a 
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AXIAL SYMMETRY 

101> To eofutructA' so that A'\A,when A i 
I is the given axis. From any point P in 
the axis as a center, with a radius PA, 
draw an arc cutting the axis at X. From 
X as a center, with a radius A' .4, draw an 
arc intersecting the iirst ai-c at ^ '. A' ia 
the symmetric point required. (Why ?) 



66 
n point and 



1. Conatruct a. gegment A'S" m that A'B" \ AB. 

2. Construct a. triangle A'B'C bo that A'B'C \ ABC. 

3. Construct a quadrilateral A'B'CD' so that A'B'Cly j ABCD. 
1. Place a plane mirror bo that It is perpendicular to a sheet of 

paper. Mark a point on the paper. Observe that the point and its 
image are symmetrically situated with respect to the base of the 
mirror. This is true of any figure drawn on the paper, lllustrata 
by drawing on. your paper a square ; a pentagon ; a heiagon. 

fi. If you had accidentally closed your notebook before allowing 
the ink to dry, each letter would have made a symmetric impression. 
How is the same principle applied in printing? 

6. Fold a sheet of paper and cut out auy figure whatsoever, be- 
ginning at the crease and returning to it. A symmetric pattern will 
be obtained. How is the same principle applied in tailoring? 

7. Study the capital letters of the alphabet. How many do not 
show axial symmetry? 

8. What geometrical principle is illustrated by a snow crystal? 
(See figures below.) 

9. The figures for the snow crystals show that more than one axis 
of symmetry may be present. How many are there in each case? 
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102. ConclosioDB. The following statements will now be 
readily understood, 

1. Any point in the axis of symmetry of two points A and B 
is equidistant from them. 

2. Any point equidistant from two given points lies in their 
axis of symmetry, 

3. Henee the axis of symmetry of two given points contains 
all the points equidistant from them. 

4. Two points each equidistant from the extremities of a seg- 
ment determine its perpendicular bisector. 

The equlvaienUi of the four statements pre- 
ceding will be considered fully in Book I. 

103. Constniction of the Axis. In the ^ 
figure, Pj, Pj, P„ etc., are points equi- 
distant from /land B. We have seen that 
they all lie in the perpendicular bisector 
of AB. But since two points determine a 
line,twoof these equidistant points deter- 
mine the perpendicular bisector of AB. 

Hence, to construct the axis of sym- 
metry of two points, A and B, construct -^ 
two points P and P', each equidistant 
from A and B. The line passing through 
these points is the required axis. 

101. The IsoBceles Triangle. The properties of the a 
symmetry of two points are closely con- 
nected with the isosceles triangle. In the 
figure, I is the axis of A and B, X is any 
point of the axis, M is the mid-point 
oi AB. The truth of the following state- 
ments is at once apparent. 

\. X is the vertex of an isosceles triangle whose base is AB. 

2. Every isosceles triangle has an axis of symmetry, determined 
by its vertex and the mid-point of its base. 
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3. The lose angle* (Z^ and Z.B) of an isosceles triangle 
are egwal. 

Prove by folding. 

4. The peryetidicular bisector of the base of an isosceles tri- 
angle passes through the vertex and bisects the vertex angle, 

105. The Kite. If two points of the axis 
are joined to the symmetric points, we 
obtain two isosceles triangles having a 
common base. Their vertices may lie on 
the same aide of the base or on opposite 
sides. The result in the latter cose is a 
kite-shaped figure. Since these figures 
will serve as the foundation of the most 
fundamental constructions, we shall now 
give a table of their most important prop- 
erties, using the accompanying diagrams. 



Annies 



-./lab =Za-b'. Why? 



FUNDAMENTAI, CONSTRUCTIONS 

106. To bisect a given segment- 
Construct the perpendicular bisector 

of ^B. 

107. AtagivenpointofastraightliTte 
to erect a perpendicular to that line. 

Take the given point P as a center, 
and with any convenient radius draw 
arcs cutting the line AB at ,Y and Y. Then construct Z equi- 
distant from X and Y. Join P and Z. PZ is the requii-ed 
perpendicular. (Why ?) 
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108. By the previous construction it la pos- 
sible to make a right triangle. Sucb a triangle 
ma; be made of cardboard or wood and used 
as a pattern for the construction of perpen- 
diculars. This is shown in the figure. B la 
a ruler placed along the given line and T is 
the triangle. 

109. To drop a perpendicular to a. given straight line fro; 
given external point. 

First Method. From P as a center, 
with a convenient radius, describe an arc 
cutting AB at X and ¥. Then construct 
Z equidistant from X and ¥. PZ is the 
required perpendicular. (Why ?) 

Second Method. Use a right triangle. 

110. To bisect a given angle. 
From P as a center, with a convenient 

radius, describe an arc cutting the sides of 
the '■angle at X and Y. Construct Z equi- 
distant from X and Y. PZ bisects the given 
angle. (Why?) 

111. To bisect a given arc. 
IE is the center of the arc AB, bisect the 

AAOB. aY bisects the arc. (Why?) ^ 

Note. The five constructions of §§ 106-111 will be con- 
sidered again in Buok 1 At this point the; are intended to 
give practice and to develop greater skill in using the geo- 
metric instruments, ri^., thestraightedgeand the compasses. 




1. Show by repeated bisection that a segment can be divided into 
4, 8, 16, 2" equal parts. 

2. An angle can be divided into 2, 4, 8, 16, 2" equal parts. Explain. 

3. Construct angles of 90°, 45°, 22J°, 135°, without using a pro- 
tractor. 

1. Construct a compass card without tising a protractor. 

,z,;i.,C00g[c 



EXERCISES 



59 



1 of the angles of & triangle equals 
ingle of an equilateral triangle 




6. Assuming that the b 
180°, show by symmetry that e 
contains 60°. 

6. Construct an angle of 60". 

7. Construct angles of 30°, 15°, 75°, 
105°. (75° = 60° + 15°.) 

8. If a ray of light j/j strikes a plane 
mirror at .4, it is reflected in such a manner 
that ^7>y, = Zpy,; that is, the perpendicular 
p to m At A bisects ^y|$,. Construct the 

9. A ray of light is reflected by a mirror m 
Construct the path of the ray. 

10. The figure MNOQ represents a billiard 
table. Required to strike the ball A in such a 
manner that it will rebound from MN and hit 
the ball B. Construct the path of .1. 

Solution. Constructvl'|..4. Draw .^'B, cutting 
MN at F. APB is the path of the ball A. " 

11. We can now coustmct a number of regular polygons without 
using a protractor. The first figure shows how a square may be con- 
structed, by making a perpendicular to b, etc. The second figure 
shows that it Z0 = 60°, A A OB is equilateral (see Ex. 5). Hence 
AB equals OA, the radius of the cirele. Copy each of the figures. 





12. Construct polygons of 4, 8, 16 aides. 

13. Construct polygons of 6, 12, 24 sides. 

14. How many axes of symmetry does a square have? a regular 
pentagon? a regular hexagon? a circle? 
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IS. With the ud of ruler and compasses draw the following 




The first two figures are based on the fact that the side of a regu- 
lar hexagon is equal to the radius of the circumscribed circle. In the 
third figure the mid-points of the sides of an equilateral triangle are 
the centers of the arcs. 

16. With the aid of niler and compasses draw the following 
figures: 




In the first figure the vertices of the sis-pointed star, including 
the points of intersection of the sides of the two equilateral triangles, 
are the centers of the area. The second figure 
arises from completing the arcs of the third 
figure of the preceding esereiae. 

17. The figure shows the design of a Gothic- 
window. The outer arcs ./IC and jfB are con- 
structed with B and C as centers. The small 

arcs have as centers the points B, C, D. E, F. 

The center is obtained by drawing arcs B E h F O 
with B and C as centers and with a radius equal to BF. Draw the 
figure. 

(In order to lessen the diflaculty of this exercise, the figure should 
be drawn on a large scale.) 
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CONGRUENCE 



112. Suppose that a. paper-cutting machine is made to cut 
out a pattern from a stack of paper. The pattern will then 
appear as many times as there are sheets of paper. Imagine 
all these figures placed along a line I. 



The figures agree in all respects, since they are but rejmtitions 
of one figure. This could at any time be verified by sliding the 
figures back on the line / to their original position F^. Each 
is then seen to be a duplicate of F^. Such figures are called 
congraent (from the Latin cotigimere, " to agree "), 

113. Two figures which may be made to coincide in all their 
parts are said. to be congruent. We shall use the symbol = for 
the word " congruent" F, = F^ means that F^ is congruent to F^ 
From this definition it follows that figures congruent to the 
same figure are congruent to ench other. 

114. Homologous Sidee and Angles. From the definition it 
follows that if two figures are congruent, each-side and angle 
of one has a corresponding equal side and angle in the other. 

Thus if AABC = AA'B'C, 

then a = a', b = h', c = e', 

and jLA = Z.A', ^B = ZB', /.C=^C'. 





The sides and angles of a figure are called its principal elements 
or ports. Any two corresponding parts, such as a and a.', are 
said to be homologous. 
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lis. Construction. Toeonttruct a polytfon eoTigruent to a given 
polygon. 

If Pj is the given polygon, consti-uct 




It will then he found that the last side (C'D") and the two 
remaining angles {/LC and ^D') need not he constructed, as 
they are already deterinined or fixed by the preceding elements 
of the figure. The new polygon, if it were placed on the given 
polygon, would coincide with it exactly. Hence P^ = P,. 

It is readily seen that even if Pj had contained a larger number of 
sides, we should have arrived at the same conclusion ; namely, that the 
last three elements of a polygon are determined by tlie preceding ones. 
How a polygon of n sides has n angles, or 2 n parts. Hence two polygons 
are congruent if they agree in 2 n — 3 consecutive elements. 

116. To construct a triangle congruent to a given triangle. 
Let ABC be the given triangle, in s 

which 

a = 6 cm. 

h = 7 cm. 

c = 5 cm. 

First Method. Draw 5' = 5,Z^' = Z^,ZC" = ZC. Con- 
tinue the sides of Z^' and j^C. They , 
will intei-sect at a point B'. 

The i-esult is the triangle A'B'C It 
can be shown by superposition (that is, 
by placing one triangle on the other) 
that the two triangles are congruent. " 

Note. A A'B'C may be constructed congruent to A ABC with the 
order of the parts the some or the reoerse of that iuAABC (compare § 9^, 
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Second Method. Draw 6' = 6, Z^' = Z^, and c' = c. Con- 
nect B', the extremity of c', with C', , 
the extremity of If'. A deiinite triangle 
A'B'C results. The congruence of the 
two triangles can be tested by super- 
position. 

Thikd Method. Draw b' = b, and 
with centers A' and C and radii c and 
a respectively, describe arcs. These 
intersect at B'. It will be shown later 
(§ 142) that in this case also 
AA'B'C'sAABC. 

117. These three constructions suggest the following very 
important laws of congruence of triangles : 

First Law of Congruence. If two triangles have a side and 
the two adjoining angles of one equal respectively to a side 
arid the two adjoining angles of the other, the triangles are 
congruent, (a. 3. a.) 

Second Law of Congruence. If two triangles have two sides 
and the included angle of one equal respectively to two sides 
and the included angle of the other, the triangles are congru- 
ent, (s. a. 3.) 

Third Law of Congruence. If two- triangles have the three 
sides of one equal respectively to the three sides of the other, the 
triangles are congruent, (s. s. s.) ^ 

Remark 1. The congruence of two tri- 
angles cannot be made to depend upon angles 
only. The diagram shows that triangles may 
be mutually equiangular without being con- 
gruent. 

Hemark 2. The frequent use of these laws of congruence makes ab- 
breviaUon desirable. Thus the first will be represented by the abbrevia- 
tion "a. a. a.," that is, the law of one side and the two adjoining angles; 
the second, by "s. a. s." ; the third, by "s. s. s." 

Remark 3. Formal proof of these three laws is given among the 
propositions of Book I. 



by Google 



64 PLANE GEOMETRY— PEELIMIXAEY COURSE 






1. Construct a AXBCsuch that a = 3 in., ZB = 45°, ^C = 30". 
Repeat your construction and test the congruence of the triangles 
b; superposition (a. s. a.). 

2. CoiistructA^BC8othata = 3in.,B = 22J=,<; = oin. Repeat 
jonr constmctioa, and bj superposition show that the two triangles 
coincide (s. a. a.). 

8. Construct a A ABC such that n = 4 cm., ft = 5 cm., c = 6 cm. 
Repeat the construction and test with tracing paper whether or not 
the two triangles are congruent (s. 

4. Let AB represent a tower 100 ti 
high. Ascertain by measurement from a 
drawing to scale how large an angle 
sabtends at the eye E of an observer ii 
BE = 200 ft.? « 

5. Construct a polygon congruent to a given polygon of six aides 

Suggestion. Draw diagonals and construct congruent triangles in 
their proper positions. 

6. Two triangles, in order to be congruent, must 
have three parts respectively equal, and at least one 
wde must be used. Esplain. 

7. What is meant by the statement, A triangular frame i 
rigid? Of what practical value is this fact in the 
construction of houses, bridges, truas-work? 

8. Show that a four-sided frame becomes rigid 
if a diagonal crosspiece is introduced. How doea a 
carpenter nae this fact in making a gate? 

9. The three laws of congruence may be replaced by the state- 
ment : A triangle is determined by (1) one side and 

two angles ; (2) two aides and the included angle ; 
(3) three sides. Explain. 

10. Construct a quadrilateral ABCD, (1) if 
.*B = 2in., BC = lin., CD = % in., DA = IJ in., "" 
-4C = 2in.; i2)ii AB=5Qm.,BC = 6cm., CD = iicia., DA = 
AC ^ Sera. 
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SURVEYING 

118. Surveying has for its purpose the determination, by 
processes of measurement, of the relative positions of points 
and lines upon the surface of the earth. A careful record must 
be kept of all measurements taken, in order that a picture or 
"plafmaybemadeof the lines or areas included in the survey. 

119. Lines are measured with chains, tapes, 
or rods. 

120. The angles to be measui-ed directly 
are either liorizontal or vertical. 

131. Thus if A, B, C, are three pointa situated in 
the same horizontal plane (for eiample, on the sur- 
face of a floor), the three angles A, li, C of the 
triangle ABC are horizontal angles. 

Agi^n, if EF (see figure below) represents a tower 
standing on a horizontal plane DE, the angle FDE, 
or Zz, is vertical. 

122. Angles in the vertical plane are either angles of elevation 
or angles of depression. 

A person standing at D must look upward in order 
to see the poiat F, white a person standing al ~ 
look downward in order to see the point D. Hence, 
Ax is called an angle of elevation, while /iy is an 
angle of depression. " * 

123. The instrument commonly used by surveyors for meas- 
uring horizontal and vertical angles is called 

a transit. It consists essentially of a telescope 
free to move in a vertical circle and attached 
to a pointer which may be moved over a 
graduated horizontal circle. The circular plate 
of the transit can be made level by suitable 
attachments. 

Let the center of the plate be denoted by 0. Then 
if two pointa A and B are in the same plane with 
O, the telescope is pointed first at A and then at B, and the differ- 
ence between the two readings on the graduated circle is determined. 
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This diCTerence is the value of the horizontal angle AOB. Vertical anglea 
are measured similarly hj means of the 
vertical circle. 

124. Asimple combination instrument 
for measuring either horizontal or verti- 
cal angles Is shown in the figure. This in- 
strument will serve as an inexpensive 
substitute for a, tFansit. The vertical rod 
Mit is free to revolve in the socket at M, 
carrying a horizontal pointer which in- 
dicates readings on the horizontal circle 
divided into degrees. Thesedivisionsmuat 
be marked. Thepointer at Jf'Is provided 
with sights and ia free to move in a 
vertical circle around M'. By sighting 
along this pointer, vertical angles may be 
measured. 

By the aid of some such instrument 
as this, and of a 60-ft. tape, a few rods 
and some stakes, distances and angles as 
in the school yard should he measured. 




1. In the diagram A and B are points separated by a river. How 
may the leDgth oi AB he determined by the 

first law of congruence? (a. s. a.) (A,B,C, 
represent trees or vertical rods. Measure A C 
aoAlA. l.\aVeA'C=AC,a,aA^CA'B'=AA. 
B'CB ia a straight line. Measure .4 'ff. Then ■ 
A'B- = AB.) 

2. In the diagrura AB represents the 
distance across a pond. The length of AB 
is to be determined by the second law 
(s.a.a.). A vertical rod la placed at C. Meas- 
ure AC and BC. Make A-C=AC, and 
B-C = BC. ACA' and BCD' are straight 
lines. Then ^'B- = ^JJ. If ^C^ 300 ft, 
BC = 200ft., ^C=55% determine AB by 
measurement. 
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3. Explain what measurements are necessary in order to deter- 
mine the distance of an anchored ship from the shore. 

Suggenlion. Use the method of a. s. a. 

4. What measurements are necessary in order to determine the 
length of a rectangular building whose corners only are accessible? 

Suggestion. Use the method of s. a. s. 
9. It is required to find the distance between two ships A and B 
anchored off the shore. 

Solution. Measure a convenient length 
CD along the shore. With the instru- 
ment at C, aud then at D, measure 
two angles at each point. For example, 
at C, measure any two of the angles 
ACB, ACD, BCD. Explain how AB is determined by these five 
measu rements. 

6. Find the height of a flagpole by measuring a convenient dis- 
tance from its foot, and then measuring the angle of eleTation of the 
top of the pole. If the distance is 150 ft. and the angle is 28°, how 
high is the pole? Measure by drawing to scale. 

7. Determine the height of your high-school building by a draw- 
ing made to scale. 

8. The height of a mountain CD may be 
found by determining its angle of elevation 
from two different points, A and B, situated 
in the same vertical plane with C. Then, 
if AB is known, CD can be constructed. 
Explain. 

9- Explain how it is possible to find from the ground the height 
of a kite, a balloon, or a cloud. 

10. Two persons 600 ft. apart, situated on opposite sides of a bal- 
loon as seen from the ground, observe its angles of elevation to be 
44° and 55°. What ia the height of the balloon? Draw to scale. 

11. By what methods can the distance between the tops of two 
church steeples be determined? 

12. How may the distance between two mountain tops bo 
determined? 
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13. Thales of Miletua (600 B.C.) is said to have invented a way of 
finding the distance of a ship from the shore. Hia method is sup- 
posed to hare been based on the law of , 

a. a. a., and maj have been as follows : 
Two rods, m and n, are hinged together at 
A. One arm, m, is held vertically, while 
the other, n, is pointed at the ship S. Then 
the instrument is revolved about m as an 
asia until n points at some familiar object 
S- on the shore. Thea A ABS ^ A ABS', &nd BS' = BS Expla n. 

14. The bearing of a place A from another place B th angle 
of deviation of the line BA from the true uorth-and uth 1 ne 
through B. ^ is 5 miles west of B, and C is 9 mile uth of 4 
Find, by measurement with the protractor, the bearing of Cfrom B; 
of B from C. (Use a scale of two miles to the inch.) 

15. A is 11 miles from B, and its bearing from B is N. 17° E. 
C is 9 miles from A, bearing S. 43° E. Find, by construction and 
measurement with ruler and protractor, the bearing of C from B; 
of B from C; and the distance BC. 

Suggestion. Draw the north-and-south lines through the given 
points. These will be at right angles to an east-and-west base line 
at the bottom of the figure. 

16. A surveyor maps a field by taking the successive bearings and 
distances from one corner to the next. Draw a map from the follow- 
ing survey notes, using a scale of 200 ft. to the inch, and determine 
by measurement the missing data. 



Station oooupied 


Point sighted at 


Bearing 


I>ista..0B 


A 


fl 


N. 34" E, 


450 ft. 


B 


C 


N. 70° E. 


200 ft. 


C 


D 


S. 12° E. 


aooft. 


D 


E 


S. 62° W. 


225 fl. 


E 


A 


? 


? 



17. The bearing of Long Branch, New Jersey, from Newark is S. 
18° E. and its distance is 30 miles. The bearing of Trenton from Long 
Branch is S. 84° W. and its distance is 41 miles. Find the bearing and 
the distance of Newark from Trenton. (Use any convenient scale.) 
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BOOK I 

RECTILINEAR FIGURES 
A System of Peopositions 

125. In the preceding pages many simple geometric prin- 
ciples were presented and illustrated. There remain, however, 
many other facts of geometry which are not so apparent, or 
which, even though they seem quite easy of comprehension, 
are not easily proved. 

The aim of demonstrative g:eometT7 is to point out methods of 
discovery and of proof, as well as a logical arrangement, of thoae 
geometric principles which are most important in the develop- 
ment of the subject, and which have the widest application 
in other fields of investigation. Such principles are called 
propositions, and, except for those which are taken for granted 
at the outset, are established by means of formal demonstrations. 

126. A complete demonstration demands a reason for every 
statement which is included in it. It is obvious that such a 
justification of the particular steps of a proof is greatly facili- 
tated by arranging the propositions in a, definite proffi-essiee order. 

127. The most fundamental propositions, which are firat con- 
sidered, are those which are most often in demand as the work 
progresses ; much as the multiplication table is needed in the 
study of arithmetic. Other propositions are shown to depend 
more or less directly upon these, and thus gradually arises a 
system of propositions, each of which depends upon some or 
all of those preceding, in the order of consideration. For this 
reason the study of geometry has been compared to the build- 
ing of a house or other structure ; each stage of the work is 
supported by what has already been completed. 
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ARRANGEMENT OF A DEMONSTRATION 

128. The formal demonstration of a theorem in geometry 
involves three steps,: 

1. The statement of what is given (the hypothesiB). 

2. The statement of what is to be proved (the conclusion). 

3. The proof, consisting of several steps, each based upon 
the hypothesis, or upon the authority of definitions, axioms, 
preliminary theorems, or preceding propositions. 

These three steps are indicated by the words 

Given, To prove, Proof. 

129. In order to avoid a mechanical repetition of the text, 
and to gain the ability to reason independently in the field of 
geometry, it is advisable for the student to bear in mind the 
following 

RULES 

1. Read the proposition carefully, noting the meaning of 
each term employed. 

2. Draw a figure which represents the conditions demanded 
by the proposition, and no other special conditions. 

3. State the hypothesis and the conclusion as applied to that 
particulai' figure. 

4. Recall the geometric processes which genei-ally lead to 
this conclusion, and examine the hypothesis and its immediate 
consequences in order to discover whether such processes may 
be applied in the particular instance. 

5. Try to formulate a proof before examining the one given 
in the text. 

6. Write out the proof, arranging the steps in order and 
numbering the main divisions. The final step should agree 
with the conclusion. After each step give the authority which 
supports it. Proper authorities are the hypothesis and any 
definitions, axioms, preliminary theorems, and .propositions 
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previously established. Use freely such eymbols and abbrevi- 
ations as are suggested below. 

7. At a later period in the development of the work it is 
often sufficient, and even preferable, to write merely a brief 
summary of the demonstration. 

8. As a review exercise, practice reciting the proof from a 
mental figure only. 

SYMBOLS AND ABBREVIATIONS 



+ pluB, or added to. 


adj. 






alt. 


altomate. 


= equal, or is equal to. 


az. 


axiom. 


> is greater than. 


circuit 


1. circumference. 


< Is leas than. 


comp. 


complement, or complemenlAry. 


= is congruent to. 


cons. 


constraction. 


.-. therefore, or hence. 


cor. 


corollary. 




corr. 






def. 


definition. 




ei. 


exercise. 


II parallel, or la parallel to. 


eit. 


exterior. 


lU parallels. 


hom. 


homologous. 


' is similar to, or simUar. 


hyp. 


hjpotbesis. 


Z angle. 


int. 


interior. 


A angles. 


IBOB. 


isosceles. 


A triangle. 


prop. 


proposition. 


A triangles. 


rect. 


rectangle. 


£7 paTallelogram. 


rt. 


right. 




sq. 


square. 


O circle. 


St. 


straight. 



® circles. supp. supplement, or supplementarj. 

a. s. a., having a side and tiie two adjoining angles of one equal respec- 
tively to a side and the two adjoining angles of the other. 

a. a. 8., having two sides and tlie Included angle of one equal re- 
spectively to two sides and the Included angle of the other. 

s. 8. 8., having three sides of one equal respectively to three sides of 
the other. 

rt. A, h. 1., being right triangles and having the hypotenuse and a 
leg of one equal respectively t« tlie hypotenuse and a leg of the other. 

rt. A, h. a., being right triangles and having the h3'potenuse and an 
adjoining angle of one equal respectively to the hypotenuse and an 
adjoining angle of the other. 
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AXIOMS. PEELIMINAKY PKOPOSITIONS 

130. All demonstration finally depends on taking some 
truths for granted. Such truths are aometimea called axioms. 
They are assumed to be so clear in themaelvea that every one 
will accept them without proof. 

Geometry ia no exception to this general rule. It is, how- 
ever, essential in elementary geometry that the facta taken 
for granted and without demonstration should be of a simple 
nature, so simple, in fact, aa to be obvious if merely plainly 
stated. The geometrical facts which are assumed in Book I 
will now be tabulated under the heading Preliminary Assump- 
tions and Propositions, and it will be observed that we are 
thus giving a recapitulation of some of the main results of 
the informal discussion of the Preliminary Course. 

131. PteUminaiy Assumptions and Propositions. 

1. Through a gU'en point an indefinite number of straight 
lines may be drawn (§ 11). 

2. Two straight lines can intersect in but one point (5 11), 

3. One and only one straight line can he drawn through two 
given points (§ 11). 

4. Two straight lines that have two points in common coin- 
cide throughout arid form hut one line (§ 11). 

5. Two straight lines do not inclose a space (S 11). 

6. Two line-segmeTits whose extremities can he 7na,de to eotn- 
eide mvst coincide throughout (§ 13), 

7. Two line-segments a and h must be in one of three rela- 
tions to each other, namely, a^-b, a =^ b, or a<.b (^ 13). 

8. Line-segments may he added together. Of two unequal 
line-segments the smaller way be subtracted from the larger. 
Line-segments may he multiplied by a given number (§ 16). 

9. All found angles are equal (§ 22). 

10. All straight angles are equal (§ 24). 

11. All right angles are equal (§ 28). 
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12. Two angles A and B miigt be in one of three relations to 
each other: /LA>Z.B, A A = /LB,or jLA<jLB (§32). 

13. At a given point in a given line only one perpendicular 
can be drawn to that line (in the tame plane) (§ 41). 

14. The complements of the same angle, or of equal angles, 
are equal (§ 41). 

16. The supplements of the same angle, or of equal angles, 
are equal (§ 41). 

16. Vertical atigles are equal (§ 41). 

17. If two adjacent angles have their exterior sides in a 
straight line, they are supplementary (§ 41). 

18. If two adjacent angles are supplementary, their exterior 
sides lie in a straight line (§ 41). 

19. Radii of the same circle are equal (§ 60). 

20. At a given point in a given line a line mag be drawn 
making with the given line an angle equal to a given angle 
(5 89). 

21. Figures congruent to the same figure are congruent to each 
other (S 113). 

132. General Aziome. Further fundamental truths involving 
magnitude are as follows ; 

1. Magnitudes which are equal to the same magnitude, or to 
equal magnitudes, are equal to each other. 

In other words, A magnitude may be substituted for its equal. 

2. If equals are added to equals, the sums are equal. 

3. If equals are subtracted from equals, the remainders are 
equal. 

4. If equals are multiplied by equals, the products are equaL 

5. If equals are divided by equals, the quotients are equal. 

The divisor must not be zero. 

6. Like powers or like positive roots of equals are equal. 

7. The whole of any m,agnitude is equal to the swj/i of all its 

8. Thewholeof any magnitude is greater than any part of it. 
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COKGRUENCE 

Pboposition L Theobeh 

first triangle congruence 

133. If two triangles have a tide and the two adjoinif^. 
anglea of one egual reapectwelj/ to a tide and the two adjoi-nr 
ing angles of the other, the trianglet are congruent, (a. 8. a.) 



Glren the triangles ABC and DBF, in whidi AB equals DE, 
angle A equals angle D, and angle B equals angle E. 

To prove that A ABC = A DBF. 

Proof. 1. Place A jIBC on A 2>EF so that JB coincides with 
DE, and C and F fall on the same aide of DE. 

2. Then A C will fall along DP, 

(^4 = Z-D, byhyp.) 
and BC will fall along EF. 

[ZB=^B, bjby-p.) 

3. -■. C will fall upon F. § 11, (2) 
(Two straight lines can intersect in but one point.) 

4. .-. AABC coincides with ADEF, 

i.e. AABC = ADEF. 
(Delinition of congruence, § 113.) 

Remark. The method of proof adopted is saperpositton (§ 116), that 
is, "placing on " ; namely, the triangle ABC was placed on the triangle 
DEF. Tlie BO-called aziotn of superposition has been tacitly assumed. 
This axiom may be stated thus: 

Anyjidure may be moved oboul in space wiihovt changiiig either iU eixe 
or ie« sAope. 
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Proposition II. Theorem 

SECOND TRIANGLE CONGRUENCE 

134. If two triangles have two side» and the included angle 
of one equal respectively to two sides and the included angle 
of the other, the triangles are congruent, (a. a. s.) 



Given the triangles ABC and DEF, In which AB equals BE, AC 
equals BF, and angle A equals angle B. 

To prove that llABCsADEF. 

Proof. 1. Place A^BC on AOEFao that ^Bcoineidea with 
DE, and C and F fall on the same side of BE. 

2. Then AC will fall along DF. 

(^A = ZD, by hyp.) 

3, Also tlie point C will fall on the point F. 

{dC=2>F, byhyp.) 
i. .-. CB will coincide with FE. § 13, (4) 

(Their extremities being the same poiDls.) 
6. .■. AABC coincides with ADEF. 

.-.AABC sADEF. 
(Definition of congruence.) 

135. Homologous parts (sides or angles) of congruent tri- 
angles are those parts which are opposite parts known to be 
equal. Thus, in the above figures, BC is homologous to EF, 
Z 5 to ZE, and ZC to ZF. Obviously 

Homologous ^arts of conQruent triangles are equal, 
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136. The congruence of two triangles affords a fundamental 
method of establishing the equality of two given lines or angles, 
aa outlined in the following scheme : 

In order to prove two (,„^i„) equal : 

I. Show that they are homologous ( * ,- ) of congruent A. 

In order to prove two triangles congruent : 

1. Show that they have the relation a. s. a. 

2. Show that they have the relation s. a. a. 

Note. It will also be helpful to recall, at this point, the coses of equal 
angles treated previously (e.g. right angles, vertical angles, etc.), as well 
as the equalities resulting from a use of the axioms of equality (g 132). 



1. Given, in the annexed figure, that AB and CD bisect each 
other at O. q 

To prove that AC = BD. 
Proof. 1. AAOCsABOD. s.a.H. 
For OA = OB, Hjp. 

OC = OD, Hjp. 
and ^AOC = ZBOD (being vertical angles). ^ 

2. .'. AC = BD (being homologous sides of congruent A). 
State this exercise in the form of 

a proposition. 

2. Given, in the figure for the pre- 
ceding exercise, that O is the mid-point 
of CA and that ^C= ZZ>. Prove that ■ 
AB, catting CD in 0, is bisected at O. 

3. Given, in the annexed figure, that 
the line AB bisects the angles CAD 
and CBD. Prove that ZC= ZD. ^ 

4. Given, in the figure for the preceding exercise, that Z CAD ie 
bisected by AB, and that AC= AD. Prove that BC = BD. 
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5. Given, in the annexed figure, that 
Zm = Zn, AC = AD, and that the line CD 
intereectB AB at B. Prove that BC = BD. 
State as a general theorem. 

What angles also are proved equal? What 
kind of angle, therefore, is ^ABCI What la 
the poaition of AB relative \a CDI 

6. Given, in the annexed figure, that 
AC ^ BD, and. /LCAB = ^DBA. Prove 
that BC = AD. What other parta are 

7. Given, in the figure for Ex. 6, that 
^CAB = ZDBA, and Z CAD = ^DBC. 
Prove that BC = AD. 

8. Given, in the annexed figure, that 
AB = AC, and AD=AE. Prove that 
BE = CD. What other parts are equal ? 

9. Given, in the figure for Ex. 8, that 
AB = AC, and ZB = ZC. Prove that 
ZBDC = Z CEB. What other parts are 

137. In order to obtain a sufficient number of equal parta 
of two triangles to establish either of the relations a. b. a. 
or s. a. 3., it is sometimes necessary first to prove two other 
triangles congruent. 

EXAMINE 

Given, in the annexed figure, that 
AC = BD, and ZCAB = Z.DBA. 

To prove that CO = DO. 

Analysis. CO and OD are parts of 
A COA and DOB respectively. In 
these triangles AC = BD (hyp.), and 
.Zx = Zy (vert. A), but these equali- 
ties are insufficient to establish the congruence of the triangles 
by either of the methods given. It is therefore necessary to 
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prove two other triangles congment in order to obtain a larger 
number of equal parts. Triangles ABC and ABD are chosen, 
since they are readily proved to be ^ d 

congruent. Hence the following : 

Proof. 1. AABC = ^ABD: s.a,s. 
For AC = BD, Hyp. 

ABia common, 
and ZCAB = /::dBA. Hyp. ^ ^ 

2. .-.^0 = ^0, and Zp = Zq. Why ? 

3. Then ZCAB - /.p = /.DBA - Zq. Ax. 3 
That ia, Zm = /in. 

4. .-.ACOA s ADOB. a. 8. a. 
e. .-. C0 = DO. Why? 




1. Given, in Fig. 1, that Zm 
CB = BD. 

2. Given, in Fig. 2, that .IB 
/:ABC = ZACB. 



, and iix = Zy. Prove that 
. a.iid AD = AE. ProTe that 




. 2, that .^i)BC = .^ECB, and ^a;=^j. Prove 



that ^B = .4C. 



4. Given, in Fig. 3, that AB ^ AC, and AD = AE. Prove that 
BO = CO. 
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Proposition III. Theorek 

138. 7^ two gidet of a triangle are equal, the angles oppotite 
theee nidei are equal. 




/ \ 



/ 
/ 



J-. 



-Ac 



Given the triangle ABC, In vhich AB equals AC. 
To prove that LB = AC. 

Proof. 1. Construct the AA'B'C congruent to AABC, by 
making A'B' = AB, A'C = AC, and ZA' = Z.A. s. a. a. 

2. Then ZB' may be made to coincide with ZA 

(Homologous angles of congruent &.) 

3. But AA'B'C may be made to coincide with AABC, even 
when turned over and placed so that B' falls on C and C falls 
on B. s. a. s. 

4. Then ZB' will coincide with ZC. Why? 
6. .•.ZB = ZC. As. 1 

(Each being equ^ to ZB'.) 
Remahk. Proposition III maj also be stated thus : In an imacetes 
triangle the artglea oppo^te the equal aidea are equal. 

139. Corollary.* An equilateral triangle is also equi- 
angular. 

For any side may be regarded as the base of an isosceles triangle. 

Remark. Not« that Proposition III may be proved by applying the 
method of Ex. 2, p. 78. This is similar to the method of Euclid, Book I, 
Proportion V (the pons osinorum). 

* A corollaiy Is a truth readily deduced from a statement immedi- 
ately preceding. 
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Pkoposition IV. Theorem 
140, If two anghi of a triangle are equal, the »ide» o 
site those angles are equal. 



/ 




/ 



B'L 

GlTen tbe triangle ABC, in which angle B equals angle C 
To prove that AB = AC. 

Proof. 1. Construct the AA'B'C congruent to A ABC, by 
making JJ'C' = BC, AB' = AB, and AC = AC. a. S. a. 

2. Then A'B' may be made to coincide with AB. 

{Uomologous sides of congruent &.) 

3. But AA'B'C may be made to coincide with AABC, even 
when turned over and placed so that B' falls on C and C falls 
on B. a. s. a. 

4. Then A'B' will coincide with AC. Why ? 

5. .■- AB = AC. Ax. 1 
(Each being equal to A'B'.) 

141, CoROLLAKY. An equiangular triangle is also equi- 
lateral. 

Proposition IV is ttie conrerae of Proposition III. 
The converse of a theorem is another theorem which results from iu- 
terchangiDg tbe hypothesis and tlie conclusion of the given theorem. 
Thus in Proposition III the 

hyjiolhesis is, luio sides of a triangle are equal; 

conclusion is, the angles opposite those aidea are equal. 
While in Proposition IV the 

hypothesis is, two angles of a triangle are equal; 

conclusion is, the sides opposite those angles are equal. 
The converse of a proposition is notnecessuriJjf true, but must heprotied, 
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Pboposition V. Theorem 

THIRD TRIANGLE COKGRUBNCE 

142. If two triangles have the three eide» of one equal 
reipectiveltf to the three sidet of the other, the triangles are 
congruent, (a. s. s.) 



Given the trUnelea ABC and A'B'C\ in which AS equals A'B', 
BC equals B'C, and AC equals A'C. 

To prove that AASC s AA'B'C 

Proof. 1. On that aide of AC which is vemote fi'oiii B con- 
struct AADC congruent to AA'B'C. a. a. a. 
(AC = A'C, ZCAD = ZA', and ZACD = ZC'.) 
Draw SD. 

2. Then Zx = Zx', and Zi/ = Zy'. § 138 

{AB = AD, and CB = CD, by hyp, aiid cons.) ' 

3. .•.ZABC = ZADC. Ax. 2 

4. .-.AABC = AADC. a. a, 8. 

.-.A ABC ^AA'B'C. § 113 



DiscnasiOD. Why 

position ? Note that 

Z BCA are both acii 

and proof If either of these angles 

necessai; if either of these angles 



inot tliis proposition be proved directly by super- 

the figure it is tacitly iissumed that Z.BAC an<l 

What change would be necessai7 In the figure 

obtuse 1 Would a proof be 

right angle ? 
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143. Propositions III, IV, and V enable us to enlarge the 
scheme of § 136 as follows : 

In order to prove two (anBiea)^'"^' 

I. Show that Oiey an homologona I „i. ) o' congruent A. 

In order to prove two A eoTigruent : 

1. Show that they have the relation a, s, a. 

2. Show that they have the relation a, a. s. 

3. Show that they have the relation s. s. a. 

n. Show that in a A they m /'^*f''W^'*f '^"^f ?!*■). 
u o uw uiai u. u wcj c ^g^gjgg oppoBita equal sidea/ 

EXERCISES 

1. Given, in the quadrilateral ABCD, 
AD = BC, AD=CD. Prove ^yl = ZC. 
What construction line must first be 
drawn ? 

What other angles may also be proved 
equal? State as a general theorem. ^">- 1 

2. Given, in the isosceles triangle ABC (Fig. 2 below), that 
BD = CE. Prove that AD = AE. State as a general theorem. 

3. Given, in Fig. 3 below, that AB ^ CD, AD^BC, B0= OD. 
Prove that EO = OF. State as a general theorem. 





Fig. 2 

4. Prove that if the di^onala of a quadrilateral bisect each other, 
the opposite sides of the quadrilateral are equal. 

5. Prove that if the opposite sides of a quadrilateral are e<^ual, the 
diagonals bisect each other. 
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6. Giveii,iiiFig. 1, that A^BC is equilateral, and that ^i>=B£ 
= CF. Prove that A DEF ia alao equilateral. 

7. Given, in Fig. 2 below, that A ^BC ia equi- 
lateral, with ita sides produced ia succession so 
th&tAD = BE = CF. Prove that A DEfia also 
equilateral. 

S. Given, in Fig.3below, that A^£C is equi- 
lateral, and that /.m =■ £n = /.o. Prove that 
A DEF is also equilateral. 

9. Given, in Fig. 4 below, that tiABC is equilateral, and that 
AF=BD=CE. Prove that £iHKL is also equilateral. 





144. Congruence of Polygons. The congruence of two poly- 
gons can be proved by methods similai* to those of Proposi- 
tions I and II. A polygon of four sides has eight parts, one 
of five sides ten parta, and, in general, one of n sides haa 2 n 
parts, 71 sides and n angles. It can be proved by superposition 
that if two polygons of n sides have 2 to — 3 consecutive parts 
of one respectively equal to 2 m — 3 consecutive parts of the 
other, the polygons are congruent. The abbreviations of Prop- 
ositions I and II may be extended to indicate the congruence 
-of two polygons, thus : 

Two quadrilaterals are congruent if they have the relation 
a. s. a. s. a., or the relation a. a. s. a. s. 



1. In Ex. 3, p. 82, prove that the quadrilaterals ABOE and 
CDOF are congruent 

2. In F%. 4, above, name all congruent quadrilaterals. 
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CONSTRUCTIONS 

145. In order to show the equality of two lines or two angles 

in a figure, it is often necessary to introduce additional elements 
(points, lines, and circles) in such a way as to foi-m two tri- 
angles which may be proved congruent. 

The process by which these elements are introduced into a 
figure is called construction. 

146. There are in plane geometry three* fundamental con- 
stnictions upon which all other processes of construction are 
based. These have already lieen used repeatedly. They may ' 
be stated as follows : 

1. Joining any two points by a, straight line. 

2. Producing any straight line (segment) indefinitely. 

3. Describing a circle about any point as a center, and with 
a radius equal to a given Utic (segment). 

147. These conatructions often make possible the deteimi- 
nation of points in a figure 

1. As the intersection of two lines (one point). 

2. As the intersection of a line and a circle (two points). 

3. As the intersection of two circles (two points). 

148- Several constructions have been shown to result directly: 

1. Laying off on a straight line a length equal to a given 
line (segment). 

2. Drawing a line so that it will form with a given line, at 
a given point, an angle equal to a given angle (§ 89), 

3. The three fundamental triangle constructions (§§ 90,91, T4). 
149. In establishing a construction it is necessary not only 

to describe the process in detail, but also to justify it ; that is, to 
demonstrate that the steps in the pi-ocess lead to the desired result. 

The next theorem is of value in proving some of the most 
important constructions. 

* Since the time of Flato (aboat 390 b.c.) it has been customary in ele- 
mentary geometry not to allow any other inBtniments than the straight- 
edge and the compasses. 



by Google 



THE KITE 86 

PaoposmoN VI. Theorem 

150. If two iiogceleg triangles are conttructed on the same 
base, the line that joins their vertices bisects the common hose 
at right angles. 





Given two isosceles triangles ABC and ABD, on tbe common 
base AB, and the line CD cutting AB at E, 
To prove that CE bisects AB at right angles. 



S. S. 3. 

Hyp. 



Why? 
Why? 



Why? 



Prarf. 1. A-4CI> = ABCD. 

For AC = BC, and AD = BD, 

'and • CD is common. 

2. .■.Zm = Zn. 

3. Also AACi; = ABCE. 

4. .-. AE = BE, 
and Z.AEC = Z.BEC. 

5. .■, CE bisects AB at right angle 
{Each angle at E being one ImU at a st. Z.) 

151. Corollary 1. Two pointi each equidistant from the ex- 
tremities of a line determine the perpendicular bisector of that line. 

A quadrilateral (such as A CBD in the first of the above figures) 
which has two pairs of adjoining sides equal is called a kite. 

152. Corollary 2. The diagonals of a kite are perpendicular 
to each other. 

\Si. In order to prove that two lines are mutually J. : 

1. Show that they form equal supplementary-adjacent angles. 

2. Show that they are diagonals of a kite. 
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Proposition VII. Problem 
154. To bisect a given atratffht line (line-gegmenS). 



.u 



A 



Oi-ren the line AB. 

Seqaired to bisect AB. 

Construction. 1. With A and B as centers, and with equal 
i-adii sufficiently great, describe arcs intersecting at C and D. 

2. Braw CD, cutting ylB at E. Then £ isthe mld-pointof ^B. 

Proof. 1. Draw A C, BC, AD, BD. 

(To be completed, § 161.) 

155. The line from any vertex of a triangle to the ipid-point 
of the opposite side is called the median to that sida 



1. Explain how to divide a given line-segment into 4 (8, 16, 2*) 
equal parts. 

2. How many medians has a triangle? I>raw a scalene triangle 
(g 75) and construct its medians. 

3. Draw a scalene triangle and construct the ' perpendicular 
bisectors of its sides. 

4. Prove that the median to the base of an isosceles triangle is 
the perpendicular bisector of the base. 

5. Prove that if the median of a triangle is perpendicular to the 
base, the triangle is isosceles. 

6. Prove that the medians to the legs of an isosceles triangle 

7. Prove that homologous medians of congruent triangles are equal 
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Fbopositiok VIII. Frobleii 
156. To biaect a given angl 




Oiven the angle CAB. 
Stqtdrai to bUeot Z CA B. 
- Constiuction. 1. With A as a center, and with any convenient 
radius, as AD, describe an arc cutting AC in D, and AB in E. 
2. With D and E as centers, and with equal radii sufficiently 
great, describe ares intersecting in F. Draw AF. Then AF 
bisects Z.A. 

Proof. 1. Draw DF and EF. 

(To be completed, § 142.) 
157. Corollary. To bisect a given arc of a given circle, 
bisect the central angle intercepted by the arc. The line which 
bisects this angle will, if produced, bisect the given arc also. 

Why? 

EXERCISES 

1. Construct a scalene triangle and draw the bisectors of the inte- 
rior angles, producing each to meet the opposite side. 

2. Prove that the bisector of the vertex angle of an isosceles 
triangle bisects the base and is perpendicular to it. 

3. Prove that the bisectors of the base angles of an isosceles 
triangle, tertniuatii^ in the opposite sides, are equal. 

4. How can an angle be bisected by the use of a carpenter's square ? 
6. Prove that two triangles are congruent if they have a aide, 

an adjoining angle, and the bisector of that angle in one equal 
respectively to the corresponding parts in the other. 

I ,z,;i.,C00g[c 
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PsoposiTioff IX. Fkoblem 

158. At a given point in a given line, to erect a perpen- 
dicular to that line. 



X 



<MTen the point C in the line AB. 

Stguired to erect a perpendicular to AB at C. 

Construction. 1. Lay off CD = CE. 

2. Witii D and E as centers, and with equal radii aufBeiently 
great, describe arcs intersecting at F. Draw FC. Then FC 
is the perpendicular required. 

Proof. Draw FD and FE. 

(To be completed, § 142.) 



1. Draw two miitually perpendicular lines. On the four raya lay 
off equal segments from the point of intersection, and connect their 
estremities. Prove that the sidea and the angles of the resulting 
quadrilateral are equal. 




2. Bisect a straight angle and bisect both halves, producing each 
bisector in turn through the vertex. Then proceed as in Ex. 1. 
What kind of polygon is formed? (See g 57.) 

L, ,z,;i.,C00g[c 



CONSTRUCTIONS 89 

Peoposition X. Problem 
189. From a given point without a given line, to let fall a 
perpendicular upon that line. 



/\ 

Olven the line A£ and the point C without it. 

Seqidrtd to let fall a perpendicular from C to AB. 

Construction. 1. With C as a center, and with a radius 
Bufficiently great, describe an arc cutting AB in D and E. 

2. With D and E as centers, and with equal radii suffi- 
ciently great, describe two area intersecting at F. Draw CF 
(producing it if necessary) cutting AB in G. Tlieii CG is the 
perpendicular requii'ed. 

Proof. Draw CD and CE, also FD and FE. 
(To be completed, § ISO.) 

160. An altitude of a triangle is a perpendicular let fall from 
any vertex to the side opposite, produced if necessary. The 
opposite side is called the corresponding liase. 



1. How many altitudes has a triangle? 

2. Couatruct the altitudes of a scalene acute tiiaugle ; of an equi- 
lateral triai^le; of an isosceles acute triangle. 

3. Construct the altitudes of an obtuse triangle. What additional 
construction lines are necessary? 

Bote. The construction given above is strictly geometric (see footnote, 
p. 84), In practice a perpendicular is drawn b; the use of a model of 
a right angle, such as a carpenter's square or a draftsman's triangle 
(see p. 103). 

DiqilizDdbyGoOgle 
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Pkoposition XI. Theoreu 

161. Q/" all lines that can be drawn from a given point to a 
given line, only one ia perpendicular to the given line. 



Given tbe line AB, the point C wlthoat it, and CD perpen- 
diculvto AB. 

To prove that any other line, as CF, drawn from C to AB is 
twt perpendicular to AB. 

. Produce CD to E, making DE = 



Proof. 
2. Then 



CD, and di-aw EF. 
s. a. s. 



ACDFsAEDF. 
For DF is common, 

CD = DE, 
and ^m, = ^n. 

3. .-.Zp^Zq. 
(Homologous /J of congnient &.) 

4. Now CDE is a straight line, 

.'. CFE is not a straight line. 
.■. Z.CFE is not a straight angle. 

5. .'. Zp (oiiG halt of Z.CFE) is not a rt.Z. 

6. .'. CF is not peiiiendicular to AB, nor is any other line 
from C perpendicular to AB except CD 



Why? 



Cons. 



162. CoKonnABY. A triangle c 



i have but one right angle. 
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EIGHT TRIANGLES 
Construction of Right Triangles 

163. By applying the methods of H 89, 158, 159 it is pos- 
sible to construct a right triangle, having given 

1. A leg and the adjoining oblique angle. 

2. The two legs. 

3. The hypotenuse and a leg. 

4. The hypotenuse and an adjoining angle. 

These constructions correspond to as many special laws of 

Congruence of Right Triangles 

164. From the First and Second Triangle Congruences it 
follows that 

1. If two right triangles have a leg and the adjoining ob- 
lique angle of one equal respectively to a leg and the adjoining 
oblique angle of the other, the triangles are congruent, (a. S. a.) 

2. If two right triangles have two legs of one equal respec- 
tively to two legs of the other, they are congruent. (s. a. b.) 



1. Prove that if the altitude of a triangle bisects the base, the 
triangle is isosceles. 

2. Prove that if the altitude of a triangle bisects the vertei angle, 
the triangle is isosceles. 

3. Roman surveyors, called agrimentores, are said to have used 
the following method of measuring the width of a stream : A and 
B were points on opposite sides of the stream, in plain view from 
each other. The distance AD was then taken at right angles to AB, 
and bisect«d at E. Then the distance DF was taken at right angles 
to AD, such that the points B, E, and F were in a straight tine. 
Make a drawing illustrating the above method, show what meas- 
uiement affords a solution, and prove that this is so. 
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Proposition XII. Theorem 

165. If two right triangUa have the hypotenuse and a leg 
of one equal respectively to the hypotenuse and a leg of the 
other, the triangles are e<yngruent. (rt. A h. L) 





Given the right trUngles ABC and A'B'C, with the hypotenuse 
AS equal to the hypotenuae A'B', and with AC equal to A'C 

To prove that rt. A ABC = rt. A A'B'C. 

Proof. 1. On AB ( = ^'B') construct rt, AADB congruent to 
rt.AA'B'C', 80 that AD = A'C, and BD = B'C. Draw CD. 



that iB, 



{Since AC = AD, by hyp. and cong.) 




^ACB^AADB. 


Why? 


.■.Ap=A,i, 


Ax. 3 


BC = BD. 


Why? 


.•.AACB = AADB, 


S. B. S. 


AABC = AA'B'C'. 


Why? 



1. Prove that a ladder of known length, the foot of which is at 
a known horizontal distance from the wall of a house, always reaches 
the same distance up the side of the house. 

2. Prove that the altitude to the base of an isosceles triangle 
bisects the base and the vertex angle. 
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Proposition XIII. Theorem 

166. If two right triangles have the hypotenuse and an adjoin- 
ing angle of one equal respectively to the hypotenuse and an ad- 
Joining angle of the others the trianglet are congruent, (rt. A h. a.) 





OlTen the right triangles ABC and A'B'C, with the hypotenuse 
AS equal to the hypotenuse A'B', and with the angle A equal to 
the angle A'. 

To ^me that rt. AABC^rt.AA'B'C 

Piwrf. 1. On AC take AD = A'C, and draw BD. 

2. Then AABD = AA'B'C s. a. b. 

3. Hence ^ADB (= ZA'C'B') is a rt. Z. Why? 

4. .-. BD coincides with BC. § 161 
6. .■.AABD = AABC; Def. 

that is, AABC = AA 'B'C. Why ? 

167. A further enlargement of the scheme of g 143 is now 
possible. 

In order to prore two | . j equal : 

I. Show that they are homologous ( " „^.) of congruent A. 
In order to prove two triamglea congruent : 

1. Show that they have the relation a, s. a. 

2. Show that they have the relation s. a. s. 

3. Show that they have the relation s. a. s. 

4. Show that they have the relation rt. A h. 1. 
6, Show that they have the relation rt A h. a. 

n. Show that in a A they are ('"'^"^""'^'^firV 
™ww U1.1 u. a « uKj. E \^g^gjgg opposite equal Bides/ 
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1. Prove that the perpendiculars let foil from the mid-paints of 
the legs of an isosceles triangle upon the base are equal. 

2. Prove that the altitudes on the legs of an isosceles triangle 
are equal. 

3. Prove that homologous altitudes of congruent triaugles are 

4. Prove that the bisectors of homologous angles of congruent 
triangles are equal. 

5. In transferring a line-segment by means of the dividers, which 
law of congruence is applied? Is it necessary that the legs of the 
dividers should be of equal length 1 

6. Bj what measurements can a carpenter ascertain that the two 
gable triangles of a roof are exactly ahke? 

7. Show how, by measuring sides and diagonals, a surveyor may 
determine completely the size and shape of an irregular field, with- 
out measuring any angles. (Assume that the boundaries of the 
field are straight lines.) 

8. State the above problem in the form of a geometric theorem 
in the comparison of polygons. 

PARALLEL LINES 

168. A line cutting two or more lines J 
these lines. The transversal ( 
in the figure forms with the 
lines m. and n angles that are 
classified as follows : 

a, b, e', d' are Interior angles ; 

a ', b', c, d are exterior anglee ; 

a and c' are alternate-Interior 
angles, also b and d' ; 

a' and c aie nltemate-erterior / 

angles, also h' and d ; 

a' and (( are exterior-interior or correapondlng angles, also b' 
and b, c' and c, d ' and d. 



\ a transversal of 
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Proposition XIV. Theorem 

169. When two straight lines are out by a transversal, if 
the alternate-interior angles are equal, ike two straight lines 
7 not intersect. 




Given two straight lines AB and CD cut by tbe transTersal SS, 
with the angle AEF equal to the angle EFD. 

To prove that AB cannot intersect CD. 

Proof. 1. It possible, let AB intersect CD at L. Take FJtf=s 
EL, and draw EM. 

2. Then A EFL = A EFM. s. a. s. 
For EL = FM, Cons. 

EF is common, 
and Z EFM = Z FEL. Hyp. 

3. .-. Z.EFL = AFEM. Why? 

4. But Z EFL + Z EFM = a st Z. Why ? 

5. Hence AFBM+AFEL = a at. Z. Ax. 1 

6. Hence LEM would be a straight line cutting CD in two 
points L and M. 

7. Since that is impossible (why ?), 

AB cannot intersect CD. 
(The method of prcMtf used here is called the Indirect Hethod.) 

170. Parallel linea are lines which lie in the aame plane and 
do not meet, however far they are produced. 

Thus in the above theorem AB ia parallel to CD. This is 
often written AB II CD. 
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Proposition XIV may now be stated ; When two straight 
lines are cut by a transversal, if the alternate-interior angles are 
equal, the straight lines are parallel. 

The figures below show that if the alt« mate-interior angles 
are equal, then the alternate-exterior angles are also equal ; and 
if the corresponding angles are equal, the two sets of alternate 
angles are equal, etc. In fact, if any one of the following 
twelve equations is true, they are all true. 



/"• 




r 


,»./ 




J 






y 


Za'^Zo 

Zf>' = Zd 
Zo =Zc' 
Zb =Zd' 


alternate 
angles. 


ZS=ZS' 
Z e = Z c' 


corresponding 
angles. 


Za' + Zd 
Zb'+Zo 


sast 
= ast 


Z. 

z. 


Za +Zd 
Zi +Zc' 


- a St. Z. 
= a St. Z. 



Propositioii XV. Theokem 

171. When two straight lines are cut by a transversal, if 
(a) the alternate-exterior angles are equal ; or if 
(i) the exterior-interior angles are equal ; or if 

(c) aTig two interior or any two exterior angles on the 
same side of the transversal are supplementary, 
the two straight lines are parallel. 

For any one of these relations may be reduced to the equality 
of alternate-interior angles. 

172. CoROLLARr. Two straight lines in the same plane per- 
pendicular to the same straight line areparalleL 

DiqilizDdbyGoOgle 



PARALLEL LINES 97 

Proposition XVI, Problem 

173. To construct a line parallel to a given line, through a 
given external point. 

A" 

E — r— 1 F 



y-\ '■■■ ■ 



Given a straight Une AB and the extetnal point P. 
Reqtdred.to construct through P a line parallel to AB. 
Construction. 1. lliroughPdi'awati^sversaleutting.^Bati). 
2. Construct /.C^F = /.CDB. Then the line EPF is II to 
AB. \ §171 

(What other angle-pal r^might h^ve been used for this construction ?) 

174. We now aasutoe'ithe foijowing 

ParaUd Axiom. Th\uifli a i/teen point hut on^ straight line 

canie drawn parallel titwuiven ifraigiht line. 
Thia.^ssaroption may also be stAted aa follows : 
Two mtersecting strat^t Unes cann(it ioth be parallel to the 

same straight line. 

175. CoroilabV. :-!Vte<l- ifraight lines in the same plane par- 
allel to the same straight line are parallel to each other. 



1. Given in the annexed figure that Zc = Zn + Zfi. Prove that 

Ijii,. I, 

Suggestion. Tliroiigh the vertex ol Ac draw a 
line if dividing Ze into Ax and Ay and niak- 
iiigZi = Zfl. ThenJ,IU,. (Why?) Also/^IU,. 
(Why?) .-. i,llV (Why?) 
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PKOPOsmoN XVII. Theorem 

176, If two parallel lines are cut by a transvergal: 
(a) the alternate-interior angleg are equal; 
(h) ike exterior-interior angles are equal; 

(c) the alternate-exterior angles are equal; 

(d) ang two interior or any two exterior angles on the same 
side of the transversal are supplementary. 



Given the parallel lines AS and CD cut by the tranBTersal EF 

TO prove (a) that AAHK = ^ HKD. 
Proof. 1. If Z^HSria not equal to ^/TiTD, draw jVJVthroagh 
H, making ^MHK = Z.HKD. 

2. Then MN II CD. § 170 

(Since the alt.-int. A are equal.) 

3. But AB II CD. Hyp. 
Then MN and AB are two lines drawn through the same 

point H, and parallel to CD. 

i. But this is impossible. 5 174 

6. Hence Jl/iV" must coincide with AB. 

.-. AMHK = /.AHK = ZHKD. Why ? 

Conclusions (b), (c), (d) follow directly from this. 
(To be completed.) 
(This theorem is tbe converse of PropoaiiJon XV.) 

,z,;i.,CoOg[c 
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PAEALLEL LINES 

177. CoKOLiARY 1. A straight line perpendicular to 
two parallel lirtes m perpendicular to the other also. 

178. COROLLART 2. If tWO 

lines are perpendicular respec- 
tively to two intersecting lines, 
they cannot be parallel. 

If Pj J.m, andp, J.n, then Za<rt.Z, 
and ZbtZTt. /L. .-. p^ is not parallel 
topj, Bince Za + Z6<a at. ^. 

179. CoEOLLAET 3. If two angles Have their sides respec- 
tively parallel, they are equal or supplementary. 

The following diagrams illuBtrate varioua relative positions of such 
angles. 




'•-a 




1. Give ten concrete illustrations of parallels. 

2. In the figure, m II n, and one of the 
exterior angles is 30°. Find the values 
of the other angles. 

3. How many sets of numerically diSei^ 
eiitanglesdoesthefigure(Ei.3)contain? 

4. If the exterior angles (Ex. 2) are in the ratio 1 : 2 (2 : 3 ; i : 5), 
determine their values. 
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5. If th« ratio of the angles in Ex. 4 is 1 : 1, Tthat is the position 
of the transversal with reference to the parallels? 

6. Let the figure represent two int«r- 
Becting streets. How many numerically 
difTerent angles are there? 

7. If one of the streets extends in an 
east-and-weat direction, and the ratio of 
the angles is 1 : 3, what in the direction of 
the other street! 

8. The T-square is an instrument c 
drawing (see illustration). By its 
means a series of parallel lines 
maj he drawn at any desired 
intervals. Upon what theorem of 
parallels does ite use depend? 

9. Copy the following Greek designs, called meanders. What 
method of constructing parallels is used? 




] "^ "^ ^ ^ 



I^^ra^ 



by Google 



PARALLEL LIKES 



10. Which laws of parallels an 
capital letters: Z, N. H, E, F, W ? 

11. In Fig. 1, i, II ij ; prove that L . 



illwatrflted-'b7-tH<i foTlcwrn^'- 



12. In Fig. 2, iilU,; prove that Za + ZS + Zc = 2 3t^. 

13. If /,, i,, etc. are different lines, construct the following figurei 

(1) i,lllB, (3) ^J-'s. (5)^,-1-^2. (6)/, 11/,, 

(2) ;,IUj, (4) iiX/j, i,J.(,; /j II ;,. 



1 of /j with reference to i,? in (2)-(6) 
.3 of the first line and the last line? 



In (1) what is the positioi 
what are the relative position 

14. Construct three equilateral triangles in 
the positions shown in the figure. Prove that 
ilia. What other lines are parallel? 

15. The following is a practical method of 
drawing through a given point a line parallel 

to a given line. Perform the construction, as indicated, and prove 
that it leads to the desired result. 

Given the line BC and the point A. Required to draw through 
A a line parallel to BC. 

With ,4 as a center and a radius sufficiently great describe a circle 
cutting the line BC in the point D. Draw AD. On BC lay off DE 
equal to AD, and in the circle draw a chord DF equal to the dis- 
tance jiS, so that 2)F and -4 E lie on the same side 
of BC, but on opposite sides of AD. Draw A F and 
produce it it necessary. AF is parallel to BC. 

16. In the accompanying figure there are four 
lines which are drawn parallel to the diagonal of 
the square. Do they appear to be parallel to the 
di^onal and to one another? 
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■'■•''•'■' '"•■ = •'•'•■-■* ANGLE-SUM 

Proposition XVIII. Theorem 

180. The mim of tlie interior angles of a triangle equals a 
straight angle. 




Given the triangle ABC, whose angles ore m, n, and o. 
To prove that Z w + Zm + Zo = « «(.Z. 

Proof. 1. Through B draw EF II A C. 

2. Then Am. = Z.p, § 176 

and /Ln = ^q. Why ? 

3. .■.Am + ^o-\-^n = ^p + ^o + Z.q. Ax. 2 

4. But Z^ + Z o + Z J = a St. Z. Why ? 

.■. Zw + Zo + Zki = a st.Z. Ax. 1 

181. CoKOLLABY 1. An exterior angle of a triangle is equal 
to the sum of the two remote interior angles, and is therefore 
greater than either of them. 

182. Corollary 2. If two angles of ons triangle are equal 
respectively to two angles of another triangle, the third angles 
are equal. 

183. Corollary 3. Two triangles are congruent if a side 
and any two angles of one are equal respectively to a, side and 
two angles, similarly situated, of the other. 

184. Corollary 4. The sum of two angles of a triangle is 
less than a straight angle. 

185. Corollary 5. If a triangle has one right angle or one 
obtuse angle, the other angles are acute. 

L;,.;,-z.d=,G00g[t' 



ANGLE-STJM 



103 



186. CoROLiiA.RT 6. Every triangle has at least two acute 
angles. 

187. CoROtLART 7, The sum, of the two acute angles of a 
right triangle equals a right angle. 

188. CoROLLABY 8. Eock angle of an equilateral triangle is 
an angle of 60°. 

189. COKOLLAKT 9. If One leg of a right triangle is half the 
hypotenuse, then the angle opposite that leg is an angle of S0°, 
and the other acute angle is an angle of 60°. 

190. Corollary 10. If a right triangle contains aeute angles 
of S(f and 0<f respectively, then the leg opposite the angle of S(f 
is one half the hypotenuse. 

191. Corollary 11. If the legs of a right triangle are equal, 
each acute angle is an angle of 45°. 

192. Corollary 12. If one acute angle of a right triangle 
is an angle of 45°, then the other acute angle is also an angle of 
45°, and the legs of the right triangle are equal. 

193. Corollary 13. Each base angle of an isosceles triangle 
is half the supplement of the vertex angle. 



1. In mechanical drawing canatant use is made of certain fixed 
right triangles which are madp of wnod or c( lluU id One of these 
has acuta angles of 80° and 60° n hile 
the other has acute angles of 45° 
each. What angles can a draftsman 
draw with the aid of these two tri 
angles, but without bisecting any 
angle ? 

2. Show how one of the above tn 
angles, combined either with the other tnangle or with the T square 
(see Ex. 8, p. 100), may be used to draw a series of parallels. 
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1. Prove the proposition concerning the sum of the angles 
triangle by using each of the following diagrams : 




Z. Can a triangle be formed with the following angles: (1) 40°, 
60', 90"? (2) 30°, 20°, 50"? (3) 70°, 80°, 100"? (4) 100°, 200° 300"! 
(6) 10°, 20°, 30°? (6) 75f°, 4j°, 100j°? (7) (90 - o)°, (90 + a)°, S°? 
(8) (90-3;)°. (90+ j))°, (i-j()°? (9) 76° 31' 10", 94° 18' 8", 9° 10' 45"? 
1 triangle, a and b, 



3. Find the third angle e, if two angles 


1 of a tria 


have the foUowing values : 




(1) (2) (3) (4) 


(5) 


= 20° 60° 100° 45° 


72^° 



(8) 
72° 
fi = 30° 70° 79° 45° 45° 36° 

4. Determine the values of the angles a, 6, c of a triangle, if (1) 
their ratio is 1 : 2 : 3 ; (2) n = &, 6 = -J c ; (3) a = 6 + 20°, i = c + 20°; 
(4)0 + 6 = 70°, 6 + c = 150°; (5) their ratio is 1 : 1 ; 2. 

6. Find the value of each angle of an isosceles triangle, if the 
vertex angle contains 30°; 40°; 50°; f rt.^; 60°; 70°; ^rt. Z; 80°; 
100°; I rt. Z; 120°; 180°; 150°; 42° 16'; 16° 28' 52." 

6. Find the value of each angle of an isosceles triangle, if one 
of the base angles contains 30°; 35°; 40°; 45°; 50°; frt. Z; 55°; 
|st. Z; 80°; 8S°; 57° 43'; 88° 51' 7". 

7. One acute angle of a right triangle is 30°; 40°; 45°; 48^°; 80°; 
62° ; 42 J° ; 22^° Find the value of the other acut« angle and of each 
of the exterior angles. 

8. How many degrees in each exterior angle of an equilateral 
triangle ? 

9. In what kind of triangle is one angle sufiicient for the deter- 
mination of the other two? 

10. If the vertex angle of an isosceles triangle contains 120°, show 
that the altitude divides the triangle into two triangles that can be 
placed so as to form an equilateral triangle. 
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11. What is the resulting figure in Ex. 10 if the vertex angle is a 
right angle 7 

12. The base angles of an isosceles triangle are each 40°. Find the 
angle formed by theirbisectors; also the angle 
fonned b; the bisectors of their exterior angles. 

13. Intheiigure^a + Zfi = aat.Z. What 
kind of triangle ie it? 

14. Each angle of a triangle is the supple- 
ment of the sum of the other two. 

15. Two angles of a triangle cannot be supplementary. 

16. The base angles of an isosceles triangle are acute. 

17. An isosceles triangle is obtuse, right, or acute, accordii^ as ft 
bftse angle is less than, equal to, or greater than 45° 

18. If an angle of an isosceles triangle is obtuse, it is the vertex ai^le. 

19. The sum of the acute angles of an obtuse triangle is an acute 
angle. 

20. The bisectors of the base angles of an isosceles triangle form 
with the ba*! an isosceles triangle whose vertex angle is the supple- 
ment of each base angle of the first triangle. 

21. It the sides of one angle are perpendicular to the sides of an- 
other angle, the angles are equal or supplementary. 




22. If a perpendicular is dropped from the vertex of the right 
angle of a right triangle to the hypotenuse, prove that the two tri- 
ai^Ies thus formed and the given triangle are mutually equiangular. 
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23. The perpendiculars dropped from any point in the bisector of 
in angle to ita sides make equal angles with the bisector. 

24. In the first figure below prove that LD is greater than LA. 






25. If one of the equal aides OA of the isosceles AOAB (figure 
abose) is produced through the vertex to C, so that OC = OA, prove 
that A -4 BC is a right triangle. What construction doea this suggest? 

26. The bisectors of the acute angles of a right triangle form an 
angle of 135°. ^ 

27. The sum of the two exterior anglea 
triangle formed by extending the hypoteni 
right angles. 

28. The hypotenuae AB of a right tri- 
angle ^BCis extended in l>oth directions 
so that BD = BC, and^£ = ^C. Prove 
that Z J>CE contains 135". 

29. Given two angles of a triangle, to 
construct the third angle. ^ 

30. Given a line / and two exterior points A and B. From A 
and B drop perpendiculars A C and BD to I. Connect A and B. 
Prove that Z.A = ZB if A and B are on opposite sides of I; and that 
i; ^ + Z B = a St. Z if they are on the same aide of /. 

31. A sailor often measures his distance from a lighthouse by 
" doubling the angle on the bow." He notes the angle which the line 
of the lighthouse makes with the course of the 
veasel at a certain time, and again he notes the time 
at which the angle is exactly doubled. The dis- 
tance the vessel has traveled in the interval can 
be determined from its rate. Show that this distance is equal to the 
distance of the vessel from the lighthouse at the time last taken. 
(From the National Syllabus of Geometry.) 
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32. When a ray of light strikes a plane mirror it is reflected in 
accordaace with the following law : The angle be- 
tween the incident ray and the perpendicular to the 
mirror ia equal to the angle between the reflected 
ray and the same perpendicular, and both angles lie 
in the same plane. The first is called the angle of 
incidence, the second the angle of reflection. When 
a ray strikes the mirror perpendicularly, it is re- 
flected hack over the same path. 

A ray of light AB is incident on a plane mirror KC at 
right angles to it. Let the mirror be revolved through an 
angle x, taking the new position DE. If BH is ± to DE, 
prove that Zx' = Zx, and that the angle 

between the incident ray AB and the . , 

reflectedraySf isequal toSiia;. (This ^ '""^j:^--' 

principle is of importance in measiiring p- — ' 

smalt movements of rotation.) 

33. A ray of light is reflected first by one mirror and then 
by another in such a way that the path of the ray forms an 
equilateral triangle. What is the angle between the mir- 
rors? (Assume that the mirrors are perpendicular to the plane of the 
triangle.) 

34. A ray of light is reflected by two mirrors successively in such 
a way that it retnmB along a line parallel to its original direction. 
What is the angle between the mirrors ? Does this angle depend upon 
the dii«ction of the transverse ray from one mirror to the other? 

35. It is found that within certain limits 
a ray of light is totally reflected from the 
inner surface of glass. This property of 
glass is of advantage in the construction of 
optical instruments. The adjoining figure 
represents a right section of a prism, in 
the form of an isosceles right triangle. A 
ray of light enters the prism perpendicular 
to the side represented by one leg of the 
right triangle. In what direction does it leave the prism? (Assume, 
M is the case, that the ray is within the limits of total reflection.) 
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Proposition XIX. Theorem 

194, The sum of the interior angles of a polygon is equal to 
a» many straight angles as the figure has sides less two. 




Olven the polyE:on Patn Bides. 

To prove that the sum of the interior aitgles ofP=(n—2) st. A. 
Proof. 1. Draw all the diagonals from some one vertex. 
There will be formed n — 2 triangles. ^Vhy ? 

2. Now the sum of the angles of each triangle equala a st Z. 
.■- the sum of the angles of all the triangles of the polygon 

equals (n — 2) st. A. Why ? 

3. But the sum of the angles of all the triangles is the sum 
of the angles of the polygon. 

.■. the sum of the angles of the polygoQ equals (n — 2) st A. 



1. It if 



w possible to construct a regular hesagon. Since e 



I third of a 



angle of an equilateral triangle equals 
straight angle, such an angle applied 
consecutively to a straight angle di- 
vides it into three equal parts. If 
the lines of division are produced 
through the vertex, and equal dia- 
toncca are laid ofE on the six rays 
from the vertex, the lines joining in 
succession the points thus determined 
form a regular hexagon. Prove this. 

2. Show how to construct a regular dodecagon ; a regular 24-gon. 

3. What regular polygons can a draftsman draw with the aid of 
the fixed triangles shown on page 103, without bisecting angles. 
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Proposition XX. Theorem 

195. If the side» of a 'polygon are produced in mcceision, the 
sumof the exterior angleithua formed equals two straight angle*. 




Given the polygon Pof n Bides, with Its sides produced in Bucceesion. 

To prove that the sum of the exterior angles of P thii» formed 
equals two straight angles. 

Proof. 1. P haa n vertieea. At each vertex the sum of the in- 
terior angle and its adjacent exterior angle equals a straight angle. 

2. .■. the sura of the interioi- and exterior ^ of P = n st. A 

Why? 

3. But the sum of the interior ^ of P = (n — 2) st. A. Why ? 

4. .■. the sum of the exterior ^ of P = 2 st, A. Ax. 3 



1. If the values of three angles of a quadrilateral are 70°, 60°, 
100°, what is the value of the fourth angle? 

2- Three angles of a quadrilateral are right anglea. Find the 
fourth angle. 

3. Prove that if two opposite 
angles of a quadrilateral are supple- 
mentary, the other two angles are 
also supplementary. 

4. Jf two parallel lines are cut by 
a transversal, the bisectors of the 
interior angles are perpendicular to 
each other. 

5. The bisectors of the base angles of an isosceles triangle and 
of the adjacent exterior angles form a quadrilateral in which the 
opposite angles are supplementary. 
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6. How many degrees in the sum of the interior angles 
polygon of 4 (5, 6, 7, 8, 9, 10) sides? 

7. If these polygons are regular, how many degrees in 
interior angle? in each exterior angle? 

8. In a regular polygon a central angle 
ia equal to an exterior angle. 

Proof. a+26 = I80= = a: + 26. 

9. Make a table giving the number of 
degrees in the central angles, the interior 
angles, and the exterior angles of the regular polygons known to you. 

10. How may the number of sides of a regular polygon be deter- 
mined, it we know the value of an exterior angle? 

11. How many sides has a polygon, if 

(a) The sum of the interior angles equals 4 It. ,4? 3at^? Qit-Al 
8 St. 4? 20rt.4? 

(b) The sum of the interior angles is 2 (8, 4, 5, 8) times as large 
as the sum of the exterior angles? 

(c) The sum of the interior angles exceeds the sum of the exterior 
angles by 4 rt. iS? 3 at At 9 st. ^4? 

(d) The ratio of each interior angle to its adjacent exterior angle 
is 2:1? 3:2? 5:1? a:bl 

(e) Each exterior angle contains 40"? 30'? 20"? 120"? 

(f) Each interior angle is ^ st. Z? f st. Z? a rt. Z? f rt.Z? 
f rt-ii? ist. Z? 

12. How does an increase in the number of sides of a regular 
polygon affect each interior angle? each exterior angle? 

13. Prove the proposition concerning the sum 
of the angles of a polygon by drawing lines from 
any point in the perimeter, as in the figure. 

14. The known relation between a central 
angle of a regular polygon and the base angles 
of one of the component isosceles triangles 
makes it possible to construct a regular polygon on a given side. 
Explain. 
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16. If the aides of a polygon are produced in both directions, Bets 
of exterioF angles are formed whose sum is 
8 rt. d. 

16. If the sides of a polygon are extended 
until they intersect, a ttar polygon results. A 
five-pointed star is called a pentagram. It is 
of historic interest, having been chosen by the 
followers of Pythagoras as their badge. Star 
polygons may also be formed by chords of cir- 
cles or by certain combinations of polygons. What is the s 
the vertex angles of a fiye-pointed star? i 
tt-pointed star? 

PARALLELOGRAM S 

196. A paTBllelogram is the quadrilateral inclosed whea two 
pail's of parallel lines intersect each other. 




h six-pointed star? an 



Preuminary Propositions 

197. Any two consecutive angles of a parallelogram, are 
supp letn entary. 

198. The opposite angles of a parallelogram are equal. 

199. If one angle of a parallelogram, Ui a right angle, the 
other angles are also right angles. 

200. If two parallelogratns have two adjacent sides and the 
included angle of one equal respectively to the corresponding 
parts of the other, they are congruent. 

They are quadrilaterals, and it can be readily shown that they have 
the relation a. s. a. s. a. <§ 144). 

Hence a parallelogram may be constructed when two sides 
and the included angle are given. 
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Pkoposition XXI. Theorem 

201. A dioffOTial of a parallelogram divides it into two con- 
gruent triangles, and the opposite sides of a parallelogram are 
equal. 



Given the pvaUelogTain ASCD, with the diasonal AC. 
To prove that AABC = AADC, and that AB=CD, and 
AD = BC. 

Proof. 1. AC is common to the ^ABC and ADC. 
(To be completoi.) 

202. CoKOLLABT 1. Parallel lines included hetv^een parallel 
lines are equal. 

203. Corollary 2. Two parallel lines intercept equal lengtTis 
on all lines drawn perpendicular to either of them. 

PROPOsiTioy XXII. Theorem 

204. The diagonals of a parallelogram bisect each other. 




GiTen the paxallelDgTam ABCD, with the diagonals AC and BD 
intersecting at 0. 

To prove that AO = OC, and BO = OD. 

Proof. 1. AAOB^A COD. Why ? 

2. .■.^0 = 0C, and B0=^ OD. 

(To be completed.) 



by Google 



PARALLELOGRAMS 113 

Special Parallelogeams 

205. A rectang;le is a parallelogram whose angles are right 
angles (see § 199). 

206. A tbombuB is an oblique-angled equilateral parallel- 
ogram. 

I4oTB. A parallelogram with oblique angles and with its consecutive 
sides unequal is sometimeH called a rhomboid. 

207. A eqiUTe is an equilateral rectangle. 



O U 



1. Prove that the diagonals of a rectangle are equal. 

2. Prove that if a parallelogram has equal diagonals, it is a 
rectangle. 

3. Show that a circle can be circumscribed about anj rectangle. 

4. Prove that the diagonals of a rhombus or a square are per- 
pendicular to each other. Which parallelograms are also kites? 

5. Prove that if the diagonals of a parallelogram are perpen- 
dicular to each other, the parallelogram is equilateral. 

6. Prove that the diagonals of a rhombus bisect the angles 
through which they pass. 

7. Prove that if a diagonal of a parallelogram bisects the angles 
through which it passes, the parallelogram is equilateral. 

8. Make a table of quadrilaterals based upon the relations of 
their diagonal a. 

9. How does a carpenter apply Ex. 2 to test whether a window- 
casing is properly " square-cornered " ? 

10- How many degrees in each angle of a rhombus if one diago- 
nal ia equal to one of the sides? 
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Pboposition XXIII. Theoreu 
208. If a ^ladrilateral has 

(a) its oppotite tides equal, or 

(b) one pair of opposite sides equal and parallel, o 

(c) its diagonals bisecting each other, or 

(d) its opposite angles equal, 
■£ is a parallelogram.. 



(a) Given the quadrilateral ^£CD, In whkb AB equals CD, and 
AD eqoalB BC. 

To prove that ABCD is a O. 

Proof. 1. I>iuw the diagonal A C. 



2. Then 




AABCsAADC. 


S. 8. s. 


For 




AB = CD, and AD = BC, 


■ Hyp. 


and 




^C is common. 




3. 




.■.Zm = Zn, 


Why? 


ajad hence 




AB II CD. 


Why? 


4. Also 




^p=Z^, 


Why? 


and hence 




AD 11 BC. 


Why?. 


5. 




.-.ABCD is a n. 


Def. 


(b) Given the 


quadrilateral ABCD, in which AB equals CD, and 


AB is parallel to CD. 




To prove that 


ABCD is an. 




Proof. 1. 


Draw the diagonal A C. 




2. Then 




AABC = AADC. 


s.a.s. 


3. 




.■.AD = BC. 
(To be completed. See (a) above.) 


Why? 
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(g) Given the quadrilateral ABCD, and the diagonals AC and 
BD bisecting each other at O. 




Proof. 1. 




AAOB = 


i A COD. 






Wty? 


2. 




.•.Zm.= 


■.Zn, 






Why? 


and hence 




ABW 


CD. 






Why? 


3. Also 




AB = 


: CD. 






Why? 


4. 




.-. ABCD 


isaO. 






Why? 


(d) Given 


the 


quadrilateral ABCD, in 


which 


.ngle 


^ eqiuils 


angle C, and 


angle B equals angle 


D. 








To prove that 


ABCDii 


iaO. 
















1' ■ 








] 


1 





Proof. 1. ZA +ZB + ZC + ZD:^2 St. A. Why? 

2. BMtZA =ZC,] 

.-.ZA +ZB = ZC + ZD. Ax. 2 

That is, ZA+ ZB = one half the sum of all four A. 
.'. ZA + ZB = one st. Z. 

3. .-.ADWBC. Why? 

4. In like manner it may be shown that 

AB II CD. 
6. .-. ABCD is a O. Why ? 

DiqilizDdbyGoOgle 
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1. Show that each of the cases (a), (b), (o), and (d) of the above 
theorem affords a method of constructing a parallelogram. 

2. How many different parallelograms can be formed b; placing 
together two congruent scalene triangles ? 

3. How may two congruent isosceles triangles be placed so as to 
form a rhombus? 

4. Given a a ABCD, with 
its sides produced in succes- 
sion, so that 

AE = CG, and BF = DH. 
Prove that EFGH is a D. 

5. If in the above figure ABCD were a rectangle (rhombus, 
square), and AE = BF = CG = DH, would EFGH be a rectangle 
(rhombus, square) ? 

6. Given, in the U ABCD, 
AH = BE=CF = DO. Prove 
that EFGH is a O. 

7. If in the above figure 
ABCDvere arectangle (rhom- 
bus, square), would EFGH be a rectangle (rhombus, square)? 

8. What conclusions are suggested by the following diagrams? 



^ 



by Google 



PARALLELOGRAMS 



117 




9. If ABCD is a O, and AINie any line through the interseclioD 

' of the diagonals in the aonexed figure, how many pairs of congruent 
triangles are formed? Give proof. How 
many pairs of congruent quadrilaterals? 
Give proof. Prove that the perimeter is 
bisected by such a line. 

10. If such a O as the above is cut out 
of cardboard and a pin is thrust through 
the poiut 0, the cardboard figure will balance in any poaitiou. 
this reason O is called the center of gravity of the O. What ri 
for this is suggested in the figure? 

11. The annexed figure shows the 
" parallel ruler," which is used by de- 
signers tor drawing parallel lines. Upon 
what principle of parallelograms does its construction depend? 

12. PaialletDgram of Tetocities. If a body placed at A has imparted 
to it at the same time two velocities, represented in magnitude and 
direction by the lines ^B^ and AC, then the body will acquire an actual 
velocity represented by A D, the diagonal through A of the O formed 
on.4B and^Casconsecutivesides. AD 
is then called the resultant velocity, while ' 
AB and A C are called the component 
Telocities. 

For exampte, if a boat is rowed across 
a stream at the rate of 10 nil. an hour, 

the rate and direction being rtpresented by A C, while the current 
of the stream is moving at the rate of 5 mi. an hour, its rate aud 
direction being represented bj 4B, then AD represents the rate and 
the direction in which the boat is actually moving. 

Construct with ruler and protractor, and measure the missing 
elements in the following table (referred to the above figure): 






AB 


AC 


^BAC 


AD 


^DAC 


5 


12 


90° 


? 


? 


13 

8 


14 
15 


60° 
45= 


? 
? 


I 


17 


20 


00= 


? 


? 
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209- The sclieme of S 167 now becomes as follows : 
In order to prore two / ,' ) equal : 
I. Show that they are homologouB ( i ) "^ congrueDt A. 

In order to prove two triangles congj-uent ; 

1. Show that they have the relation a. s. a. 

2. Show that they have the relation s. a. s. 

3. Show that they have the relation s. 3. s. 

4. Show that they have the relation rt. A h. 1. 

5. Show that they have the relation rt. A h. a. 

Jn order to prove that two lines are II : 

1. Show that a transversal makes alt.-int. A equal. 

2. Show that a transversal makes ext.-int. A equal. 

3. Show that a transversal makes alt.-ext. A equal. 

4. Show that a transversal makes int. A on the same 

side supplementary. 

5. Show that a transversal mates ext. A on the same 

aide supplementary. 

6. Show that they are J. to the same line. 

7. Show that they are II to the same line. 

8. Show that they are opposite sides of a O. 
IT. Show that they are opposite r T" ) of a a. 

In order to prove that a quadrilateral U a ED : 

1. Show that its opposite sides are parallel. 

2. Show that its opposite sides are equal. 

3. Show that one pair of opposite sides are equal and 

parallel. 

4. Show that its diagonals bisect each other. 
6. Show that its opposite angles are equal. 
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THE TRANSVERSAL THEOREM. TRAPEZOIDS 

Proposition XXIV. Theorem 

210. If three or more parallels intercept equal parts on or 
transversal, they intercept e<jual parts on every transversal. 




Given the parallels AB, CD, and £F Intercepting equal parts on 
tlie transTersal MS. 

Topnwe that they intercept equal parts on any other trans~ 
versal, as PQ. 
Proof. (Outline). 
1. Draw AG and CH both II to PQ. 



2. Then ^ffll CH. 


§175 


3. Now AACG = ACEH. 


Why? 


i. .■.AG=CH. 




6. But AD is a O, and AG = BD. 


Why? 


6. Also CF is a O, and CH = DF. 


Why? 


7. .-. BD = DF. 


Why? 


In like manner the other segments on PQ ai 


■e proved equal. 



That is, the parallels intercept equal parts on PQ. 

211. CoROLLABT, A line bisectijig one side of a triangle, and 
parallel to another side, bisects the third side. 

The third parallel required by the above theorem is constructed 
throDgli the vertex of the given triangle. 
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Proposition XXV, Problem 

212. To divide a given straight line into any number of equal 

parts. 



--J 



Given the straigM line AB. 

Required to divide AB into any number of equal parts. 
Construction. 1. From A draw the line AD, making any con- 
venient angle with AB. 

2. On Ab lay off any convenient length a number of times 
equal to the number of parts into which ^fi is to be divided. 

3. From C, the last point thus found on AD, draw CB. 

"4. Through the other points of division on ylZ> draw lines par- 
allel to CB. These lines will divide ^B into equal parts. Why? 



1. A line AB ma; be divided into equal parts by the following 
method, which can be effected more 
rapidly than the one preceding: In 
the annexed figure draw ^ Cll to BD. 
Lay off on these two lines equal seg- 
ments, the same number on each. ^ , , 
Join the corresponding points as \ \ \ V--^ 
shown. Prove the construction. 

2. A sheet of ruled paper is some- 
times of use in dividing a given line 
into equal parts. Explain. D-' 

3. Divide a given line into 3 (4, 5, 0, 7) equal p 
of ruled paper. 

4> Divide a ^ven line in the ratio of 2 : 3 (3:5 
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Proposition XXVI. Theorem 
213. The line which Joins the mid-points of two sides of 
a triani/le is parallel to the third side and equal to half the 
third tide. 




Olren the triangle ABC, and the line DB bisecting AB and AC. 
To prooe that DE II BC, and that DE = J BC. 

Proof. 1. Produce DE, and draw CF parallel to AB, meet- ■ 
ing DE produced in F. 



2. Then 


AAED = AECF. 


a. B. a. 


For 


AE = EC, 


Hyp. 




/.l=:^^m. 


Why? 


id 


Ap^^q. 


Why? 


a 


• .-.AD^FC. 


Why? 


But 


AD = DB. 


Hyp- 




.\FC = DB. 


Ax. 1 


4. Now 


FC II DB. 


Cons. 




.-. DFCB ia a, a. 


Why? 


5. 


.•.DE\\BC,B.JiADF=BC. 


Why? 


6. But 


DE = EF. 


Why? 



That ia, Z>E = J Z>F = ^ BC. 

214. Proposition XXVI illusti-ates the following principle : 

In order to prove that one line Is half of anotlm line, 

(1) double the smaller line, or 

(2) bisect the larger line, 
and proceed according to g 209. 
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1. The line which joins the mid-pointg of two adjacent sides of 
any quadrilateral is equal and parallel to the 

line which joins the mid-pointa of the other /'C'^vX 

two sides. / ^^ \\ 

2. What kind of quadrilateral is formed /^\. ^v \ 
by lines which join in ■ succession the mid- / ^. A 
points of the sides of any quadrilateral ? of 

a kite? of a rectangle? of a rhombus? of a square? Prove your 

3. The lines which join the mid-pointa of y^ 
the sides of a triangle divide it into four y/\^ 
congruent triangles. -/ _^^ 

4. Problem. Given the angle ABC smd ^_ \^ 

the point D within it, to draw a line 

through D terminating in the aides of the angle and bisected at D. 
215. A trapezoid is a, qiiadtilat«ral two and only two of 
whose sides are parallel. The nonparallel sides of a trapezoid 
are called the legs, and the parallel sides the bases. 



216. The line joining the mid-points of the legs is called the 
mid-Une of the trapezoid. 

217. An isosceles trapezoid is one whose legs are equal. 

The isosceles trapezoid often arises in geometry from the cutting off 
of part of an isosceles triangle by a line parallel 
to the base. 

218. A trapezium is a quadrilateral 
which has no two sides parallel. 

Have examples of the trapezium already 
appeared in this text? Where? 
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Proposition XXVII. Theorem 
219. The mid-line of a trapezoid is parallel to the bases and 
egwU to ha^ their sum. 




<Hven the trapezoid ABCD, and the line EF bisecting the iegi 
AD and SCin E and F leapectiTely. 

To prove that EF II AB and CD, and that EF = J (AB + CD). 

Proof. 1. Through F draw GH parallel to AD, cutting DC 
in H, and AB produced in G. 

2. Then 



Whence 



5. In like manner EFHD is a, CJ. 

6. .-. EF II AG, and EF = ^ G. Why ? 
Also EF II DH, and EF = DH. 

7. .■ . EF = \ (AG + DIT) =^ \ {AB + BG + DH) 

= J (AIS + HC + DH) Why ? 
= i(AB+CD). 

220. Corollary. j4 line which bisects one ley of a trapezoid 
and is parallel to the bases bisects the other leg also. 



i!\BFG = AHFC. 


a. 3. a. 


.-. FG = FH. 


Why ? 


AGHDia&EJ. 


Why ? 


.\AD= GH. 


Why? 


AE = FG. 


Ax. 6 


: A GFE is a O. 


my? 
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1. From the annexed figures it appears that ; 

(a) Any trapezoid may be broken up into two triangles (by a diag- 
onal), or into a rectangle and two right triangles, or into a triangle 
and a parallelogram. Give proof. 

(b) An isosceles trapezoid may be broken 
up into a rectangle and two congruent right 
triangles. Why? L 



2. Construct a trapezoid, having given the four sides. 

3. Construct a trapezoid, having given the two bases and the two 
base angles. 

4. Prove that each base of an isosceles trapezoid makes equal 
angles with the legs. 

5. Prove that if a trapezoid has equal base angles, it is isosceles. 

6. Prove that the diagonals of an isosceles trapezoid are equal. 

7. Prove that if a trapezoid has equal diagonals, it is isosceles. 
Suffffesfion. Draw i f rOm the ends of the upper base upon the lower. 



INEQUALITIES 
321. It now becomes necessary to prove, not that two mag- 
nitudes are equal, but that one of two inagnitudea is greater 
than the other. 

The signs of inequality, > (greater than) and < (less than), 
are said to indicate the st-nse of the inequality. 

222. Axioms of Inequality. Proofs involving inequalities 
presuppose the following axioms (see § 132). 

8. Ths whole of any viagnitude is greater than any part of it. 
. If equals are added to unequaU, the results are unequal 






TbuB, if a > 6, and e = d, then a + c> 6 + d. 



d=,Goog[t' 
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10. If equab are svitracted from unequaU, the remainders 
are unequal in the same sense. 

11. If unequals are subtracted from equals, the results are 
unequal in the opposite sense. 

That is, if a = 6 and c> d, then a—c<b — d. 

12. If of three magnitudes the first is greater than the second, 

and the second is greater than the third, then the first is ^eater 

than the third. 

That IB, if o > 6 and 6 > c, then a > c. 

223. Two inequalities hav.e already been established : 

The exterior angle of a triangle is greater than either remote 
interior angle. 

In a right or an obtuse triangle the right or the obtuse angle 
is the greatest angle. 

Proposition XXVIII. Theokem 

224. If two gideg of a triangle are-unequal, the angles oppomte 
are unequal, and the greater angle is opposite the greater side. 




c ^ 
Giren the triangle ABC, is which AB is greater than AC. 


Topnme that 


/LACB>ZB. 




Proof. 1. 


On^B 


\a.yof[AD=AC. 






(Thisi: 


9 poEsihle since AB>AO, by hyp.) 
Bi-aw CD. 




2. Then 




^p=Zq. 


Why? 


3. But 




ZACB>Zp, 


Ax. 8 


and 




Z'/ >Zb. 


§223 


4. 




.'.ZACB>Zb. Axs. Iaadl2 






,MZ,.. 
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Pkoposition XXIX. Theokem 

225. If two angles of a triangle are unegnal, the sides opposite 
ire unequal, and the greater side is opposite the greater angle. 




GiTen tbe triangle j1£C, in which angle B is greater than angle C. 

To prmx that AC >AB. 

Proof. 1. Now AC=AB,a'eAC <AB,OT AOAB. 

2. If AC=AB,tiienZB=ZC. Why? 

But this is contrary to the hypothesis. 

3. If AC < AS, then ZB < Z C. § 224 

Bnt this also is contrary to the hypothesis. 

4. .-.AC >AB. 

(This propoBition is the converse of Proposition XXVIII.) 

226. Corollary 1, In a right trianyle the hypotenuse is 
longer thin either of the leffs. 

227. CoKOLLARY 2. Of all the lines that can be drawn from 
a given point to a given line, the perpendicular is the shortest. 



1. The angles at the extremities of the greatest side of a triangle 

2. If an isosceles triangle is obtuse, the base is the loi^est side. 

3. If the diagonals of a parallelc^;ram are unequal, the angles of 
the parallelogram must be oblique. 

4. In a UABCD the side AB> CB. Draw the diagonal AC 
and prove that ZACB>ZACZ). 
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INEQUALITIES 
Proposition XXX. Theoheu 

228. In antf triangle the »um of two sides is greater 
the tMrd side. 




Gl'ven the triangle ABC. 
Toprovethat AC + CB>AB. 

Proof. 1. Produce AC to D, making CD = CB. Draw BD. 
2. Then ^p=/.q. Why? 

. 3. But Z.ABD>/.p. Why? 

.■./LABD>Aq. 
i. .■.AD>AB. §226 

That is, AC + CB>AB. 

(Since CD = CB.) 

229. COROLLAKY 1. In any tnaTigle any side is greater than 
the difference of the other two. 

Since AC+ CB>AB, 
.: AOAB-CB. Ai. 10 

230. COBO1.1.AKY 2. In any polygon any side is less than the 
sum of the other sides. 

Saggestion. Prove hj drawing all the diagonctlB from one end of the 
«de taken, and applying g 228 and Ax. 12 to tlie successive triangles 
thus formed. 

Remark. Proposition XXX is often given among the self- 
evident truths of geometry, and it may be so claasiiied. The 
proof given above is due to Euclid (300 B.C.). 
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1. Given a AABC, with AB>AC. The bisectors of ZB and 
^C meet at P. Prove that BP > CP. 

2. Given a AABC, with AB >AC. The altitudes from B and C 
meet at O. Prove that OB > OC. 

3. The median to any side of a triangle is less than half the sum 
of the other two sides. 

iSu^eslion. Extend the median its own length. 

4. The straight line joining the vertex of an isosceles triangle to 
any point in the base produced is greater than either of the equal 

5. Prove Proposition XXX by 
uai:^ the annexed diagram, in which 
BD±AC. 

6. Can a triangular frame be 
made by hinging together rods whose lengths are 8 in., 5 in., 3 in,7 
Esplain. 

7. Given tour rods of lengths 3 in., 6 in., 7 in, 10 in. How many 
different triangular frames could be made by hinging any three of 
these rods together at their extremities? 

8. The diagram illustrates the mechanism of the connecting 
rod of a steam engine. BC represents the connecting rod, CA the 
crank, BD the piston rod. While the piston rod BD causes B to move 
to and fro aloncr a straicht line. C' tie- 



AB of AABC constantly changes. The extreme positions of B are 
called the "dead points," If BC is 4 ft. long and AC 10 in. long, 
within what values does AB vary? 
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9. Thestraightlinejoinii^ the vertex of an isosceles triangle toany 
point in the base is less than either of the equal sides of the triangle. 

10. The perimeter of a quadrilateral is greater than the sum of 
its di^onals. ^ 

11. If O ia any point within a 
A ABC, prove that OB + OC < AB 
+ Aa 

(Extend OB to meet AC.) 

12. A ray of light starting at A 
is reflected by a plane mirror m to *'' 
the point B (see p. 107, Ex. 32). Locate 
the point where the ray strikes the 

(DravrO-lX torn, malte 0A'= OA, etc.) 

13. Prove that the path of the ray in 
Ex. 12, that is, AC + CB, is shorter 
than AD + DB, D being any other point 
oam. 

14. The diameter of a circle is greater than 
any other chord. 

(Join the extremities of the chord to the center.) 

15. In the figure AB is a diameter. Prove 
that PA > PC, and that PC > PB. 

(Draw OC.) 

16. The altitude on any side of a triangle i 
sum of the other two sides. 

17. The sum of three altitudes of a triangle is less than the 
perimeter of the triangle. 

18. Prove Proposition XXVIII by drawing the bisector of the 
AA to meet the side CB in E, and joining E to a point D on AB 
such that AD is equal to' A C. 

IB. Two regular polygons (§ 57), a square and an octagon, are 
constructed about the same center (§ 95) with equal radii. Prove 
that the perimeter of the oct^on is greater than the perimeter of 
^e square. 




3 less than half the 
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Proposition XXXI. Theorem 

831. If two triangles have two iides of one equal respec- 
tively to two aides of the other, but the included angle of 
the first greater than the included angle of the second, then 
the third aide of the first is greater than the third side of the 
second. 





Given the triangles ABC and DEF, in which AB equals DE, 
AC equals DF, and the angle A is greater than the angle D. 

To prove that BC > EF. 

Proof. 1. Oonstmct A DEC congruent to A ABC, as shown 
in the figure, anddi-aw CF. 



Then 


Z>C falls without Z EOF. 


Why? 


2. Now 


DC = DF. 


Hyp. 




.■.Z.DFC = /.DCF. 


Why? 


3. But 


Z EFC > Z DFC. 


Why? 




.-.ZEFOZDCF. 


Ax. 1 


4. Also 


Z DCF > Z ECF. 


Why? 




.-.ZEFOZECF. 


Ax. 12 


5. 


.-.EOEF. 


§225 


That is, 


BC > EF. 





DlscuBslon. If Ffalls on EC, tbe proposition U self-evident. If Flails 
within the triangle DEC, the proof is dmiiar to the one given above. 
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Proposition XXXII. Theorem 

Si32. If two triangles have two sidei of the one equal respee- 
tively to two ddes of the other, but the third tide of the frSt 
greater than the third mde of the second, then the angle opposite 
the third side of the first is greater than the angle oppomie the 
third side of the second. 





Oiven the trUnglea ABC and DEF, in whicli AB equals DE, 
AC equals DF, and BC Is greater than EF. 
To prove that Z.A>ZD. 

Proof. 1. Now Z.4 = ZD, or ZA<Z D, or ZA > ZD. 

2. If ZA = ZD, then BC = EF. Why ? 

But this is eontiary to the hypothesis. 

3. If ZA<ZD,tiienBC<EF.^ §231 

But this also is contrary to the hypothesis. 

4. .■.ZA>ZD. 

(ThlB propOBiUon is the converse of PropoaitJon XXXI.) 



1. In a, triangle ABC, AC>AB. Equal diatances BD and CE 
are laid off on BA and CA respectively. Prove that CD > BE. 

2. In the ^ABC,D ia the mid-point of the aide BC, &adAB>AC. 
Prove that ZADC is acute. 

3. Intbe acute AXBC,/1B>^C, If ^Dls the median.aad JE 
the altitude to the side BC, prove that E lies between C and D. 

4. If any point P within the inABC is joined to B and C, prove 
tht,tZBPC>zBAC. 



by Google 



132 PLiNE GEOMETRY— BOOK I 

Proposition XXXIII. Theorem 

233. Of two gtraigM lines drawn from the same point in a 
perpendicular to a given line and cutting off on the line' un- 
equal segments from the foot of the perpendicular, the more 
remote is the j 




QireD the line CD, A£ perpendicular to Ci>, and £D greater tlunA:^ 
Topnwethat AD>AC. 

Proof. 1. Take BE = EC, and draw A E. 



AE falls within the ZB.ID, 
£i.ABC^AABE. 
.•.AE = AC. 






Also 



That ia, 



Why? 
5. a. s. 

Why? 

Why? 

Why? 

Why? 
§226 
Ax. 1 



Z.AEB is an acute Z. 

.'. Z.AED is an obtuse Z. 

^ABB is an acute Z. 

.■.AD>AE. 

AD>AC. 

234. Corollary. Only two equal straight liries can he drawn 
from, a point to a straight line ; andofiwo unequal lines from, 
a point to a line, the greater cuts off the greater sefjment from, the 
foot of the perpendicular. 

Prove from Proposition XXXIII by the Indirect MetUod. 

235. The distance between two points is the length of the 
line-segment joining them. § 228 

236. The distance ftom a point to a line is the length of the 
pei'pendiculai' let fall from that point upon the line. S 227 
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237. The distance between two parallel lines is the length of the 
segment of a common perpendicular cut off between the two lines. 

238. The altitude of a pana- 
lelogram or of a trapezoid is 

the perpendicular distance 
between the bases, as MN. 
(^AD and BC ai-e called the 
lower and the upper base 
respectively.) 

PQ is also an altitude of the CJABCD, lUe corresponding h 




1. In a quadrilateral DEFH, DH = EF, and ^H>ZF. Prove 
thtitDF>EH. 

2. In a quadrilateral DEFH, DH = EF, and DF > EH. Prove 
that ZH>ZF. 

3. If P is any point within the A vlBC, prove thatP^ +PB + PC 
is leas tlian the perimeter, but greater than half the perimeter, of 
the triangle (see Ex. 11, p. 129). 

4. If P is any point within a quadrilateral, prove that the sum of 
its distances from the vertices is not less than the sum of the diag- 
onals, When is it equal to the sum of the 
diagonals ? 

5. The sum of the distances of an; 
point within a polygon from the vertices 
is greater than half the periraet«r of the 
polygon. 

6. Two plane mirrors tii and n meet at 
an angle. The points A and B are within 
the angle »m. The figure shows the path 
of a ray of light emanating from A and reflected by the mirrors m 
and n through B. Take any other two points, one each in iii and n, 
join them by a line-segment, and draw the lines from the point in ni 
to A and from the point in n to B. Show that the length of this 
path from ^ to B is greater than the path of the ray of light. This 
exercise illustrates the fact that light travels by the shortest path. 
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COLLINEARITY AND CONCURRENCE 

Proposition XXXIV. Theorem 

239. AU points in the perpendicular bisector of a line are 
equidistant from the extremities of the line ; and conversely, 
all point! equidistant Jrom the extremities of the line lie in the 
perpendicular bisector. 



/: 



A 



w 



(a) Given DC, the perpendiculur bisector of AB, 

To prove that all points in DC are equidistant from A and B. 
Proof. 1. Take any point in 2>C, as E. Draw ^ £ and £E. 

2. Then A^ECsASEC. Why? 

3. .-.AE^^BE. Why? 

4. .*. since E is any point in DC, all points in DC are equi- 
distant from A and B. 

(b) Given the line >1K 

To prove that all points equidistant from A and B lie in the 
perpendicular bisector of A B. 

Proof. 1. Take any such equidistant point as F, Draw FA 
and FB. Then FA = FB. Draw FC bisecting AB. 

2. Then A.4FC = ABFC. Why? 

3. -■. Zm = ZM. Why? 

.-.FCJLAB. Why? 

4. That is, the point F lies in the perpendicular bisector of A B. 

5. But F is any point equidistant from A and B. 

.'. all such points lie in the perpendicular bisector of AB. 

DiqilizDdbyGoOgle 
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Proposition XXXV. Theorem 

240, All points in ike bisector of an angle are equidiBtant 
from the »ideg of the angle; and conversely ^ all points equidis- 
tant from the sides of an angle He in the bisector of the angle. 



(a) Given the angle AOB bisected by OC. 

To prove that all points in OC are equidistant from OA 
and OB. 

Proof. 1. Take any point in OC, as Af. Draw 3fPXto OA, 
and MQ ± to OB. 

2. Then AMOP = AMOQ. Why? 

3. .-. MP = MQ. Why? 

4. .■. since M is ant/ point in OC, all points in OC are equi- 
distant from OA and OB. 

(b) (Uvea the angle AOB. 

To prone that all points equidistant from OA and OB lie in 
the bisector of the Z-AOB. 

Proof. 1. Take any such equidistant point as N. Draw 
NR J. to 0,1, and A^ S ± to OB. Then NR = NS. Draw NO. 

2. Then ANOR = ANOS. Why? 

3. -■. ZA = Zt, that is, NO bisects ZAOB. 

4. That is, the point A' lies in the bisector of the Z.AOB. 

5. But N is ani/ point equidistant from the sides of the Z A OB. 
-■- all points equidistant from OA and OB lie in the bisector 

of theZ^O£. 
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Proposition XXXVI. Theoreu 

241. The perpendicular bisectors of the sides of a triangle 
meet in a point equidistant from the three vertices. 




6tv«n the triMigle AflC, wltii DH, EI, and FG the perpendicular 
bisectorB of the sides AB, BC, and CA reepectiTely. 

To prove that DH, El, and FG meet ire a point equidistant 
from A, B, and C. 

Proof. 1. DH and FG will intersect. § 178 

(Since the; cannot be II, being 1 to two intersecting lines.) 

Call the point of intersection O. 

2. Then O is equidistant from A and B. § 239 (a) 

Also is equidistant from A and C. § 239 (a) 

S. -■. O is equidistant from B and C. Ax. 1 

.-. Ims in Ef. § 239 (b) 

That is, DH, El, and FG meet in 0, which is equidistant from 

A, B, and C. 

242. The point O is called the drcumcenter of the A ABC. 

243. Three or more lines which meet in a point are said to 
be concurrent. 

Thus, from the above proportion, the perpendicular biseciora of the 
sides of a triangle are concurrent. 

244. Three or more points which lie in the same line are 
said to be collinear. 
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Proposition XXXVII. Theorem 
845. The bisectrn's of the rnigles of a triangle are concurrent 
n a point equidittant from the three gide». 




Oivea the triangle ABC, with AD, .BE, and CF the Uaectora of 
the angles A, B, and C respectlTely. 

To prove that AD, BE, and CF are eoneuTvent in a point equi- 
distant from, the sides of the triangle. 

Proof. 1. AD and BE wOl intersect. 

(Since they cannot be ||, the sum of the A which tLey mahe with tlie 
trtuisversal AB being less than two rt. A.) 

Call the point of intersection 0. 

2. Then is equidistant from ^ C and AB. § 240 (a) 
Also is equidistant from ^B and BC. §240 (a) 

3. .■. O is equidistant from AC and BC. Ax. 1 

.-. O lies in CF. § 240(b) 

That is, AD, BE, and CF are concurrent in 0, which is equi- 
distant from the three sides. 

246. The point is called the Incenter of the AABC. 



1. What construction ia suggeated by Proposition XXXVI 7 

2. Does the incenter of a triangle always fall within the triangle? 

3. In the A ABC show that the bisectors of the interior angle A 
and the exterior angles at B and C are concurrent in a point equi- 
distant from the sides of the triangle. This point is called an escenter 
of the AABC. How many excenters has a triangle? 

I ,z,;i.,CoOg[c 



138 PLANE GEOMETRY— BOOK I 

Proposition XXXVIII. Theorem 

247. The medians of a triatujle are coneurrent in a point 
which is two thirds of the distance from, each vertex to the 
middle of the opposite aide. 




GlTen the triangle AK, with the medUna AD, BE, and CF to the sides 
BC, CA, and AB reapectivel^. 

Toprooeihal AD, BE, and CF are concurrent in a point two thirds of 
the distance from each vertex to the middle of the opposite side. 

Proof. 1- AD and BE will intersect. 

(Sinte one of them Joins two points which lie on opposite Bides o( the other.) 

Name the point of intersection O. Bisect AO and BO in Q and 
S respectively. Draw ED and GH, al.so EC and DH. 

2. Then DB II A B, and DE^^AB. Why ? 
Also Gffll^fl, a,nd (?/f=i^B. Why? 

.-. DE = GH (Ax. 1), and DE II OH. Why? 

.'. EGHDisaCJ. Why? 

Whence EO = OH ^ i OB. Why ? 

3. .-. B0 = 20E = % BE. 
Also AO = ^AD. 

That is, AD and BE intersect in a point which is two thirds of 
the distance froni each vertex to the middle of the opposite side. 

4. In like manner it can be proved that CF and AD intersect in 
a point which is two thirds of the distance from each vertex to the 
middle of the opposite side. That is, OF passes through O- 

.'. AD, BE, and CF are concurrent in a point two thirds of the 
distance from each vertex to the middle of the opposite side. 

248. The point O is called the centcold of the d^ABC. 
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Propobitioh XXXIX. Theorem 

249. The altitudes of a triangle are concurrent. 




tSren the triaogle ABC, with the altitudes AL, BM, Clt reapectlTel]'. 
To proot thai AL, BM, and CN are concurrent. 

Proof. 1. Through J , B, and C respectively draw EF, FD, DE II to 
BC, CA, and AB respectively. 

2. Then FBCA is a O. Why? 

.■.FB = AC. Why7 

AUo BDCA ia a O. Why ? 

.•.BD = AC. Why? 

3. .-. FB = BD. Ax. 1 
i. Now BMJ.AC. Hyp. 

.'. BM±FD. Why? 

That ia, BM is the perpendicular bisector of FD. 

(To be completed.) 
250. The point O is called the orthocenter of the A ABC. 



1. Cut a trjaagle out of cardboard. Find its centroid and thrust 
a pin through this point. The triangle will balance in whatever 
vertical position it is placed. This shows that the centroid is the 
center of gravity of the triangle. A reason why this should be so 
will be given in Book IV. 

2. In an equilateral triangle the inceut«r, the ciicumcenter, the 
orthocenter, and the centroid are the same point. 
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1. The perpendiculars upon the legs of an isosceles triangle 
from the mid-point of the base are equal. 

3. The sum of the perpendiculars from a point in the base of 
an isosceles triangle to the legs is equal to the alti- 
tude upon one of the legs (Fig. 1). 

3. The sum of the perpendiculars from an; point 
within an equilateral triangle to the three sides is 
equal to the altitude of the triangle (Fig. 2). 

4. If two medians of a triangle are equal, the 
triangle is isosceles. 

5. The perpendiculars from the mid-points of 
two aides of a triangle upon the third side are 

6. The lines drawn through two opposite 
vertices of a parallelogram to the mid-points 
of the opposite sides divide one of the diago- 
nals into three equal parts (Fig. 3). 

7. If upon the three sides of a triangle 
equilat«ral triangles are constructed 
lying outside the given triangle, the 
lines joining the outer vertices of 
the equilateral triangles to the op- 
posite vertices of the given triangle 

8. If on one leg of an isosceles 
triangle, and on the other leg produced, equal 
lengths are laid off on opposite sides of the 
base, the line joining the points thus deter- 
mined is bisected by the base (Fig. 4). 

9. The line joining the mid-points of the 
diagonals of a trapezoid is equal to half the 
difference of the bases. 

10. Two triangles are congruent if they have 
a side and the altitude and the median on that side 
corresponding parts in the other. 
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11. Composite Diagrams. Examine each of th« following figures 
witli reference to (a) equal lines, (b) equal aisles, (c) congruent 
^ triangles, (d) parallel lines, (e) parallelograms, 

(!) particular lines (bisectors, medians, alti- 
tudes, etc.), (g) symmetrical figures, (h) regu- 
lar figures. 




Fig. 5. ABC and ABI> are coi^ruent isosceles triangles. AB is 
divided into four equal parts. 
Fig. 6. ^£Ci> is a square. 

AE = AM = BF = BG = CH=CI = DK = DL. 
Fig. 7. ABCD is a square. ABF and CDE are equilateral tri- 



5- 8. ABCDEF is a regular Lexagon. 

;. 9. ABCD is a square, with equilateral triangles on its sides. 
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12. The biaectors of two exterior angles of a triangle meet at 
an angle which is equal to one half the third exterior angle. 

13. Two mirrors, m, and nij, 
are set so as to form an acute 
angle with eaeh other. A ray 
of light is reflected by m, so as 
to strike nij. The ray is again 
reflected by m, and crosses its 
first path. Provethat ^r = 2^o. 
(This is the principle underlying 
several important optical instru- 
ments, such as the sextant.) 

14. The circnmcenter of a right triangle is the mid-point of the 
hypotenuse; of an obtuse triangle, a point without the triangle. 

15. If the bisectors of the angles of a quadrilateral are concurrent, 
the sum of two opposite sides equals the sum of the other two oppo- 
site sides. 

16. Two trapezoids are congruent if their sides are respectively 

17. The lines which join in succession the mid-points of the sides 
of an isosceles traftenoid inclose a rhombus. 

18. If the bisectors of two opposite angles of a quadrilateral form a 
straight line, the bisectors of the other two angles meet on that line. 

19. If the bisectors of the interior angles of a quadrilateral are not 
concurrent, they inclose a quadrilateral of which the opposite angles 
are supplementary. 

20. Prepare a summary of the most important topics in Book I. 

21. Give a list of construction lines that have been helpful in 
Book I. 

22. What methods of proving lines or angles equal have been 
given so far? 

23. Prepare a list of all propositions which, directly or indirectly, 
justify Proposition XXXVTII. (These may be arranged by number, 
according to their relative dejiendence, in the form of a pyramid.) 

24. Prepare a summary of the applied problems given in the exer- 
cises of Book I. 
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BOOK II 

THE CIRCLE 

251. Prellmiiuiry PTOposltions. The followiog properties of 
circles have been either proved or taken for granted previously : 

1. A circle can be drawn about any given point as a center, 
with a radius equal to any given line. 

2. Radii of the same circle are equal (§ 60). 

3. Circles which have equal radii are apial (§ 61). 

4. A point is within, on, or without a circle, according as the 
line which joins the point to the center is less than, equal to, or 
greater than the radius of the circle (§ 62), 

5. A secant to a circle intersects the circle in two and only 
two points (% 68). 

6. If the center segment of two circles is less than the sum 
but greater than the difference of their radii, the circles intersect 
in two and only two points (§ 71). 

7. In the same circle or in equal circles : 

Equal central angles intercept equal arcs (§ 85). 

Equal arcs are intercepted by equal central angles (S 86). 

Equal chords siditend equal arcs (§ 86). 

Equal ares are subtended by equal chords (§ 86). 

8. A central angle is measured by its intercepted arc (§ 94). 

9. In the same circle, or in equal circles, the greater central 
angle intercepts the greater are, and the greater arc is iider- 
e^ted by the greater central angle (§ 94). 

10. A diameter of a circle bisects the circle (§ 63). 

Note. A circle may be conveniently named by iu center. Thua a 
drcle wboae center ia O will liereafter be called "tbe circle 0." Tbe 
word "circle" ia often replaced by the symbol O. 
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1. Two points P and Q are 2 cm. apart. Draw a circle, of radius 
3 cm., passing through P and Q. 

2. The centers of two circles are i cm. 
apart. The radii of the circles are 3 cm. and 
5 cm. respectively. Describe the relative pogi- 
tion of the two circles. 



3. If, in Fig. 1, 
re ABC = tirc BCD. 



= ^y, prove that -4 





4. If, in Fig. 2, chord AB = chord BC = 

chord CD, prove that chord AC = chord BD. 

5. In the aameligure, prove that Zvl =i;Z>. 
What other angles are equal? 

6. If the sides of an inscribed polygon are 
equal, prove Ihat the polygon is equiangular 
(see Ex.5). 

7. In Fig.3,BC=v4Z>. "Prove that v!B=CZ>. 

8. If. two equal chords of a circle intersect, 
the segments of one are equal respectively to 
the segments of the other. 

9. laV\gA,AB = CD. ProvethatA./iBZ)= 
A CDB, and that A /I OZ) s A COB. 

10- In the same figure prove that ASOi> is 

11. If from a point on a circle (Fig. 5) 
a chord OA and a diameter OB are drawn, 
prove that a radius parallel to OA bisects the a: 






CHORDS AND SECANTS 

Proposition I. Theorem 

252. A diameter perpendicular to a cfi&rd bisects the chord 
and the arcs ^tended b 




OiTCn the circle O, with a diameter DC perpendicular to the 
chord AB at Jf, cutting tlie minor arc ACB at C, and the major arc 
ASB at D. 



Top 
irc DB. 
Proof. 1. 
2. Then 



! that AM = BM, are AC = arc CB, and o 



1. Also 
and 



Draw the radii OA and OB. 

rt. AAOM = rt. A BOM. 

.-. AM=BM. 

ZAOM = Z.BOM, 

.-. ZAOD = ZliOD. 

5. ,". arcjlC = arc CB, and arc -1 /) = arc iJB. 

253. Corollary 1. A diameter which bisects a chord i 
pendicular to it. 

254. Corollary 2. The perpendicular bisector of a chord 
passes through the center of the circle. 

Diacnssion. Show how to bisect a,n arc whose center ia not given. 

255. A circle is said to be circumscribed abont a polygon when 
the sides of the polygon are chorda of the circle. The polygon 



Why? 
Why? 

Why? 

Why? 

§85 



3 said to be Inscribed in the circle. 
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Pkoposition II. Problem 

if ciratmseribe a circle about a given triangle. 





OlTen the triangle ABC. 

lUqtdred to circumscrihe a O about the A .1 BC. 

Construction. 1. Conatruct the perpendicular bisectors of two 
of the sides and produce them until they meet in {§ 241). 

2. About 0, with a radius equal to OB, describe a O. 

The G will pass through A, B, and C, since is equidistant 
from^jS, and C (Why?) It is therefore circumscribed about 
the AABC, by the definition of a circumscribed circle. § 265 

(Under what condition does the circumcenter lie on a side ot the tri- 
angle ? witjiout the triangle ?) 

257. ' Corollary 1. Only one circle ynay be circumscribed 
about a given triangle. 

For, if there were two such circles, they would intersect in three 
points, which is impossible (§ 71). 

258. Corollary 2. One and only one circle may be dravm 
through any three points not in the saTiie straight line. 

259. Corollary 3. A circle cannot he parsed through three 
points in the same straight line. § 68 

260. Corollary 4. The center of a given arc may be found 
by drawing two chorda and finding the point of intersection of 
their perpendicular bisectors. 

261. A triangle is said to be inscribed in a semicircle when one 
of its sides is the diameter of the semicii-cle and the opposite 
vertex lies on the semicircle. 
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262. Corollary 6. A triangle inserted in a semwircle is 
right triangle, the diameter being 
the hypotenuse. 

Proof. OA = OB = OC. Why ? 

.: ^a^Zc,aJiAZb = Zd. Why? 
.-. Zc + Zd^W. Why? 

That is, the triangle is a, right triangle, and the diameter is its hypotenuee. 

263. Corollary 6. Problem. At a given point in a given 
line to erect a perpendicular to that line. 
(Second construction, see § 158.) 

Given the line AB and the point C in it, y 

Required to erect a ± to ,4B at C. Take any ^' 

convenient point Z> not on AB, and with a ^ 

radius DC describe a O cutting AB in E. V^ 

Draw the diameter through E, and let F be its -* -B ""■*.. ^- 

other extremity. Draw CP. Then 0P± CE. 

For A FOE is a right A with EF as its hypotenuse. (Why ?) 



~X 



1. The perpendiGular bisectors of the sides 
of an inscribed polygon are concurrent. 

2. If, in the diagram, the two circles are 
concentric, prove that AB = CD. 

3. Bymeansof acircuIarobiect(e.g. 
draw an arc of a circle. Locate its center. 

4. A circle may be circumscribed about 
an isosceles trapezoid. 

5. Two chorda perpendicular to a third 
chord at its extremities are equal. 

6. The radius of a circle circumscribed 
about an equilateral triangle is equal to 
two thirds the altitude. 

7. II two plane mirrors are inclined at 
an angle and an object is placed within the 
angle, several im^es of- the object wUl 
appear. These will lie on a circle. Explain. 
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Proposition III. Theoreu 

264. In the same circle, or tn equal circles, equal chords are 
equally distant from the center; and, conversely, chords et 
distant from the center are equal. 



Given the circle in wbich the chords AB and CD are equal. 
To prove that AB and CD are equally distant from the center. 
Proof. 1. Construct OS X to AB, OF J. to CD, and draw 
the radii OA and OD. 

(To be completed.) 

Conyeraely, given the circle O, with AB and CD equally distant 
from the center O. 

To prove that AB = CD. 

Pnraf. (To be completed.) 



1. If the sides of an inscribed polfgoa are equally distant from 
the center, the polygon is equilateral. 

2. Can a circle be circumscribed, about any given parallelogram T 
Can a parallelogram be inscribed in a circle? Explain your answer. 

3. If two intersecting chords make equal angles with the diameter 
passing through the point of intersection, the two chords are equal. 

4- A circle whose center is on the bisector of an angle cuts equal 
chords, if any, from the sides of the angle. 

5. Two radii, OB and OC, of a circle intercept a minor arc. 
A point D in the arc is joined to the mid-points E and F of the 
radii. If DE = DF, prove that arc CD = arc DB. 
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Proposition IV. Theorem 

265. In the tame circle, or in equal circles, the greater of two 
minor ares is subtended by the greater chord ; and conversely, 
the greater chord subtends the greater minor arc 




Given, in the circle O, the arc AB greater tlian tbe arc A'B'. 
To prone that chord AS > chord A 'S'. 

Proof. 1. Draw the radii 04, OB, 0^', OB'. 

2. In the AAOB and A'OB', 

AO = A'0, and BO = B'O. Why ? 

Also jiLtn>Zm'. 

(Since arc JB > arc J'B-, by Hyp.) 

3. .■.ab>a'b: §231 

Courerselri gi'na, in the circle O, the chord AB greater than the 
Chord A'B'. 

To prove that a re A B>arc A 'B'. 

Proof. 1. Draw tlie radii 04, OB, 0/4', OB'. 

2. In the AAOB and A 'OB', 

AO = A'0,&ndB0 = B'O. Why ? 

Also AB>A'B'. Hyp. 

3. .■.^AOB>ZA'OB'. §232 
.■.arc4B>arc A'B'. Why? 

DiqilizDdbyGoOgle 
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Pbok>bition V. Theorem 

266. In the same circle, or in equal circles, if two chords are 
umqual, they are unetptally distant from the center, and the 
greater chord is at the less distance. 




Giveo the chords AB and CD in the circle 0, AB being greater 
than CD ; given alao OF perpendicular to AB, and OB perpendicular 
to CD. 

Toprooe that 0F< OH. 

Proof. 1. Minor arc CZ)< minor are ^B. §266 

2. Take the point E on the minor arc AB, so that 

ar(!.4E = arcCA 

Draw^B. 

Draw OK J. to^E. 

Then phord AE = chord CD, Why ? 

and hence OK = OH. Why ? 

3. Now all points of the chord AE lie upon the opposite 
side of the choi-d AB from the center 0. 

.'. OK must intersect AB in some point, as L. 

4. .-.OLKOK. Why? 

5. But 0F<0L. Why? 

.-. 0F<0K, Why? 

or 0F< OH. 
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Proposition VI. Theokem 

267. In the game circle, or in equal circles, if two chords are 
unequMly distant from the center, they are unequal, and the 
chord at the less distance is the greater. 




Given the chords AB and CD in a circle O ; also OF, the per- 
pendicular to AB, less than OH, the perpendicular to CD. 
Toprovethat .AB>CD. 

Proof. 1. Now AB = CD, or < CD, or > CD. 

2. If AB=CD, then OF=OH. Why? 

But this is contrary to the hypothesis. 

3. If AB < CD, then 0F> OH. § 266 

But this also is contraiy to the hypothesis. 

4. .■.AB>CD. 



1. The Hhorteat chord that can be drawn through a point within 
a circle is perpendicular to the diameter at that point. 

2. The diameter is the greatest chord of a circle. 

3. If a chord is drawn parallel to a diameter, the arcs intercepted 
between the chord and the diameter are equal. (Draw radii to the 
estremitiea of the chord.) 

4. Two parallel chords intercept equal arcs on a circle (see Ex. 3). 

5. If an arc is douhled, is the intercepting central angle doubled 7 
Is the subtending chord also doubled ? . Why is it that a central angle 
is measured by its intercepted arc, wiiile a chord is not measured by 
its subtended arc ? 
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Proposition VII. Theorem 

268. The shortest line and also the longest line which can 
be drawn from a point to a circle lie on a line passing through 
the center of the circle and the given point. 





Given the ciide O and the poiat A, and AB and AC the shortar ajid 
longer segmenU raspectivelj' of a line drawn through A and passing 
through 0, the center of the ciide. 

Toprout t/ialAB is Ike shortesl line, and 'AC the longest line, from A to 
ike circle. 

Case I. When A is unlkin Ike circle (Fig. 1). 

Proof. 1. Draw DE, any other line through A, cutting the circle 
in D and E. Let AE be its longer and AD ita shorter segment. 
Draw the radii OE and OD. 

2. In the A O^B, OA + AD>OD; Why? 
that is, OA+AB> OB, 

(Since OB = OD.) 
Or 0A + AD >OA+AB] that is, AD >AB. As. 10 

Hence AB is less than any other line from A to the circle. 

3. Also in the A OAE, OA + OE>AS] Why ? 
that is, 0A + 0C> AE, oiAC>AE. Why? 

Hence AC is greater than any other line from A to the circle. 

4. .'. AB is the shortest line, and AC the longest line, from A to 
the circle. 

Case H. When A is v>ilhout ike circle (Fig. 2). 

{To lie completed.) 
269. The distance from, a point to a circle is the shortest line from 
the point to the circle. 



by Google 



TANGENTS 

Proposition VIII. Theorkm 

270. A gtraight line perpendicular to a radius at its ex- 
tremity is a tangent to the circle. 




Given tbe circle 0, the radins OC, and the line AB perpendiculAr 
to OC at ita extremity C. 

To prove that AB is tangent to the circle 0. 

Proof. 1. FromthecenterOdrawany other lineto^B,aaOr. 

2. Then OT>OC. Why? 

3. .■. the point T is without the circle. Why ? 
i. Hence every point in the line AB, except C, lies withoat 

the circle, and therefore AB is tangent to the circle at C. 
(Definition of a tangent, § 66.) 

271. Corollary 1. A tangent to a circle is perpendicular to 
the radius drawn to the point of contact. 

For OC ia tbe shortest line from O to^d, and Is therefore X to jIS, 

872. CoROLLAKY 2. A perpendicular to a tangent at the point 
of contact passes through the center of the circle. 

For the radios dravn to the point of contact is X to the tangent, and 
therefore a X erected at the point of contact coincides with this radius 
and passes through the center. 

273. Corollary 3. A perpendicular from the center of a 
circle to a tangent passes through the point of contact. 

I ,z,;i.,C00g[c 
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Proposition IX. Problem 
374. Through a given point, to draw a tangent to a given 
cirde. 



-^ 



Fio. 1 Fio, 2 

Given the circle and the point P. 

Required to cmutruet a tangent to the circle O through the 
point P. 

Case I. When the given point P is an the circle O (Fig. 1). 

Conatruction. 1. Draw the radius OP. 

2. Construct a line J B J, to OP at P. § 263 

Then AB is the tangent requii-ed. Why ? 

Case II. When the given point P is without the circle (Fig. 2). 

Constraction. 1. Draw the line OP, joining the given point 
and the center of the O. 

2. With OP as a diameter describe a circle intersecting the 
given circle at A and B. 

3. Draw PA and PB. Eafih of these lines is tangent to the 
circle 0. 

Pmot. 1. Draw OA. Then the AOAP, being inscribed in 
a semicircle, is a right triangle. g 262 

2. .-. PA±0A. Why? 

3. .-. P.i is a tangent to the circle 0. Why ? 
In the same manner, by drawing the radius OB, it may be 

proved that the line PB is a tangent to the circle O. 

IHBCnasioD. There are, therefore. Into solutions of the above problem, 
when the given point la an external point. 
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TANGENTS 
FBOPOBinoN X. Theorem 



275. The tangents drawn to a circle from <in extemalpoint 
are equal, and make eipial angle» with the line jcnmng that 
point to the center. 




Given AB and ^C tangent to the drcte O; also the line 0^. 
To prove that AS = AC, and Am, = /Ln. 
(To be completed.) 

276. The chord connecting the points of contact of the two 
tangents to a circle from an external point is called the chord 
of contact of the tangents. 

277. A circle is said to be inscribed in a given polygon when 
the sides of the polygon are tangent to the circle. The polygon 
is said to be circumscribed about the circle. 



1. In the above figure 

What would be the relation of OA to the chord of contact BCt 

Could the chord BC under any circumstances be the perpendicular 
bisector of OA 1 

What relation esiata between ZBOC and ZBAC! 

If AB^Cis equilateral, how many degrees in the ^BOCI 

If ZB^Cial20S prove that ^B + ^C= OA. 

Prove that the quadrilateral ABOC can be inscribed in a circle 
having OA for its diameter. 

If OA =2 OS, bow many degrees in the ZBAC'l 

2. Construct a tangent to a given circle parallel to a given line ; 
perpendicular to a given line. How many solutions are there? 

I ,z,;i:, Google 
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Proposition XI. Problem 
278. To imartbe a circle in a given triangle. 




Given the triangle ABC. 

Required to imcrUie a circle in AABC. 

Conatmction. 1. Bisect the angles B and C. 

2. From 0, the intersection of the bisectors, draw OD X to BC. 

3. About O as a center, with a radiua equal to OD, draw a O. 
This is the O required. 

Proof. 1. is equidistant from ^B, ^C, and BC. §245 

2. .■, A B, AC, ajid BC are each J. to a radius of the above O 
at its extremity. ' Why ? 

3. .". ^B,v1C,andBCai'e tangents to theO; that is, the O is 
inscribed in the A^BC. §277 



1. If two circles are concentric, all chords of the outer circle 
which are taogents to the inner are equal to each other and are 
bisected at their points of contact. 

2. A circle can be inscribed in a rhombus. 

3. The sum of two opposite sides of a quadrilateral circumscribed 
about a circle is equal to the sum of the other two aides. 

4. Conversely, if 'the.xutci of two opposite sides of a quadrilateral 
is equal to the sum of the other two Hides, then a circle may be in- 
scribed in the quadrilateral. (Prove l)y constructing a circle tangent 
to three sides of the quadrilateral, and showing that if the fourth 
side were to cut the circle or to lie wholly without the circle, it 
would lead to an absurdity.) 
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5. Giveu a circumscribed hexagon ; prove that the sum of one 
set of alternate sides (first, third, fifth) equals the sum of the other 
set (second, fourth, sixth). 

6. Isthestatementof Ex. 5 trueforotherciroumscrihedpolj^ona? 

7. The radius of a circle inscribed in an equilateral triangle is 
equal to one third of the altitude. 

8. The hypotenuse of a right triangle is equal to the sum of the 
legs diminished by twice the rEuiius of the inscribed circle. 

9. A parallelogram circumscribed about a circle is either a rhom- 
bus or a square. 

10. If from the extremities of a diameter of a circle perpen- 
diculars are dropped upon a tangent, the sum of the perpendiculars 
is equal to the diameter. 

11. When a ray of light strikes a spherical mirror (represented in 
cross section by a circle), the angle of incidence (see Ex. 32, p. 107) 
is found by drawing a tangent to the circle at the point of incidence, 
and erecting a perpendicular to the tangent at that 
point. In this case the perpendicular (called the 
nonnal) is a radius. (Why?) 

The line of propagation of a sound icave also 
follows the law of reflection of a ray of light, 
namely, that the angle of incidence is equal to 
the angle of reflection. 

The circular gallery in the dome of St. Paul's in 
London is known as a whispering gallery, for .the 
reason that a faint sound produced at a point near the wall can be 
heard around the gallery near the wall, but not elsewhere. The 
sound is reflected along the circular wall in a series of equal chords. 
Explain why these chords are equal. 

12. Two straight roads of differentwidth meet 
at right angles. It is desired to join them by a 
road the sides of which are arcs of circles tangent 
to the sides of the straight roads. Wluitcons^uc- 
tion lines are necessary? Draw such a figure. 

13. A circle tangent to one side of a triangle 
and to the other two sides produced is called an 
WKiibed circle. How many escribed circles has a triangle ? Draw them. 




> 
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Proposition XII. Theorem 
279. Parallel liries intercept equal area on a ctr 




Case I, When the parallels are a tangent and a secant. 
.<»Ten the circle O, with AB (Fig. 1), a tangent at F, parallel b 
CD, a secant. 



Topmoethat 


arc CF = arc DF. 




Proof. 1. 


Draw the radius OF. 




2. Tlien 


OFA.AB. 


Why? 


3. And hence 


OF ia also J. to CD. 


Why? 


4. 


.-.arc CF = axcDF. 


Why? 



(Case II, when both parallels are eecants, and Case III, when both a 
tangents, are left as exercises.) 



1. A trapezoid inscribed in a circle is isosceles. 

2- A circle has two parallel chords, which tie ou opposite sides of 
the center. One is equal to the side of a regular hexagon, the other 
to the side of a regular decagon inscribed in the given circle. Find 
the number of degrees in the arcs intercepted between the chorda. 

3. Solve Ex. 2, if the two chords are respectively sides of a penta- 
gon and an octagon ; a pentagon and a dodecagon ; a hexagon and 
an octagon ; a square and a decagon ; a triangle and a hexagon. 

4. Solve Exs. 2 and 3, if the parallel chords are ou the same side 
of the center. 
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Proposition XIII. Theorem 

280, If two arclei interseet each other, the line of centers is 
perpendicular to their common chord at its middle point 




GiTOD two circles whose centers are C and C, intersectiiig at the 
points A and B, the common chord AB, and the line of centers CC'. 

To prove that CC'is A- to AB at its middle point. 

Proof. 1, Draw CA, CB, C'A, and C'B. 

2. Then CA = C'B, and C'A = C'B. Why ? 

3. ,■. CC ia the perpendicular bisector of AB. Why? 

281. Two circles are tangent to each other if both are tangent 
to a straight line at the same point. The circles are said to be 
tangent internally or externally, according as one circle lies 
wholly within or without the other. The common point is called 
the point of contact. 



1. Describe the relative position of two circjes, if the line^segment 
joinii^ their centers is equal to the sum of the radii ; is equal to the 
difference of the radii. 

2. Given the line / and the point P on that Une. Construct two cii^ 
cles tongent to / at P, each with a radius equal to another line m. 

3. Given two intersecting lines and a point P on one of those lines. 
Construct two circles tangent to both lines and passing through P. 
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PaopoaiTioN XIV. Theorem 

282. If two circles are talent to each other, the line of 
centers passes through the point of contact. 




(Mven tbe drclea C and C tangent to the straight line AB at 0, 
and the line of centers CC'. 

Toprove thai the line CC passes through 0. 

Pnot. 1. A line J. to AB at the point will pass through 
the centers C and C. Why ? 

2. Hence the line CC must coincide with that ±. Why? 

3. .-. is in the straight line CC. 



1. Problem. To construct three circles about the vertices of a 
given triangle as centers, each circle being tangent externally to the 

Suggestion. Inscribe a circle in the given triangle. 

2. Find the radii of three such circles, if the sides of the triangle 
are 4, 5, and 6 (8, 8, and 14). 

3. In accurate tool work, where holes are to be hored near each 
other in a metal plate, the centers are first marked carefully to 
thousandths of an inch. This is often done by first turning disks 
on a lathe, the diameters of the disks being such that when they are 
placed tangent to each other their centers will mark the positions 
of the centers of the holes to be bored. 

Three holes are to be bored. Tbe distances between their centers are 
0.650 in., 0.780 in., and 0.865 in. respectively. Find the diameters of 
the required disks. (From " School Science and Mathematics.") 



by Google 



TWO CIECLES 161 

Proposition XV. Froblem 

263. To draw a common, tangent to two given circlet. 




Case I. When Ihe tangent is to cross the line-segment joining ike centers 
^common internal tangent). 

GiTen tlie circles and OK 

Sequired to construct a common internal tangent to the circles O and O". 

AnalTBU. It ia apparent that auch a tan^jent, when drawn, would 
be J. to the radii OM" and CfN drawn to M and N, tlie points of tan- 
gency. Now if through (Y a line be drawn II to the common tangent, 
cutting OM produced iu P, MNO'F would be a rectangle, MP would 
be equal to ycf, and OP would be equal to 0J« + (TN, or the aum of 
the radii ; also, CP would be tangent to a Q about O with a radius' 
equal to OP, that ia, equal to OM + O'N. 

(Construction and proof to be completed.) 




Case II. When the tangent is not to cross the tine-segment joining the 
centers (common external tangent). 

Analysia. The conditions of the problem in this case are identical 
with those of Case I, except that the radius OP will be equal to the 
difference of the radii OM and O'N 

(ConstmctioD and proof to be completed.} 
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a internal taa- 
intercepted between the 



s centers, with 



1. If two common external tangents o 
genta are drawn to two circles, the segments it 
points of contact are equal. 

2. How should two wheels be connected (a) by belting, and (b) by 
gearing, so as to revolve in the same direction ? in opposite directions 7 

3. In each of the different positions of two circles mentioned in 
£i. 1, p. 39, how many common internal and how many common 
external tangents may be drawn? 

1. Construct the Common tangents to two equal circles which do 
not intersect. 

5. About the vertices of an equilateral triangle 
radii e(|ual to one half the side of the triangle, 
draw circles. These circles are tangent to each 
other. (Why?) Show how to construct a circle 
which shall inclose these circles and be tangent 
to all three of them. (This construction is the 
basis of a design which appears frequently in 
decoration.) 

6. Construct a circle which shall be tangent 
t« a given arc, and to the radii drawn to the 
ends of the arc. 

(It a tangent is drawn at the mid-point of 
the arc, show that the required circle will be 
inscribed in the triangle formed by this tangent 
and the radii produced.) " 

7. Arcs of circles, either alone or combined with their chords, a: 
used to form arches, which appear frequently i 
decorative design. A common form is the semicLi 
cular arch, which consists of a semicircle and its 
diameter. Inscribe a circle in such t 
shown in the figure. Would the same method of construction hold 
good if the arc were less than a semicircle? 

8. Apply Ex. 6, (a) to inscribe in a given semicircular arch two 
equal tangent circles ; (b) to draw in a semicircular arch three equal 
circles tangent to the semicircle, of which two shall be tangent to the 
diameter, and the third tangent to the other two circles. 
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9. The spiral shown in Fig. 1 is composed of semicircles, having 
as centers the points A and B alternately. Draw such a spiral, and 
prove that two consecutive semicircles are tangent to each other. 



& 




Fio. 1 



Fio. 2 




10. A four-centered spiral may be constructed by extending in 
succession the aides of a square and using each vertex as the 
center of a quadrant, as shown in the Agure. Draw such a spiral 
(Fig. 2). 

11. Construct in similar fashion a three-centered spiral of three 
arcs ; a six-centered spiral of six arcs. 

12. Three circles are drawn in an equilateral 
triangle, such that each is tangent to the other 
two circles and to two sides of the triangle. Show 
that each circle is tangent to two altitudes of the 
triangle, and give a method for making the 
construction. 

13. Within a given square construct four equal circles sue 
each is tangent to two others and to two sides of the square. 

(Divide the square into four smaller squares and inscribe a circle 
in each. Show that these circles answer the required conditions.) 

14. Within a given square construct four 
equal circles such that each is tangent to two 
others and to one side of the square. 

(Draw the diagonals of the square.) 

15. Construct the design shown in the figure. 
(Note that the radius of each of the small 

circles is one third the radius of the large circle. 

Three of the small circles lie along one diameter. How B 

centers of the other four small circles fonnd?) 



b that 
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ANGLE MEASUEEMENTS 

284. An angle is inscribed in a circle when its vertex is on the 
circle and its sides a,re chords. 

An angle is inscribed in on arc when its vei't«x lies on the arc 
and ita sides pass through the ends of the arc. 

Proposition XVI. Theorem 

285. An ingeribed angle is medmred by one half the arc 
intercepted between its nde». 




FiQ. 1 PiQ. 2 Fig, 3 

Given the circle O, with the angle BAC inscribed in it. 
Toprovethat ABAC ts measured by JJ arc ISC. 
Case L When the center is in one of the sides of the aTigli 

(Fig. 1). 

Proof. 1. Draw OC. 

2. Then AA=/.C. 

3. But ZB0C = Z.1+ZC. 

.■./.B0C = 2AA. 

4. But /LBOC is measured by arc BC. §94 

{A central angle is meaBured by its intercepted arc.) 

5. .'. i^A is measured by ^ arc BC. Ax. 5 
(Cases II and III, when the center falls within or without the angle, 

to be completed.) 

Remark. This theorem is otherwise stated: " The number of degrees 
in an inscribed angle la equal to oite half the number of arc-degrees in 
the intercepted arc " (see § 02). 



Why? 
Why? 
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286. C0ROLLA.KY 1. An angle inserihed m a semicircle is a 
right angle. 

For it is measured b^ half a semicircle (Fig. 4). See also § 232. 

287. Corollary 2. An angle inscribed in an arc greater than 
a semicircle is an acute angle. 

For [t is measured by one balf an arc less than a Bemicircle ; as ^A 
(Fig. 5). 




288. Corollary 3, An angle inscribed in an arc less than a 
setnwirele is an obtuse angle. 

289. Corollary 4. Angles inscribed in the same arc, or in 
equal arcs of the same circle, are equal (Fig. 6). 



1. Test by Proposition XVI the following theorems : 

(a) The sum of the angles of a triangle equals two right 
angles. 

(b) It two sides of a triangle are equal, the angles opposite are 

(c) If two angles of a triangle are equal, the sides opposite are 

These testa cannot be regarded as proofs. Why? 

2. If two triangles have their angles respectively equal and are 
inscribed in the same circle, they are congruent 

3- The bisectors of all angles inscribed in the same arc are 
concurrent. 
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Proposition XVII. Theorem 

290, An angle included by a tangent and a chord drawn 
from the point of contact i» measured by one ha(f the inter- 




Glven the angle m included by AB, a tangent to the circle at 
C, and the chord CD. 

To prom that Z.in. U measured by ^ ii re CD. 
Proof. 1. Draw D£ II to ^B through A 

2. Then arc Ci> = arc CE. Why ? 

3. Also Am=An. Why? 

4. But Z n is measured by } arc CE. Why ? 

.'. Z jK ia measured by \ arc CD. Ax. 1. 

6, Also Ap is measured by ) major arc CED. 
(Being the supp. of Zm, while arc CEI) is the conjugate of arc CD.) 



1. The opposite angles of an inscribed quadrilateral are supple- 
mentary. 

(By which arcs are dA and C measured? 
What is the sum of these arcs?) 

2. If the opposite angles of a quadrilateral 
are supplementary, the quadrilateral may be 
inscribed in a circle (converse of Ex. 1). 

Sugtjestiiyn. Pass a circle through three of the 
vertices (§ 258), and show by the Indirect Method that the fourth 
vertex must lie ou the circle. 
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Proposition XVIII. Theorem 

291 . An angle formed by two chords intertecting within the 
circle is meamred by half the «um of the interested arcs. 




Given the circle 0, in which twtt chords, ABanA CD, intersect in E. 
Topnwtthat ^AED is measured by \ (arc AD + arc CB). 



Proof. 1. 

2. Then 



Draw DB. 
ZAED = Z.B+Z.D. 

(To be completed.) 

Proposition XIX. Theorem 



Why? 



392. An angle formed by two secants, or two tangents, or a 
tangent and a secant, intersecting without a circle, is measured 
hy half the difference of the intercepted a 




Given the circle with two secants, or two tangents, or a tangent 
and a secant intersecting at A without the drde. 

To prove that Z.A is measured hy half the difference of the 
interested arcs. 

(Cases I, II, and III to be completed.) 
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Proposition XX. Fkoblbm 

293. Upon a given straight line as a chord to construct tm 
irc of a circle in which a given angle may be inscribed. 









Given the Btraight line AB and the angle R. 

Required to construct, on the line AB as a, chord, an arc of a 
circle such that the angle R may be inscribed in the arc. 

Construction, 1. Construct the ^ABC equal to /.R. 

2. Draw DP the X bisector of AB. 

3. At B construct BM ± to BC. 

4. About 0, the point of intersection of DP and BM, as a 
center, with a i-adiua equal to OB, draw a circle. This circle 
will pass through A, and the are AEB is the arc required. 

Proof. 1. The point is equidistant from A and B. Why ? 
.■. the circle passes through A. Why ? 

2. But BCJ.BO. Cons. 

.-. BC is tangent to the O. Why ? 

3. Then ZABCia measured by J arc AFB. Why? 

4. But any angle, as Z.AEB, inscribed in the arc AEB, is 
also measured by ^ are AFB. Why? 

5. .■. any angle inscribed in the arc AEB equals Z R. 

DiqilizDdbyGoOgle 
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HDHBRICAL EXERCISES 

1. An inscribed angle intereepto an arc of 40° (50% 60°, 75°). 
How many degrees in the angle? 

2. An angle of 20° (30°, 45°, 50°, 67° 30') is inscribed in a circle. 
How many degrees in the intercepted arc? 

3. The sides of an inscribed triangle subtend area of 100°, 120°, 
and 140°. How many degrees in each angle of the triangle 1 

1. The arcs subtended by the sides of an inscribed triangle are 
in the ratio 1:2:3. What kind of triangle is it? 

5. The sides of an inscribed quadrilateral subtend arcs in the 
ratio 1:2:3:4 (3:5:7:9). How many degrees in each angle of 
the quadrilateral ? 

6. In the preceding exercise how many degrees in the angles 
between the diagonals of the quadrilateral ? 

7. A triangle is inscribed in a circle, and another triangle is cir- 
cumscribed by drawing tangents at the vertices of the inscribed tri- 
angle. The angles of the inscribed triangle are 40°, 60°, and 80°, 
Find all the other angles of the figure. 

8. The vertex angle of an inscribed isosceles triangle is 100°. 
How many degrees iu the arcs subtended by each of the sides? 

9. The bases of an inscribed isosceles trapezoid subtend arcs of 
100° and 120°. How many degrees iu each angle of the trapezoid 
(a) if the bases are on the same side of the center? (b) if they are 
on opposite sides of the center ? 

10. At the vertices of an inscribed quadrilateral tangents are 
drawn to the circle, forming a circumscribed quadrilateral. The arcs 
subtended by the sides of the inscribed quadrilateral are in the ratio 
8:4:5:8. Find 

(a) the angles of each quadrilateral ; 

(b) the angles between the diagonals of the inscribed quadri- 

(c) the angles between the opposite sides of the inscribed quad- 
rilateral produced to intersect ; 

(d) the angles between the sides of the inscribed and those of 
the circumscribed quadrilateral. 

DiqilizDdbyGoOgle 
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11. A regular hexagon i« 
are drawn. How many deg 



of ttie 



ibed in a circle and. all its diagonals 
D each angle of the figure? 

12. The angle formed by two tangents drawn to the same circle 
is 100°. How many degrees in the two arcs subtended by the chord 
of contact ? 

13. If the angle between two tangents to the sarae circle is 60°, 
what kind of triangle is formed when the chord of contact ia drawnV 

14. Given two tangents to a circle ; the major arc contains 200°. 
How many degrees in the angle formed by the tangents? 

15. The sides of an inscribed pentagon subtend arcs each of 
which is 10° greater than the preceding one. Draw the diagonals 
of the pentagon and determine each angle of the figure. 

16. In the preceding exercise draw tangents at the vertici 
inscribed jientagon and determine each of the interior angh 
resulting circumscribed pentagon. 

17. The diagram shows how the latitude of 
a place may be determined by observation of 
the pole star. Let EE' represent the equator, 
AA' the axis of the earth, P the place whose 
latitude is to be found, PF a plane tangent to 
the earth at P (the horizon), and PS the line 
of observation of the pole star. Then Za' rep- 
resents the latitude, and Z a is called the alti- 
tude of the pole star. For practical purposes we 
may assume that A A' II PS. 

Prove that Za' = Z a. 

18. An inscribed angle is formed by the aide of a regular inscribed 
hesagon and the side of a regular inscribed decagon. How many 
degrees in the angle? (Give two solutions.) 

19. Solve Ex. 18 if the inscribed angle is formed by sides of the 
followii^ regular jiolygons : 

(a) triaogle and square ; 

(b) pentagon and octagon ; 

(c) hexagon and octagon ; 

(d) pent^^on and dodecagon. 
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LOCI 

294. The definition of a circle may be used to introduce a. 
very important geometric idea. All points In 3. plane which are 
two inches fi-om a given point O lie in a circle 
whose center is the given point aiid whose 
I'adius is two inches long. 

Conversely, every point in this circle is two 
inches from 0. 

These two statements are sometimes re- 
placed by the one statement that the circle about is the locus 
(that is, place) of the points two inches from 0. In general, 

The locus of a point eatisfyintr a given condition is the figure 
containing all the points that fulfill the given condition (or 
answer the given description), and no other points. 

Hence the following 

295. Rule for solvii^ Locus Problems : 

1. Locate a number of points which satisfy the given con- 
dition, and thus obtain a notion of what the locus is. 

2. Prove that every point satisfying the given condition lies 
in the assumed locus. 

3. Prove 'that every point of the assumed locus satisfies the 
given condition. 

In the following simple exercises, however, the answers may 
be stated without proof. 



1. Where are »)I the houses that are 1 [iii. from your school 
building? 

2. Where are all the villages that are 10 mi. from your own town? 

3. Sound travels about 1100 ft. per second. If a cannon is fired 
from a certain point, what is the locus of all persons who hear the 
report aft«r 3 sec? 

4. A ladder leans against a wall. A man stands on the middle 
rung. It the ladder slips down, what is the locus of the man's feet? 

I ,. ;) , Cookie 
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e suggested to you by the opening of a 
w? a pendulum? the governor of an 



5. What locus problen 
book OT a door ? bj a i 
engine? a dock? 

Theorem I. The locus of a point ^ at a given distance l(i 
from a given point P is a circle having P as its center and d 
as its radius. 



1. What is the locus of a house 100 ft. from a straight road ? 

2. On a city map what is the locus of a house 200 ft. from the 
" mile circle " ? 

3. Where are all the points that are 2 in. from the surface of the 
table? 

4. What is the locus of the foot of a tree which is 10 ft. from the 
wall of a round tower? 

5. What is the locus of a point 1 in. from the surface of a 
spherical shell? 

Theorem II, The locus of a point X at a given distance d from 
a given line I consists of two lines 
parallel to I, one on each side of 
I, and d units from it (§ 237). 

Theorem m. The locus of a 
point .Y at a given distance d from 
a given circle whose radius is R 
consists of two circles concentric 
with the given circle and with 
radii R + d and R — d respectively (5 269). 




1. A motor boat sails up a straight canal midway between the 
banks. What is the locus of the boat? 

2. The hands of a clock describe concentric circles. What is the 
locus of a point equidistant from these circles? 

3. What is the locus of a point equidistant from two opposite 
walls of a rectan^lar room? 
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Tbeorem IT. The locus of a point equidistant from twop^allel 
lines is a parallel line midway be- 
tween the two parallels (§ 237). 

Tbeorem T. The locus of a point 
equidistant from two concentric cir- 
cles is a concentric circle midway 
between those two circles (§ 269). 

What is the raiiius of the locus if tlie 
radii of th« given circles are r, and r, ? 




L. The poles of a telephone line are Ui be each equidiatant from 
two houses. Whatia the locus of these poles? 

2. What is the answer in Ek. 1, it the poles of the telephone Hue 
are to be equidistant from two intersecting straight roads? 

Theorem VI. The locus of a point equidistant from two 
given points is the perpendicular bisector of the line joining 
the two points (§ 239). 

Theorem TU. The locus of a point equidistant from two in- 
tersecting straight lines consists of the pair of straight lines 
that bisect the angles formed by the two given lines (§ 240). 



1. In front of a rectangular house, trees are planted in such a man- 
ner that the lines joining the foot of each tree to the two nearest 
comers ofthe house inclose a right angle. Where are the trees situated? 

2. How would the trees be located, if the lines joining the foot of 
each tree to the two nearest comers of the house inclosed an angle of 40"? 

3. Given two fixed points A and B. Through A a line is drawn 
perpendicular to a line passing through B. Call their [mint of inter- 
section C What is the locus of C? 

4. State the locus theorems underlying Exs. 1-3 (§ 293). 

296. Intersection of loci. A point sometimes fulfills more than 
one condition. The solution then consists in finding the points 
1 to two or more loci. 
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EXAHPLE 

Find a point X, a inches from a given point .1 and 6 inches 
from a given line I. 

The solution is readily obtained by applying the Theorems 
I and II on jage 172. The points of 
intersection of the line /, and the circle --— 
in the figure evidently satisfy both con- / o 
ditions. I 



DiMUflBlon. What is the result (1) if Z, '\ 
touches the t;ircle ? (2) if the circle cuts 
/, and l^ ? (3) if A is on ^ ? 

In what way do the relative values of a and !> affect the result ? 



1. Construct a point 2 in. from a given point and 3 in. from a 
given line. When is the solution impossible? 

2. Find a jKilnt P which lies in a given line and is equidistant 
from two given points. Discuss the problem, 

3. Construct a point equidistant from two intersecting lines and 
also at a given distance from one of the lines. 

4. Construct a point equidistont from the sides of an angle and 
at a given distance from the vertex. 

5. A tree is to be jilanted 10 ft. from the front wall and 1-5 ft. from 
a corner of a rectangular house. How many solutions are iiossible? 

6- Find in a given circle a point which is equidistant from two 
given points. 

7. Construct a point equidistant from two given concentric circles 
and also ei)uidistant from two given lines. 

8. Find the locus of the center of a circle which (a) passes through 
two given points; (b) touches each of two given parallels; (c) touches 
a given line AB at a given i>oint P. 

9. Construct a circle which has its center in a given line and 
passes through two given points. 

10. Construct a circle which passes through two given jmints and 
has its center equidistant from two given intersecting lines. 
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11. Construct a [loiDt which is at a given distance from a given 
circle and at a given distance from a secant of that circle. 

12. Construct a point which is erjuidistant from two given parallel 
lines and from a transversal to those lines. 

13. Cunstmct a circle which is tangent to agiven line at a given ]x>int 
and has its center on a given line. 

14. In the digram let^BCZ)rep- 7^ 
resentabaseball diamond (square); LJ 
Jf,astreet; //,ahouse; £,acorner 
of the house ; S and T, two trees ; © 
F,afence; P.acircularpond. How 
would you locate a i>eraon who is 

(a) equidistant from S and T and 5 yd. from CD^ (b) 10 yd. from 
R and 3 yd. from £V (c) 3 ft. from P and 30 yd. from O't (d) equi- 
distant from R and /-'? (e) equidistant from .IR and CD, and from 
S and Ti (f) 20 yd. from AB and 5 ft. from F't 

inSCELLANEOUS EXERCISES ON LOCI 

1. What is the locus of the vertex of a triangle that has a given 
base and a given altitude 1 

2. What is the locus of the vertex of the right angle of a right 
triangle which has a given hypotenuse? 

3. Find the locus of the vertex of a triangle which has a given 
base and a given vertex angle. 

4. What is the locus of the center of a circle which is inscribed 
in a triangle with a given base and a given vertex angle? 

5. What is the locus of the mid-point of a line which is drawn 
from a given point to a given line? 

6. What is the locus of the mid-point of a chord of given length 
in a circle of given radius? 

7. What is the locus of the mid-[x>ints of all chords drawn from 
a given point in a given circle ? 

8. What is the locus of the point of intersection of the diagonals 
of a rhombus constructed on a given line as a base? 

9. What is the locus of a point equidistant from two given equal 
circles Y 
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10. A square (equilateral triangle, regular heiagon) is moved 
along a straight line by revolving it successively about its vertices. 
What is the locus of one vertex of the square (triangle, hexagon) 
from one point of contact with the line to its next successive point 
of contact 7 

11. Two stations, A and B, on the shore 
of a lake are 900 yds. apart. A ship C is 
observed simultaneously from both stations, 
and the angles CAB and CBA are measured 

by the observers at each station. In order to determine the path of 
the ship, additional measurements are made from time to time aud 
are telephoned from one station to the other. Determine the path 
of the ship if the measurements are as follows : 

ZfAl! LVBA ZCAB /.CBA 

(1) 50° 40= (2) 71" eS" 

55° 35" 80= eO" 

59" 31" 90° 50" 

70" 20° 100° 40" 

12. How may the accuracy of a drawing of a circle be tested with 
a carpenter's square 'I 

13. What locus problem is sugj 
by a " saw-toothed " roof ? 

14. Three fortified islands, yl,B, C.are so far from land that their 
guns do not carry to shore. A hostile cruiser is reconnoitering in 
the vicinity of the islands and the captain wishes to sail around them 
by the shortest possible route, but always out of range of the guns. 
Construct the course of the cruiser, using arbitrary values for the 
ranges of the guns on the islands. 

15. A ship, S, approaching land is in 
the vicinity of three prominent land- 
marks, ..1, B, C. The captain wishes to 
determine how far he is from the shore. 
He finds that the distance AB subtends 
at S an angle of 60°, while BCsiibtends 
an angle of 95". From the map the captain finds that AB = 16 rai., 
and BC = 12 mi. Explain how the length of SB can be found by 
construction and measurement. (The "three-point problem.") 




i.vCoogIc 



COORDINATES. SQUARED PAPER 

297. Draw ABA. to CD. From the intersection point lay 
off equal segments on the four rays OA, OB, OC, OD. Through 
the points of division draw perpendiculars to the lines. A net- 
work of squares will be formed. Paper showing such an arrange- 
ment of squares is called sqnated paper. " Inch paper " is iniled 
into square inches and teuths of an inch ; " millimeter paper " 
is ruled into square millimeters and square centimeters. 

The point Pi 
in the figure 
is represented 
numerically by 
the expression 
(15, 10); this 
means that to 
reach the point 
Pj from O, the 
pencil's point 
should travel 15 
units to the right 
along OB, and 
10 units upward 

along a line parallel to OC. This process of locating a point by 
means of two numbers is called plotting the point. The point Ois 
called the origin. ThelinesvlBand CDarecalledaxes. The two 
numbers are called the coordinates of the point. The distance 
from on AH is called the abscissa, and the distance from the 
line AB is called the ordinate of the point. Distances measui'ed 
to the right from on OB are considered as positive (-I-) num- 
bers, and distances to the left from O on OA are considered as 
negative {— ) numbers. Distances vertically upward from ^B are 
considered as positive, while distances vertically downward from 
AB are considered negative. Hence the co6rdinates of P^ are 
(-15, 10); those of P^ are (-15, - 10) ; those of P,are (16, -10). 
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1. Locate od a piece of squared iia|ier four points, and name their 
codrdiuate;; with reference U> two convenient axes. 

2. Locate the poinU (5, 8), (- 4, 7), (- 8, - 6), (7, - 5). 

3. Plot the following points and connect them bo as to form 
a pattern : (0, 0), (0, 2), (0, 5), (0, 7) ; ("2, 0), (2, 2), (2, 5), (2, 7) ; 
(5. 0), (5, 2), (5, 5), (5, 7) ; (7, 0), (7, 2), (7, 5), (7, 7). 

4. Plot the points (4. - 5), (- 4. - 5), (0, 8). What kind of geo- 
metrical figure is determined by these points? 

5. What figure is determined liy the i>oints (10,7), (6,-3), 
(-6,-3), (-2,-)? 

6. A rectangle drawn on squared paper is aymmetrical with respect 
to both axes. One vertex is (12, 3). What are the other vertices? 

7. Determine, by drawing, the coordinates of the |>oints which are 
5 units from the horizontal axis, and at a distance from the origin 
equal to 13 units. 

8r Ascertain, by drawing, the coordinates of the points which are 
equidistant from the two axes, and at a distance from the origin equal 
to 10 units. 

298. The method of coordinates may be conveniently used to 
determine the locus of a point when the prescribed condition in- 
volves the distances of the point from two perpendicular lines. 

EXAMPLES 

1. The distances x and y of a point from two given perpen- 
dicular lines satisfy the equation 
(1) y = 2^ -I- 1. 

Petermine the locus of the point. 

Solution. We interpret a: and y as coordinates with respect 
to the given lines as axes. To locate a number of points which 
satisfy the given condition (1), assume values for x and com- 
pute from (1) the corresponding values of y. For example, 
taking t = 2, then jj = 2x2 + 1 = 5. Hence the point (2, 5) 
is on the locus. In this way we compute the coordinates of any 



COORDINATES 



desired number of points lying on tlie locus. The results may 
be conveniently avi-anged in the following table i 



When X = 


-3 


-2 


-1 





1 


2 


3 


etc. 


theii V - 


-5 


-3 


-1 


1 


3 


6 


7 


etc. 



Now plot the successive 
points (- 3, - 5), {- 2, - 3), 
(- 1, - 1), et«., of this table. 
All of these points lie on 
the locus, since they satisfy 
the prescribed condition. 
They appear to lie on a 
straight line. Draw this 
line LM. To prove that 
this line is the locus, that 
is, to verify 2 and 3, § 295, 
would involve methods 
which the student wou!^ 
not now understand. It 
must suffice here tostate the 
fact that the straight line 
LM is the required locus. 

In algebra the straiglit 
line LM is called the " graph " of the equation (1). 

Observe that (1) is an equation of the first degree in x and y. 
It may be sliown that the locus is always a straight tine if the 
coordinates satisfy an equation of the first degree. 

2. The sum of the distances of a point from two perpendic- 
ular lines equals 6. What is the locus ? 

Solution. Taking the perpendicular lines as axes and the dis- 
tances as coSrdinates, the given condition may be written 
(2) ai + J = 6. 

The locus is now determined as in Ex. 1, and is a straight line. 
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1. The disttincea x and j of a point from two perpendicular lines 
satisfy one of the following equations. Determine the locus in each 

(a) y = 3 J - 1. (c) 3 T + y = 5. (e) 4 ar + 3 j = 12. 

(b)j: = 2j-6. (d) i-2s = 5. (f) 23:-3s = 6. 

2. The difference of the distances of a point from two perpendic- 
ular lines equals 4. What is the locus V 

3. What is the locus of a point whose abscissa is 6 units greater 
than the ordinate? 

4. The distance of a point from one of two perpendicular lines 
equals twice its distance from the other. Draw the locus. 

5. If the coordinates of a point satisfy an equation which is not 
of the first degree, the locus will usually be a curved line. This is 
the case in the following examples. Draw the locus in each case : 

(ji.)2y = x\ (b)a;j = 3. (c)>/' = 4i. 

6. If p is the perimeter and » a side of any square, then p = ^s. 
Draw the graph of this equation, plotting values of i as abscissas 
and the corresponding values of p as ordinates. 

7. The perimeter of an isosceles triangle is 12. If x is the base 
and y one of the legs, write the equation satisfied by x and y and 
draw a graph of it. 

8. The graphic method may be used to illustrate geometric rela- 
tions even when the equation showing the relation is not given. For 
example, draw a circle of radius 2 in. By means of the protractor 
mark off on this circle from some point A arcs of 10° 20°, 30°, 40°, 
etc., to 180°. Draw from A the chords of these arcs. Using the num- 
ber of degrees in the arcs aa abscissas, and the measured lengths of 
corresponding chords as ordinates, plot the points thus determined. 
Is the graph a straight or a curved line? Continue the graph by 
increasing the number of the arcs at intervals of 10° up to 360°. 
What change is there in the corresponding chords? 

9. Plot a graph showing the relation between the altitude of an equi- 
lateral triangle and a side. Use the bases of a series of equilateral 
triangles as abscissas, and the corresponding altitudes as ordinates. 
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CONSTRUCTION OF GEOMETRIC FIGURES 

299. The theorems of Rook II and the principles of loci 
afford additional methods of construction of geometric 
figures. 

300. Determining Parts of a Figure. A man who wishes to 
build a house consults an architect with regard to plans. It is 
not necessary for the builder to give the architect all the 
dimensions of all i>arts of the house. Certain measurements 
furnished by the builder enable the architect to complete the 
plans for a building answering all requirements. 

In like manner it appears that only a certain number of 
parts of a geometric figure are necessary to determine the 
figure. These are known aa deteTmining parts. 



301. The six prlndpal parte of a triangle are the three sides 
and the three angles. 

o determine a triangle ? Is 



302. In any triangle there ai'e, in addition to the principal 
parts above named, other lines and angles which may serve to 
determine the figure, such aa the medians, the altitudes, the 
bisectors of the interior angles, the angles between these lines, 
and the radii of the circumscribed and inscribed circles. These 
lines and angles are called secondary parts. 

In tlie triangle ABC (p. 182) let a, h, and c represent the sides oppo- 
site the angles A, B, and G respectively. 

Let ma, m«, and mc represent the medians on a, b, and c respectivelj. 

Let ha, Aft, and hf represent the altitndea on a, b, and c respectively. 

Let (a, t», and tc represent the bisectors of the angles opposite a, b, 
and c respectively. 

Let R and r represent the radii of the circumscribed and inscribed 
circles respectively. 
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It will appear that, in general, three parts are necessary and BufBoient 
to determine a triangle, provided one of these parts is a line. But the 
choice of parts and of values of these parts is limited to some extent bj 
their relation to one another. 




303. Relation of Parts. These relations make necessary a 
discussion of the limits within which a solution of a given 
problem is possible. 

Try to construct a triangle whose sides are 5,8, and 14 units respectively. 
Wlij Is this construction Impossible ? 

Try to construct a triangle two of whose angles are 80° and 110°, 
Why is this construction impossihie ? 

How does the altitude on one side of a triangle compare in length with 
each of the other two sides ? with the corresponding median ? with the 
bisector of the corresponding interior angle ? 

304. Method of Solution. When an architect has had sub- 
mitted to him certain requirements for a building, his practice 
generally is, first to fonn a mental image of the structure as it 
would appear if completed ; then to make a rough sketch era- 
bodying hia idea; then to indicate on this sketch the given 
parts; then to ascertain what other parts are determined by 
what is given him ; and finally to make an accurate drawing 
with the aid of the information he has thus obtained. 

305. A somewhat similar coui-se of pi-ocedure is indicated 
by the rule on the opposite page. 
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Rule fob the Solution op Construction Problems 

1. Imagine the construction completed, and make a. rough 
sketch of the figure. 

2. Indicate on this sketch the given parts. 

3. Ascertain what other parts are determined by means of 
the given parts. 

4. If necessary, add such construction lines to the rough sketch 
as will make some part of the figure fully determined. 

6. Begin the actual construction of the figure with that part 
of it, usually a triangle, which is fully determined. 

6. Complete the figure in oceordaTice with the general prin- 
ciples of construction lines (S§ 145 scf/.'). 

7. Prove that the construction satisfies the given conditions, 
or else show that such proof is unneoessary. 

8. Diset€SS the limit* within which the solution is possible, 
and the number of possible solutions when there is more than 
one, as sometimes happens. 

306. Deteniiliuition of Triangles. It follows from the laws ol 
congruence of triangles that a triangle is uniquely determined 
(only one solution) when 

(a) one side and the two adjoining angles are given ; 

(b) two sides and the included angle are given ; 

(c) three aides are given ; 

(d) the triangle is a right triangle, and the hypotenuse and 

a leg are given ; 

(e) the triangle is a right triangle, and the hypotenuse and 

an a«ute angle ai'e given. 

Discuas the limits within which each of these construcUona is possible, 
stating in each case the theorem which defines those limits. Note (§ 182} 
that two angles of a triangle determine the third. Does this fact make 
possible an extension of the foregoing list of conditions under which 
a triangle Is determined ? a right triangle ? 

How many principal parts, and what parts, determine an isosceles 
triangle ? an equilateral triangle ? 
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EXAMPLES 

1. Construct the AjIBC, having given b, ftj, and m*. 

Analysis. Im&gine tlie construction completed, as shown in the figure. 
Then rt. A DBE la uniquely determined. , 

(Why?) Also AE and EC are datenniued. 

(Why ?) HenceAjlitC is uniquely determined. At 

ConatnictlOD. Construct a rt.ADBE.uHing mt 

mt as the hypotenuse, and A« as a leg (§ 163). 
Produce DE indefinitely in both directions. 
From B lay off on DE produced EA and EC, 
each equal to one half of b. Draw A B and 
BC. Proof is unneceasary. 

Diacussion. The construction is pOEsible 
only when tnt,>ht- Otherwise the values of 
the parts are not limited. ^ 

The principles of loci also are of assistance in determining 
parts of a figure, when it can be shown that one or more points 
of the figure are each the intersection of two loci resulting 
from the conditions of the problem. , 

2, Construct A.^BC, given i^B, 6, and m^. / 
Analysis. Imaginethefigurecompleted. There / ^ 

are not sufficient parts fully to determine any one / 6 

of the triangles of the figure. But it is apparent 
that the point B is at the distance mt, from Z), the 
mid-point of AC, and also that it is the vertex 
of an angle equal to the given ZB, the sides of 
which pass through A and C. 

Hence one locus of tlie point H is a circle about ' 
D as a center, with a radius equal to m^ ; and the 
other iocUB of the point B is an arc upon AC aj 
chord, containing ZBasaninscrilied angle (§291 
and B is detei'mlned as either of the two points 
of intersection of the two loci. 

Constmction. LayoffJC = 6. AtCconstructZ^C£: = .^fl. AtCdraw 
CFXtoCE. Bisect^CinD. AtD(.rawi)G±to^C.inter8eetingCFinO. 
About O as a center, with a radius equal to DC, describe a circle. Atwut 
JD as a center, with a radius equal to in*, describe another circle cutting 
the first circle in B. Draw B^ and BC. A.^Bt7 is the triangle required. 
(Proof to be completed.) 

Discnssion. How many solutions are poaaible ? (Why ?) When is the 
solution impoEslbla? 




by Google 



CONSTRUCTIONS 



1. Construct a triangle, having given two sides and the angle 
opposite one of them (a, b, ZA). 

SolutioD. Draw a line ^4 C equal to fr. At A construct ZC^S equal 
to the given jCA. About C as a center, and with a radius equal to 
the line o, describe an arc intersecting AE in B, 

MsciuaioD. If jCA is a right angle, how must a compare in length 
with b1 (Why?) 

If ZA is an obtuse angle, how must a compare in length with 6? 

(Whr?) 

Jf jCA is an acut« angle, has the side » any lower limit of length ? 
Under what conditjona are there two solutions of the problem ? 

Construct an equilateral triangle, having given : 

2. The altitude. 

3. The sum of the altitude and one side. (Construct in tJie 
figure for analysis a line representing the given sum.) 

4. The radius of the circumscribed circle. 
6. The radius of the inscribed circle. 

Construct a right triai^le, having given: 

6. A leg and the opposite acute angle. 

7. A leg and the altitude on the hypotenuse. 

8. A leg and the median on the Other leg. 

9. An acute angle and the altitude on the hypotenuse. 

10. A leg and the bisector of the right angle. (How many degrees 
in the angle formed by the two given lines?) 

11. The hypotenuse and the sum of the legs, 

12. The hypotenuse and the difference of the legs. 

13. An acute angle and the sum of the legs. 

14. One leg and the radius of the inscribed circle. 

15. The hypotenuse and the radius of the inscribed circle. 

16. The radii of the inscribed and circumscribed circles. 
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CouBtruct an iBOBceles triangle, having given : 

17. The base and the altitude. 

18. The base and the vertex angle. 

19. The base and the altitude on one of the legs. 

20. The vertex angle and the altitude upon the base. 

21. A base angle and the sum of the base and one leg. 



tnict A ^BC 


(a, b, c), having given ; 






.hlh,- 


28. «, ft„, K. 


34. 


a, mj. Z C. 


,6,-".- 


29. a, S„, ZB. 


35. 


a + b,c,ZB. 


. b, *„. 


30. n, ft„, ZA. 


36. 


a + b + c,ZA,ZC. 


, ".., A„. 


31. b„,ZB,ZC. 


37. 


a + b,c, A„. 


,h,,ZA. 


32. h^,h,.ZC. 


38. 


a, ifij, m^. 


, m„, Z C. 


33. <-. »<», <■- 


39. 


m„, mj, m,. 



40. Mention three groups of three parts each which do not afford 
a solution of the triangle, and give reasons why thej do not. 

Quadrilaterals 

(Among the "secondary parts " of a quadrilateral are the diagonals ; 
of a parallelogram, the diagonals and the altitudes; of a trapezoid, 
the altitude and the mid-line.) 

41. How many parts are necessary to determine a square? What 
parts? 

42. How many parts are necessary to determine a rhombus? 
What parts? 

43. How many parts are necessary to determine a rectai^le? a 
parallelogram? a trapezoid? a quadrilateral in general? 

44. Construct a square, having given the sum of the diagonal and 

Construct a rhombus, having given : 

45. The dii^onats. 

46. One angle and one of the diagonals. 
47- The base and the altitude. 
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Construct a rectangle, havii^ given : 

48. One side and a, di^onal. 

49. The perimeter and a diagonal. 

60. One side and the corresponding angle iietween the diagonals. 
Construct a trapezoid, having given : 

51. The four sides. 

52. The bases and the diagonals. 
03. The bases and the base angles. 
Construct a parallelogram, having given: 

54. Two aides and the altitude on one of thera. 

55. Two di^ouals and one side. 

56. Two diagonals and the included angle. 
Construct an isosceles trapezoid, having given : 

57. The bases and one diagonal. 

58. The bases and the altitude. 

59. The bases and one base angle. 
Construct a trapezium, having given : 

60. Three sides and the two included angles. 

61. The segments o£ the diagonals made by their point of inter- 
section, and the angle between the diagonals. 

Construct a circle, having given : 

62. That it has a radius r and is tangent to two intersecting lines. 

63. That it has a radius r and is tangent to a given line and also 
to a given circle. 

64. That it touches two given parallel lines and passes through 
a given point. 

65. That it touches a given line at a given point, and passes 
through a given point without that line. 

66. That it has a radius r, passes through a given point, and 
touches a given circle. 

67. Construct the bisector ot the angle which two lines would form 
if produced, without actually producing them to their intersection. 

66. In a given triangle, to join two sides by a line of a given 
length, which shall be parallel to the base. 
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REVIEW EXERCISES 

1, If two intersecting chords make equal angles with the diameter 
drawn through their point of intersection, the chords are equal. 

(Let fall Ji upon the chords from the center.) 

2- The mid-line of a trapezoid circumscribed about & circle is 
equal to one fourth the perimeter of the trapezoid. 

3. If from an; point on a circle a chord and a tangent are 
drawn, the perpendiculars let fall upon them from the mid-point of 
the intercepted are are equal, 

, (Join the mid-point of the arc to the given point on the circle.) 

4. Two circles cut each other in two points 
M and N. Through M the line PQ ia drawn 
meeting the circles in P and Q. Prove that the 
Z.PNQ. is constant for all positions of PQ, so 
long as it passes through M. 

5. Two circles touch each other in P. 
Through this point of tangency two lines are 
drawn, one meeting the circles in M and N, 
the other in Q and R, respectively. Prove that 
MQ II NR. 

6. Two circles touch each other in P. AB 
is a line through P meeting the circles in A 
and B. Prove that the tangents at A and B are 
parallel. 

7. Two circles touch each other internally at 7'. 
MN is a chord of the larger, tai^eut to the smaller 
at C. Prove ZiWPC = /^CPiV. 

8. If through the points of intersection of two 
circles parallels are drawn terminating in the circles, 
these parallels are equal. 

9. If two circles are tangent te each other externally, (a) the 
common internal tangent bisects the common external tangent; 
(b) the tangents to the circles from any point of the c 
internal tangent are equal. 

State (b) as a locus problem. 
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10. When two circles are tangent, internally or externally, the 
point of t&ngency may be regarded as a tranaition point from one 

© CX) 

circle to the other. Arcs of the two circles which meet at the point 
of tangency then seem 



I form one continuous 
curve. This principle is 
applied in the construc- 
tion of moldings, spi- 
rals, and other decorative 
forms, and in laying 
out curves in railroad 
building. 

Copy each of the sim- 
ple moldings in Fig. 1. In 
(j) the radius of the up- 
per quadrant is one third the 
heightof themoldiug. In(jt) 
and (l) the area are each 60°. 

11. Copy on a larger scale 
each of the com[>oaite mold- 
ings in Fig. 2, and explain 
the construction. 

12. Draw a figure illus- 
trating the principle of tan- 
gency of circles as shown in 
the cross section of a ball- 
bearing wheel and axle. 
What advantage has this 
bearing over the ordinary 
bearing? 



C3 
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13. A form which appears frequent); in architectural design is 
the equilateral Gothic arch, which is formed by using two aides of 
the equilateral triangle aa chorda and the third side 

as a radius, and drawing two arcs, as shown ii 
figure. 

It is required to inscribe a circle in auch an 
Describe a method of construction based on 
lowing analysis : 

If is the center of the required circle, 
then FB passes through 0, and OC = OF. 
(Why?) Whence A OCB = A Oi^E (a. a. a.) 
and EF^ CB. Whence also A BEC = A BEF 
(rt. A h. 1.). Hence CE = BF = AB. 

14. In window designing, aeveral equi- 
lateral Gothic archea are often combined 
with one or more circles. A simple combina' 
tion of this kind is shown in the adjoiniug 
figure. Copy this figure and explain ita mode 
of construction. 

(The radius to the point of common tan- 
gency L passes through H, the center of the 
circle, and through M, the point of common 
tangency of the circle and one of the smaller 
arcs. It follows that A H equals three fourths 
oiAB. Why?) 

10. An opaque body intercepts the rays of light which shine 
npon it, leaving a dark space behind. This space is called the 
shadow. The shadow will appear dark in cross section o 
if the screen is placed beyond the 
opaque body opposite to the source 
of light 

When the source of light is a very 
small body, as, for example, the lumi- 
nous point of the carbon of an electric arc light, it may be regarded 
as a geometrical point. In that case the edge of the shadow as shown 
on the screen is clear and distinct. Suppose that the opaque body is 
a sphere. Imagine a plane passed through the source of light and 
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the center of tbe sphere. The bonndarj of the shadow in this plane 
is then determined by two lines of indeftnite length drawn from the 
source of light, tangent to the circle. 

If the source of light is comparatively large, the shadow will be 
made up of two portions : the vmbra, that is, the portion of spade from 
which alt light from the source is ex- 
cluded; and the penumbra, which is 
the portion of space from which part 
of the light is excluded. Eiplain 
bow the boundaries of the umbra 
and penumbra may he determined. 

(a) How are the umbra and penumbra affected by a change in 
the distance apart of the luminous and opaque bodies? 

(b) If a croquet ball is held in the path of the sun's rays, is there 
any penumbra ? Explain. 

(c) What may be said of the umbra if the luminous sphere and 
the opaque sphere are of the same size ? 

(d) What is the shape of the umbra if the luminous sphere is 
larger than the opaque sphere, as in the case of the sun and the earth 7 

(e) When the moon passes through 
the earth's shadow a " lunar eclipse " 
occurs. The eclipse is " total " or 
"partial" accordiug as the moon is 
entirely or partly in the umbra (see 
the above figure). A solar eclipse arises if the n\ 
across the surface of the earth. Sometimes the earth does not enter 
the moon's umbra at all on such an occasion. Discuss the relative 
positions of the bud, the moon, and the earth in that case. 

16. If two circles intersect and a line is drawn through each point 
of intersection terminated by the circumferences, the chords joining 
the ends of these lines are parallel. 

17. Prepare a summary of the properties of two circles in each of 
the six possible positions. 

18. What methods are furnished by the propositions of Book II for 
proving the equality of line-segments? of angles? of arcs? of chords? 

19. Prepare a complete list of all applied problems given in 
Book 11, and also a list of the principles of loci. 



*s shadow passes 
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LOCUS PROBLEMS 

1. In the rectangle ABCD the side AB is twice aa long as the 
side BC. A point E ia taken on the side AB, and a circle is drawn 
through the points C, D, and E. Construct the path of the center 
of the circle as E moves from ^ to B. 

2. Given a square with each side 3 in. long. Construct the locus 
of a point P such that the distance from P to the nearest point of 
the square is 1 in. 

3. A straight line 3 in. long moves with its extremities on the 
perimeter of a square whose sides are 4 in. long. Construct the locus 
of the middle point of the moving line. 

4. A circular basin 16 in. In diameter is full of water, and upon 
the surface there floats a thin straight stick 1 ft. long. Shade that 
region of the surface which is inaccessible to the middle point of the 
stick and describe accurately its boundary. 

5. The image of a point in a mirror is apparently as far behind 
the mirror as the point itself is in front. If a mirror revokes about 
a vertical axis, what will be the locus of the apparent image of a 
fixed point 1 ft. from the axis? 

6. Upon a given base is constructed a triangle, one of whose 
base angles is double the other. The bisector of the lai^er base 
angle meets the opposite side at the point P. Find the locus of P. 

7. Find the locus of the middle points of straight lines drawn 
between two parallel lines. 

8. Find the locus of the extremity of a tangent of given length 
drawn to a given circle. 

9. Find the locus of the center of a circle which has a given 
radius and is tangent to a given circle. 

10. Find the locus of the points of contact of tangents drawn 
from a given point to a given set of concentric circles. 

11. Find the locus of the centers of circles which touch two given 
concentric circles. 

12. An angle of 60° moves so that both of its sides touch a fixed 
circle of radius 5 tt. What is the locus of the verfes? 

13. If through a fixed point within a circle a chord is drawn, find 
the locus of the middle point of that chord. 
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PRELIMIBARY DEFINITIONS AND EXEBCISES 

307. Two geometric ma^itudes are said to be equal if they 
are of the same size. 



^=[>^ 



Thus, the eipression F = F' signifies that the quadrilateral Fand 
the triangle F' occupy equal portions of the plane. 

308. It follows at once that congruent figures are also equal. 
Also, if two figures are composed of parts that ai'e respectively 
congruent, they are evidently equal, though not themselves 
necessarily congruent. 



^^ 



For example, two congruent triangles may be placed so as to form 
either a parallelogram or a kite. The two resulting figures are equal, 
but not coDgruent. 

309. To transform a figure means to construct another figure 
of different form, equal to it.- 

Thus, we shall learn how to transform any polygon into a tri- 
angle, any triangle into a square, etc. The kite in the above figure 
is a transformation of the parallelogram. 

310. To find the size of any plane figure, it is necessary to 
select some unit of surface, and to ascertain the number of times 
this unit is contained in the given figure. A. square, constructed 
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on a side of convenient length, is the most satisfactory unit 
for practical purposes. The standard square units are the 
square centimeter (sq. cm.), the square meter (sq, m.), the 
square inch (sq. in.), the. squai-e foot (sq. ft), and other 
squares, each of whose sides is a standard linear unit. 

311. The area of a figure is the number showing how many 
square units of a given kind it contains. 

312. The axioms of equality and inequality (§§ 132, 222) 
apply to areas as well as to line-segments and angles. 



1. Fold a rectangular sheet of paper ABCD into two equal parts, 
by placing BC on AD, etc. By repeating 

this process, divide the given rectangle into j), 

small rectangles. 

2. Repeat Es. 1, using a square piece of 1 _ 
paper instead of the rectangle. What form ^^H _ 
will each of the small rectangles take ? 

3. If in Ex. 1 the small rectangle were taken as 
the unit of area, what would be the area of the large 
rectangle 1 

4. In the second figure the area of the square is 
said to be 16 square ".nits. What does that mean? 

5. Draw a rectangle whose sides are 7 cm. and 5 cm. Divide it 
into squares. Show that it contains 35 sq. cm. 

313. Summary. From the foregoing exercises we conclude : 

1. The area of a rectangle whose sides contain a units and 
b units of the same kind respectively is a x b square units. 

2. The area of a square whose side contains a units is a^ 
square units. 

Note. The base and the altitude of a rectangle are often called ita 
dlmssBiona. In propositions relating to areas the words reiAangie, tri- 
angle, etc., are often used for area of rectangle, area ctf triangle, etc. 
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1. In each of the following exercises plot the points (see § 297), 
join them by straight lines in the order given, and determine the 
number of square units in the figure formed : 

(•) (4, 2), (-4, 2), (-4, -5), (4, -5). 
(b) (8,2), (-1,2), (- 1,-5). (8, -5). 
(0) (0,6), (4, 6). (4, -3). (0,-8). 
(d) (-2,8), (-2,8), (-6,9), (-8, 8). 

2. If a and b represent the number of units in the 
legs of a right triangle .;4£C, show that the triangle 
contains — - — square units. 

3. The annexed diagrams illustrate 
how the area of an irregular plotted figure 
maj be found. When one side of the 
figure coincides with a line of the squared 
paper, the figure may easily be divided 
into rectangles and right triangles. 

When that is not the case, lines may 
be drawn through the vertices of the 
figure, parallel to the ruled lines, thus 
forming a, circumscribed rectangle. By 
subtracting from that rectangle certain 
triangles, the required area is obtained. 

In each of the following exercises plot the points as in Ex. 1, and 
find the areas of the plotted figures by the method just outlined : 

(.) (1. 1). (10, 1), (7, 7), (8, 5). 

(b) (4.2). (2.4), (-2.4). (-4,2). (-4.-2). 
(-2.-4). (2,-4), (4,-2). 

(o) (0,6), (6,0), (0,-0), (-6,0). 

(d) (0,3), (4.0). (6.4). (2.7). 

4. The accompanying figure illustrates the formula: 
(a + 6)' = a» + 2 afi + bK Explain. 

9. Show by a diagram that the square on J cm. = J sq. 

thatl-cm.J =~sq. cm., and that (~cm.| = — sq.cm 



6* 


ab 


ab 


.- 
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Prove that 



., the outer square 



6. Construct a square on 2^ cm. Prove geometrically that the 
area is 6J sq. cm. Verify numerically. 

Suggestion. (SJ)* = (2 + J)" = 4 + 2 + i = SJ. 

7. Construct a rectangle whose sides are 2\ in. and 1^ in. re- 
spectively. Show geometrically that its area is (2J x IJ) sq- in. = 
SJsq.in, 

Sugaeslion. 2^ x IJ = f X J = V - 1 = W = 3J- 

8. The sides of a rectangle are 2.4 cm. an 
its area is (2.4 x 3.1) sq. cm. 

Suggestion. 2.4 cm. = 24 mm. Hence, i 
744 sq. mm. = 7.44 aq. cm. = (2.4 x 3.1) sq. cm. 

9. If the area of the square ABCD is 1 sq. 
must contain 2 sq. in. (Why ?) Hence, it the 
rules developed above are ta apply to this 
square, we must assume that its side LM 
is V^ in. long. But the value of V2 is 
1.414- ". This is a decimal which can 
never be completely written. Does this con- 
vince you that there are lines of definite 
length which we can measure only approxi- 
mately in terms of a given unit f Draw the ^ 
figure on squared paper. 

10. If the dimensions of a rectangle are "V^ = 1.414 . ■ ., and 
V3 = 1-732 - ■ -, we shall assume that its area is V2 ■ V3 = VS = 
2.449 ' . - sq. ft Continue the following table and show that the 
products constantly approach the exact area of the rectangle ; 
that is, Ve sq.ft. 

1.4 X 1.7 = 2.38. 
1.41 X 1.73 = -... 
1.414 X 1.732 = ■ - . . 
a of a rectangle if the sides a and b have the 
the following table : 




11. Find the a 
values indicated i 





I 


JI 


m 


IV 


V 


VI 


VII 


a 


7 cm. 


.66 in. 


J ft. 


89 mm- 


V8 


v? 


X + V 


b 


8.5 cm, 


.73 in. 


6-6 ft. 


4.7 cm. 


V6 


V2 


x-v 
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314. Area of a Rectangle. From the foregoing exercises it 
appears that the area of a rectangle in square units is equal 
to the product of Us two dimensions in linear units, even if those 
dimensioTts are fractional, decimal, or irrational. 

Ratio 

315. If two magnitudes of the. same kind, such as two line- 
segments, contain a certain unit o and b times respectively, 
then the quotient - is often called the ratio of these two 



For esample, the ratio of a line 10 ft. long to one 30 ft. long is ^g, or \. 
The ratio of m to n Is often written m : n, or m -i- n. 

In the ratio o : 6, a and 6 are called the termi of the ratio ; a is called 
the antecedent and b the consequent. 

316. Since ratios are really fi-actions, their properties are 
the properties of fractions. Hence 

The value of a ratio is not changed if both of its terms are 
multiplied or divided by the same number. 

317. When two ratios a : b and c : rf are equal, the four num- 
bers a, b, c, d, are said to be in proportion or to be proportional. 
This equality of ratios may be written in any one of the 
following forms : 

? = -,, a:b=c:d, a:b : -.c: d. 
d 

These are read " a is to i as c is to d." 

318. Since the ratio between two magnitudes of the same 
kind is obtained exactly or approximately as the quotient of 
their numerical measures, it is customary to extend the use 
of the term " ratio " to include the quotient of the numerical 
measures of two magnitudes of different kinda. 

Thus the number of pounds of pressure per square foot of area of s 
gaii inclosed In a vessel is defined as the ratio of Che total preasure to the 
total area of the inclosing vessel. 
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319. The ratio of two magnitudes of the same kind ia inde- 
pendent of the unit by which the magnitudes are measured, 
since a change in the unit results merely in multiplying or 
dividing the two terms of the ratio by the same number. 

Thus tbe ratio of the'areas of two rectangles ia the same, whether they 
are both measured in square inches or in square centimeters. 

320. The ratio of two magnitudes of different kinds is de- 
pendent upon the units by which the two magnitudes are 
measured. 

Tbus tbe ratio of tbe welgbt of a physical solid in pounds to its yolume 
in cubic feet is not the sanie aa the ratio of its weight in grams to its 
volume in cubic ci 



1. Simplify the following ratios : 8:24; 3^r7; 4^:4^; .4:.03; 
(a + by : (a + 6). ' , 

2. What is the ratio of a straight angle to a right augle? of the 
interior angle of a regular hexagon to the interior angle of an equi- 
lateral triangle? 

3. Divide an angle of 180° into five parts in the ratio of 
1:2:3:4:5. llow many degrees in each angle ? 

4. Divide 50 in the ratio of m : n. 

5. The sides of a triangle are in the ratio of 3 : 5 : 7. The perim- 
eter of tbe triangle is 30. Find the length of each side. 

6. Find the ratio of tbe areas of two rectangles if their respective 
dimensions in feet are 12 by 27 and 18 by 20 ; 3^^ by 7^ and 2§ by 9. 

7. What is the ratio of the area of a given square to the area of 
thn square on its diagonal ? 

8. What is the ratio of two rectangles, the first of, base 10 and 
altitude x, and tbe second of base 12 and altitude x? 

9. What is the ratio of two rectangles on the same base b, if 
their respective altitudes are 15 and 20? 

10. What is the ratio of tbe area in square feet of a square, each 
of whose sides is 6 feet, to the length of one of its sides ? Is the ratio 
tbe same if the measurements are taken in inches? in yards? 
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AREAS OF SIMPLE, FIGUEES 

321. Fundamental Principle. The area of a rectangle 
to the product of its base and altitude. 




- ob square units. 

322. CoKOiiARY 1. Two rectanfjles are to each other as the 

products of their bases and altitudes. 

For if B = oft, and B- = a'6', then — = — . 
' R' aV 

323. Corollary 2. Two rectangles having equal bases are 
to each other as their altitudes. 

324. CoKOLLAKY 3. Two rectangles having equal altitudes 
are to each other as their bases. 

325. Corollary 4. Two rectangles having equal altitudes 
and equal bases are equal. 

The above corollaries may be written symlxilicalir as follows : 



06 H 



;,U' = '^'\'i 



t of a right triangle is equal to 



326. Corollary 5. The o 

e half the product of its le^ 



327. Corollary 6. The area of a kite {rhombus, squai 
S 151) is equal to one half the product of its diagonals. 
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How many sqaiire feet in its entire 
represents 1000 i 



1. The edge of a cube is 4 
exterior surface ? 

2. A map is drawn so that 1 ( 
What area is represented by 1 sq. 

3. The dimensionB of a rectangular window are 5 ft. 
and 3 ft. It is to be divided into rectangles and squares 
as shown in the figure. Determine the dimensions of 
these parts. 

4. The accompanying diagrams represent cross sections of steel 
beams. Determine the areas of the cross sections, using the dimen- 
sions given in millimeters in the following table : 





1 


11 


III 


IV 


6 


m 


72 


112 


138 


w 


J2 


9 


14 


le 


k 


1S2 


144 


250 


300 


t 


8 





10 


10 




S. The di^onals of a square are each 10 ft. long. Find the area 
of the square (§ 327). 

■ 6. The diagonals of a rhombus are 8 ft. and 7 ft long. Find the 
area of the rhombus (§ 327). 

7. If p and A represent the perimeter and the area respectively 
of a rectangle, determine the dimensions, x and y, in the exercises 
shown in the following table : 





1 


" 


III 


IV 


p 


12 


la 


30 


2a+26 


A 


8 


16 


56 


ab 



8. The Greek historian Thucydides (430 n.c.) estimated the size 
of the island of Sicily by means of the time it took to sail around it. 
What was the fallacy in his method? 
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Pkoposition I. Theorem 
328. The area of a parallelogram is equal to the product of 
its base and altitude. 




QiTen the parallelogram ABCD, with its base AB equal to b, and 
Its altitade BE equal to h. 

To prove that the area of the CJ ABCD = b x A. 

Proof. 1. Drawtheline^FlltoB£,meetingCi)producedatF. 

Then ABEF ia a rectangle. Why? 

2. Also EJ ABCD and rectangle ABEF have the same base 
and the same altitude. Why ? 

3. Bat AADF = ABCE. Why? 

4. Then&K,a,ABED+ABCE = 2,reAABED + AADF. Ax. 2 
That is, EJABCD = rectangle ABEF. 

6. But area rectangle ABEF = bk. Why ? 

.■.areaO^BC'Z» = M. 

329. Corollary 1. Two parallelograms are to each other as 
the products of their bases and altitudes. 

330. CoROLiAKY 2. Two parallelograms having equal bases 
are to each other as their altitudes. 

331. Corollary 3. Two parallelograms having equal alti- 
tudes are to each other as their bases. 

332. Corollary 4. Two parallelograms having equal bases 
and equal altitudes are eiual. 

DiqilizDdbyGoOgle 
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1. If P and P' are the areas of two parallelograms with bases 
b and h', and altitudes h and h', interpret the following equations, 
giving a statement in full for each : 




(4) P = P\h = h',b = b''\. 

2- Show that the area of a parallelogram maj he indejiendent of 
the size of its angles (see the above figure). 

3. Prove Corollary 4, § 332, by moving the A T to the position 
of the A T' along the extension of 
the base. 



4. Construct a parallelogran 
sides of 2 in. and 3 in. and 
eluded angle of 30°. Find its ari 



with 



5. Can you find the area in Ex. i, if the included angle is 45°? 

6. Transform a parallelogram into another parallelogram hav- 
ing the same base and one angle equal to a given angle (see § 309). 

7. The lines joining the mid-points of the opposite sides of a 
parallelogram divide it into four equal parallelograms. 

8. A rectangular park whose dimensions are 600 ft. and 400 ft. 
is crossed obliquely by a road that outs out of the rectangle a 
parallelogram whose sides are 50 ft and 450 ft. What is the width 
of the road ? (See § 238.) 

9. A rectangular building is 150 ft. long, 100 ft. wide, and 120 ft, 
high. How many square feet in its exterior surface? 

10. The daily circulation of a certain newspaper is 75,000 copies. 
Each copy contains 20 pages, whose dimensions are 18 in. and 24 
in. If all these sheets were spread out edge to edge on a street 
100 ft. wide, how many miles of the street would be covered? 
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Proposition II. Theorem 

333. The area of a triangle is equal to half the product ofUt 
hose and altitude. 




Given the triangle AK, with the base h and the altitude ft. 

To prooe that the area of t!ie A .1 BC = J 6 x A. 

Proof. 1. Complete the CJABCD with AB and BC as con- 
secutive sides. 

2. Then the CJABCD and the AABC have the same base . 
and altitude. 

3. But a.Tea.€J ABCD = bh. §328 

4. Also AABC ^AADC = i CJABCD. Why? 

.-.area A/lBC = ii/(. 

334. ('OROLi.ARY. If T and T' are the areas of two triangles 
with banes h and b', and altitudes h and A', then 

(2) p = |; [» = '•']. (4) '■ - '"[A = *'. » = n 

Give the statement in full for each — ,- 
equation. 

Discassion. From the propot^tion it follows 
that the nreaof a, triangle may be independent 
of the size of its base anglex, as In tlie case of 
a parallelogram (Kx. 2, p. 202). Tlius, from the accompanying figure, if 
B, C, and i) are points on a line parallel to AB, \,\ien d ABE = C\ABQ 
= AABD, Eiplain, 
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bzebcise8 

Problems of Computation 

1. Find the area of a triangle if the base b and tlie altitude h 
have the values shown iu the following table : 



j 1 1 11 


III 


IV 


V 


VI 


VII 


b 


i 


6 


7.6 


31 


x + y 


a + 6 


^ 


h 


7 


« 


6.5 


4i 


x-y 


c + d 


V7 



2. Thelegsof aright triangleare4 and5 (6, 7; a + h,n^b; x,y). 
Find the area in each case. 

3. The hypotenuse of a right triangle is 10 (20, 30, a, x + y). 
Find the area if the triangle is isosceles. 

4. The base of an isosceles triangle is 10 V3 ; each leg is 10 ; the 
vertex angle is 120°. Find the area of the triangle. 

5. Each of the triangular faces of the Pyramid of Cheops, in 
Egypt (p. 1), has a base of nearly 755 ft. and an altitude of nearly 
610 ft. How many square feet in the surface of the pyramid? 



Problems of Construction 

6. Transform i^ABC into another triai^le having for its base 
the line AE, where E is any point on AB or AB produced. 

SolDtion. Connect C and E. Draw ^ 

BD II to EC, and draw DE. 

Then AADE = AABC. Why? 

7. Transform a given triangle into 
another triangle having a base twice 
as long. What change takes place in 
the altitude? 

8. What is the locus of the v 

9. Given two equal line-segments. Required to construct on these 
segments as bases equal triangles having their vertices at the same 
point. What is the locus of this common vertex? 




f all equal triangles 
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10. Transform a triangle into an isosceles triai^le having the 

11. Transform a triangle into another triangle having two sides 
equal to two lines c and d. 

12. Construct a triangle three (fonr, five, n) times as large as a 
given triangle. 

13- Divide a parallelogram into four (six, three, five) equal parts 
by lines throi^h one vertex. 

14. Given the triangle ABC. Estend the three sides in succes- 
sion, each by its own length. Join the extremities of the segments 
so constructed. Compare the area of the given triangle with that of 
each triangle in the figure. What is the result if each side ia ex- 
tended three (four, five) times its own length? 

15. Transform a parallelogram into a rhombus. 



Theorems 

16. Derive a proof for Proposition II from the figure below. 

17. A median of a triangle divides it into 
two equal triangles. 

18. The diagonals of a parallelogram divide 
it into four equal triangles. 

19. Any line passing through the intersec- 
tion point of the diagonals of a parallelogram 
divides the parallelogram into two equal parts. 

20. IntheA^BC,i>isanypointinthe 
median^£. Prove that A JBi> = AABC. 

21. The point in which the three medians 
of a triangle meet is the vertex of three 
equal triangles whose bases are the sides of 
the given triangle. 

22. The area of an isosceles right triangle i. 
on the hypotenuse. 

23. If the mid-points of two sides of a triangle aj'e joined, a triangle 
is formed which is one fourth the given triangle. 

24. The area of a circumscribed polygon is equal to half the product 
of its perimeter and the radius of the inscribed circle. 




e fourth the square 
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Proposition III. Theorem 

335. The area of a trapezoid is equal to half the product 
of its altitude and the sum of its bases. 



Given the trapezoid ABCD, with the bases b and V and tlie 
altitude h. 

To prove that the area of ABCD = \h(l> + h'). 

1. Draw the diagonal A C. 

2. Then AABC, A ADC, and trapezoid ^BC/> have the same 
altitude, 

3. But area A/lBC = ^iA, §333 
and area A A DC — ^ h'k. 

4. .'. area trapezoid ABCD = ^ k(l> + /,'). Ax. 2 

336. CoKOLLAEY. The area of a trapezoid is equal to the 
product of its altitude and -niul-line. § 219 



I) b ■ 



EXERCISES 

1. From § 321 derive a proof for the above theorem bj ii 
tha figure below. 

2. In the laying ot a railway track 
an excavation had to be made. A ver- 
tical cross section of the excavation 
perpendicular to the roadbed had the 
form of a trapezoid with bases of 50 ft. 
and 68 ft. The depth of the excavation 
was 12 ft. and its length was 400 ft. Find the area of the c 




section. How many cubic yards of dirt had to be r 



Dved? 
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3. The dimensiona of a picture are 15 in. and ' 
is surrounded by a mat 4 in. nide. What is the ai 

4. The diagram shows how the area of 
an irregular polygon may be found, if the 
distance of each vert«K from a given base 
line, as XY, is known. These distances 
AA', BB', etc., are called offsets, and are 
the bases of trapezoids whose altitudes are 
^'B',B'CCD',etc. The area ^BCDEF 
may now be found by the proper additions 
and subtractions. 

On cross-section paper plot the jxiints 
whose coordinates are given below, join 
them in order, draw FA, and find the inclosed i 



' in. The picture 
a of the mat? 



J 


« 


f 


!• 


« 


F 


3,0 


2.4 


3,0 


5,1 


3,2 


4.5 


8.1 


1.3 


4,0 


8.1 


6,« 


6.7 


2,6 


8.4 


1,2 


4,1 


5,6 


3,7 



5. In order to determine the flow of water in a certain stream, 
soundings are taken every 6 ft. on a line 
AB at right angles to the current. A 
diagram may then be made to repre- 
sent a vertical cross section of the 
stream. If the area of this cross sec- 
tion and the speed of the current are 

known, it is possible to determine the amount of water flowing 
through the cross section in a given time. 

The required area is often found approximately by joining the 
extremities of the offsets >j^, y^, y^, ete., by straight lines, and finding 
the sum of the trapezoids thus formed. That is, the strips between 
successive offsets are replaced by trapezoids. This gives the Trape- 
zoidal Rule for finding an area. It may be stated as follows : To half 
the sum of the first and last offsetf, odd the ttum of all inlermediale offsets, 
and multiply this result by the common distance between the offsets. 

Prove this rule. 
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6. Find the area of the croas section of a stream if the soundings 
Uken at intervals of 6 ft are respectively 4 ft., 5 J ft., 10 ft., 12 J (t, 
15f ft., 8i ft., and 6 ft 

7. Show how the Trapezoidal Rule may be 
applied to find approximately the area of a 
Agare bounded by a curved line. 

8. In the midship section of a vessel the width taken at intervals 
of 1 ft. is successively 17, 17.2, 17.4, 17.4, 17.4, 17.2, 16.8, 16, 14, 8, 
and 2, measurements being in feet. Find the area of the section. 
(Use the Hue drawn from the keel ± to the deck as base line.) 

9. A second rule for finding plane areas, known as Simpson's Bnle, 
usually gives a closer result than the Trapezoidal Rule. In proving 
Simpson's Rule two consecutive strips are 
replaced by a rectangle and two trapezoids as 
follows : Divide 2 d into three equal parts, 
erect .fe at the points of division, and complete 
the rectangle whose altitude is the middle 
offset y^i as in the figure. Join the extrem- 
ities of J and jj to the nearer upper vertex 
of this rectangle. Then if the areas of the trapezoids are T and 7^ 
and if the area of the rectangle is R, 

.■.3' + R+r = id{y + 4;,, + y,). 

If, now, the number of strips is even, and if the offsets are lettered 
consecutively y^, y,, y^, . . ., y„, the addition of the areas of successive 
double strips, found by the above formula, gives the result 

Area = itf (y, + 4y,+ 2i/, + 4y, + - ■ - + 2y,_j + 4y,_, + j,„). 

In words : To Ihe sum of the first and latt offsets add twice the sum 
of all Ihe other even offsets and four times the sum of all the odd offsets, 
and multiply by one third the common distance between the offsets. 

Solve Exs. 6 and 8 by Simpson's Rule. 

10. Find the area of a piece of steel plate which has an axis of 
symmetry, if the offsets measured on each side from this axis at 
intervals of 20 cm. are successively 54, 68, 72, 72, 60, 44, 36, 28, and 
20, measurements beii^ in centimeters. 




KirfH^d-M.^. 
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Proposition IV. Theorem 

337, If two triangles have an angle of one e^ual to an angle 
of the other, their areas are to each other as the product! of the 
sides including the equal angles. 



C 

Given two triangles ABC and A'ffC, having the angle A equal 
o the angle A'. 
To prove that 



AABC 
AA' 



'C b'c' 



Proof. 1. Produce BU'thrOTigh /('to E,sotiiatv4'E=^C,and 
produce C'^'through yl' to D,Bothat/l'i)=XB. Draw Z>JE and B'C 

2. Then 

3. Now 



AA'DEsAABC. 


s.a.s. 


AA'DB b 
AA'DB' e'' 


§ 334, (2) 


AA'DB' c 


Why? 



AA'DE 

' AA'B'C' 

AABC 



338. Corollary. The bisector of an interior an^le of a tri- 
angle divides the opposite side into servients whieh are to ea^h 
other as the adjacent side^ of the triangle. 
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TRANSFORMATIONS 
Proposition V. Problem 
339. To transform a quadrilateral into a triangle. 




IMven the quadrilateral ABCD. 

Inquired to eonatruet a triangle equal to ABCD. 

Constmction. Draw the diagonal BZ), and draw CE II to BD, 
meeting the side AD produced in E. Draw BE. Then SEA is 
the required triangle. 

Proof. 1. ABCD = ABDE. Why? 

2. -■. quadrilateral ABCD = ABEA. Why ? 

340. Corollary. To transform a pentagon into a triangle, 
first transform it into a quadrilateral by the ahove method, 
and then transform the quadrilateral into a triangle. A poly- 
gon of any number of sides may be transformed into a triangle 
by a repetition of this process. 



1. In how many ways may a quadrilateral be transformed into a 
triangle ? 

2. Draw on a large scale an irregular hexagon, and transform it 
into a triangle. Measure the base and the altitude of this triangle, 
and compute its area. Why is Proposition V of importance? 

3. In how many different ways can a pentagon be transformed 
into a triangle by the above method? 

4. Transform a square into a right triangle ; into an isosceles 
triangle. 

DiqilizDdbyGoOgle 
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Proposition VI, Theorem 



341. If through a point on a diagonal of a parallelogram 

parallels to the sides are drawn, the parallelograms formed on 
the opposite ^es of that diagonal are equal. 



«/ 



^° 



(Hven the parallelogrAin ABCD, and throngti P, a point OD AC, 
the line EF parallel to AB, and GH parallel to AD, fonnlng the 
parallelogtams b and bf, and the triangles a, a*, c, and <f. 

To prove that Ob^nb'. 

Ptwf. 1. A{(i + b + c)=A{a'^-h'+c'). Why? 

2. But Aa = Aw'and Ac = Ac'. Why? 

3. .-.Ob^nb". Why? 
This theorem aids in proving some important conati'uctions, 

342. Corollary 1. To transform a parallelogram, into anr- 
other 2iarallelograin whose angles are equal to those of the given 
parallelogram and whose base is equal to a given line. 



1 



Laj oft tlie new base upon the extension of the original, and complete 
the figure as shown. Then P*= P". 

343. Corollary 2. To transform a triangle into another tri- 
angle having a given base. {Second Method. See p. 204, Ex. 6.) 

Since any triangle may be regarded as one lialf of a parallelogram, the 
atwve construction maybe extended to include triangles. 
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Simple Transformations 

1. Transform a AvlBCinto a triangle with its base on BC, ot BC 
extended, and with the opposite vertex (a) on AC; (b) on AB ex- 
tended ; (o) within A^BC; (d) without A-4BC. (See Ex.6, p. 204.) 

2. Transform a rectangle into (a) another rectangle having a 
different base; (b) a parallelogram of given base and given angles; 
(c) a parallelogram of given sides; (d) a triangle of given base; 
(e) a trapezoid of the same altitude and a given base. 

3. Transform a parallelogram into (a) a rectangle of given alti- 
tude; (b) a parallelogram of given altitude; (c) a triangle of given 
altitude; (d) a trapezoid of the same altitude. 

4. The figures show easy methods of transforming (a) a triangle 
into a parallelogram ; (b) a parallelogram into a triangle; (c) a 
trapezoid into a parallelogram. Explain. 

A E BE C B C E 




Di VISIONS AND Dissections 

5. From one vertex of a triangle draw lines dividing the triangle 
inte (a) three (five, six) equal parts ; (b) two parts that shall be in 
the ratio ot 3 : 1 (4 : 1 ; 3 : 4) ; (c) three paria that shall be in the ratio 
of 1:2:3 (2;3:4). 

6. Solve Ex. 5 if a parallelogram is given instead ot a triangle. 

7. Divide a trapezoid into two (three, five) equal trapezoids. 
Suggestion. Divide each ot the bases inT» as many ^ 

equal parts as the trapezoid is to have. 

8. A polygon is divided into two parts, P and 
P', by the broken line ABC. Explain how ABC 
may lie replaced by a straight line so as not to in- 
crease the area of either P or f. 
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9. Divide a quadrilateral into three equal parts by drawing lines 
from one vertex. 

Suggestion. Transform the quadrilateral into a triangle having that 
vertex as its vertex, and proceed as in Es. 5. 

10. Show at least six ways of dividing a 

given paralleli^^m into four equal parts. i 

11. In the accompanying rectangular fig- 
ure, representing an ornamental window, 

what part of the total area is Aa? Ai? p 

Oc? AABC? AADE'l UMNOP'l 

12. Transform into a triangle, and then into a rectangle, (a) a 
pentagon ; (b) an octagon. 



AsDITIOIf OF TrIAMOLEB AND PARALLELOGRAMS 

13. Construct a triangle equal to the sum of two given triangles. 
Suggestion. Transform the first of the given triangles into another 

triat^le having its base equal to the base of the other given triangle. 

14. Given the triangle ABC. If a line- ^ 
segment equal to AD moves along AB and ^/f^^ 
BC, remaining constantly parallel to AD, 
prove th^tn AE + U EC = UAF. (Prove 
A ABC = A DBF by s. s. s.) 

15. Show that the principle of Ex.14 ap- 
plies to a broken line ABCDE. 

16. Theoiem due to Pappus 
(300 A.D.). If on two sides of a 
triangle ABC any desired paral- 
lelograms AE and BE' are con- 
structed, and the sides DE and 
jyE' are produced to meet at M, and on 
AC a parallelogram is constructed having 
a side AG equal and parallel to BM, then 
aAH = aAE + UBE'. (Cf. Ex. 14.) 

17. Construct a parallelc^ram equal to 
the sum of two given parallelograms. 
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THEOREM OF PYTHAGORAS 

Proposition VII. Theorem 

$M. In a right triangle the square on the hypotenuse ia 
ci^aat to the sum of the scares on the I 




Olven the right triangle ABC, having the legs a and b and the 
hypotenuse c, with the square AE on the hypotenuse AB, and the 
squares C3^ and CK on the l^s. 

To prove that c« = a^ + h\ 

Proof. 1. Draw CL II to AD. Draw BK and CD. 

2. Now ACG and BCH are straight lines. Why? 

3. Abo A.iCD = AAKB. s. a. 3. 
For AC^AK,. Why? 

AB==AD, 
and AcAD^jL KA B. Why ? 

4. But area rect. vlL=:2 area A.4Ci), Why? 
and area square CK = 2 area A A KB. 

5. .■. reet..4£ = square CA'. Ax. 1 
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6. In like manner, by drawing CE and AF, it may be 

proved that ^ „r ^^ 

'^ rect. BL = squai'e CF. 

7. But square AE = rect. AL + rect. BL. Ax. 7 

.'. square AE = square CK + square CF. Ax. 1 
That is, c* = a* 4- 1''. Why? 

345. CoKOLLABY. The square on one leg of n right triangle 
is equal to the square on the hypotenuse diminislied by the square 
on the other leg. 

346. Historical Note. Proposition VII is called the Pythago- 
rean theorem, as its discovery is usually credited to Pythagoras 
(about 650 b.c). It is practically certain, 

however, that the theorem was known to the 
Egyptians and the Hindus long before that 
time. 

The Pythagorean proposition is in many 
respects the most famous single truth of plane 
geometry. It is of the greatest importance, and 
many different proofs for it have been given. 
The one reproduced above is due to Euclid 
(300 B.C.). 

347. Alternative Proofs. Fig. 1 shows how the 
proof might liave been suggested in (.be lajing of tile ' 



Fio.1 






Fig. 2 is thought by some writers to have 
been used hj Pythagoras. If &o, 6, c, d, are 
taken from the large square, the square on the 
hypotenuse remains, and If the rectangles .ilO 
and CB are removed, the squares on the lega 
remain. But the two rectangles are together 
equal to the four triangles. Hence the remain- 



Fic. 2 



>, ! 



348. Fig. 8 is used in a proof ascribed to V 

President Garfield. On the hypotenuse con- Fig. 3 

struct one half of a square, and draw a' per- 
pendicular to a produced. Prove that A a6c s A q'6'c', and that the 
entire figure is a trapezoid of altitude a + b', etc. 
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KtlHBRlCA^L FroBLEUS 

(A knowledge of how to extract the square root of a number is neces- 
BB,Tj for the following problems. Results should be obtained correct to 
two decimal places, unless otherwise specified. If it is required to cal- 
culate the length of one leg a of a right triangle when the other leg 
6 and the hypotenuse c are given, it will be found helpful to bear in 
mind that the equation a' = c* — 6' may be written a* = (c + 6)(c — 6). 
Por example, if e = 37, 6 = 35, then a> = 37* - 36=" = (37 + 35) (37 - 36) 
= 72x2 = 144. .-. o = 12.) 

1. If X and y in the following table represent the lengths of the ■ 
legs of a right triangle, iind the length of the hypotenuse in each case ; 



X 


4 


12 


24 


a 


a + b 


V 


3 


6 


7 


b 


c + d 



2. If, in Ex. 1, X represents the hypotenuse and y one of the legs, 
find the other leg. 

3. Find the diagonal of a rectangle whose dimensions are 8 and 
16; 11 and 60; 13 and 64. 

4. A parallelogram is inscribed In a circle whose diameter ia 13. 
One side of the parallelogram is 5. Find the other side. 

5. The base of an Isosceles triangle is 4, and its legs are each 5. 
Find the altitude and the area. 

6. The side of an equilateral triangle is 6. Find the area. 

7. The bases of an isosceles trapezoid are 6 and 12, and the legs 
are each 5. Find the area. 

8. The diagonals of a rhombus are 6 and 8. Find its perimeter. 

9. A chord 48 in. long is 7 in. from the center of its circle. How 
long is the radius? 

10. If the coordinates of two points, P and Q, are (2, 1) and 
(6, 4) respectively, find the length of the line PQ. 

11. It the coordinates of the vertices of a triangle are (1, 1), 
(3, 3), and (1, 5), find the perimeter of the triangle ; find its area. 
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12. PytliAgorMii NumbMS. Prove that the three int^ers in each 
of the following groups may represent the sides of a right triangle. 

(a) 3, 4, 5. (d) 8, lo, 17. 

(b) 5, 12, 13. (e) 11, 60, 61. 

(c) 7,24,25. (f) 12,35,87. 

NoTB. The above list jnaj be extended by the use of the following 
f onnulas ; 

(1) If the length of a leg 1b denoted by an evert Integer n, the lengths 

„3 _ 4 ni 4- 4 
of the other two aidea are and — ■ (Plato.) 

(2) If n is odd, the other two inltgera are and ■ ■ . 

(Pythagoras.) 

13. The centers of two circles are 25 in. apart. Their radii are 3 in. 
and 10 in. respectively. Find the length of their common external 
tangent (see p. 161). 

14. The centers of two circles are 13 in. apart. It their radii are 
8 in. and 2 in. respectively, what ia the length of the common Internal 
tangents? (Seep. 161.) 

Applied Problems 

1. What is the diagonal of a rectangular floor whose dimendonB 
are 12 ft. and 9 ft? 

2. Find how far a pedestrian is from his starting point if he 
walks (a) 12 mi. N. and then 5 mi. E. ; (b) 20 ml. S.E. and then 
21mi.8.W.; (c) 5mi. N., Smi. E., 2 mi. N.; (d) 2 mi. W. and then 
10 mi. 8.W. 

3. A captive balloon rises vertically to a height of 1000 ft How 
far is it from an observer 400 ft. away from the point of ascent ? 

4. A ladder 25 ft. long reaches to a window 24 ft. from the 
ground. How far is the foot of the ladder from the wall? 

5. Two t«lephone poles are 60 ft apart. The height of the poles 
ia 40 ft. and 30 ft. How long is a wire connecting their tops ? 

6. A ladder 50 ft long is placed against a window 40 ft. from the 
ground. The upper extremity of the ladder slides down 1 ft. How 
far does the other extremity of the ladder slip? 
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7. A derrick has a movable arm 41 ft. long. A weight to be 
lifted is 9 ft from the foot of the arm. How long is the cable ex- 
tending from the end of the arm to the weight? 

8. The aide of a square baseball field is 90 ft. Find the distance 
from second base to the home plate. g 

9. A hexagonal floor has the form and the 
dimensions indicated in the figure. Find the area. 

10. An elevated train moving at the rate of 25 mi. 
an hour passes al)Ove a surface cargoing at the rate 
of 15 mi. an hour. The two tracks cross at right ^^ 
angles. Find the distance separating the train and the car after 10 min. 

11. A coaat^efense gun has a range of 10 mi. A boat sails along 
the shore at a distance of 8 mi., going at the rate of 18 mi. per hour. 
How long is the boat within the range of the gun? 

12. A pendulum is 39.1 in. long. Its bob is drawn to one side un- 
til it is 1 in. higher than it was originally. How far is it from the 
vertical line passing through the point of support of the pendulum? 

13. A teeter board 12 ft. long is supported at its center by a frame 
3 ft. high. How high can each extremity of the board rise? 

14. A box has the form of a cubic meter. How many millimeters 
in the diagonal of the box ? 

15. The dimensions of a rectangular room are 16 ft., 12 ft., and 
9 ft. How long is a line connecting a lower corner with the opposite 
upper comer ? 

16. The diagram represents a lever 
OA, 2 ft. long, which may revolve about 
O in a vertical plane. In the plane 
of its revolution it is made to push 
against a horizontal rod BC attached 
to a vertical rod DE, B projects 4 in. 
beyond^. i)£ is compelled to move 
vertically by the guides m and n. As OA 
revolves, how high is DE raised by it ? 

17. A tree is broken 24 ft. from the ground. The two parts hold 
together and the top of the tree touches the ground 7 ft. from the 
foot. Find the height of the tree. 
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18. In the middle of a pond 10 ft. square grew a reed. The reed 
projected 1 ft. above the surface of the water. When blown aside by 
the wind, its top part reached tA the mid-point at a Bide of the pond. 
How deep was the pond? (Old Chinese problem.) 

19. The width of a house is 28 ft. The triangle in the gable is 
right-angled. How long is each of the rafters in this triangle? 
What is the area of the triangle? How high is it? 

20. A house is 32 ft. wide, 45 tt. long, 25 ft. high to the root and 
35 ft. high to the ridgepole. How many square feet are there in ito 
entire exterior surface? 

21. A circular pavilion has a conical roof. The pavilion is 20 ft 
high to the root, and 30 tt. high to the vertex of the cone. The di- 
ameter of the pavilion is 25 ft. The flagpole is 12 tt. high. How 
long is the guy rope joining the top of the flagpole to the edge of 
the roof ? 

22. Masons and carpenters, in laying out the plan of a rec- 
tangular building, often use the following 
method of constructing the right angles at the 
corners : Three poles, whose lengths are 6 ft., 8 ft., 
and 10 tt respectively, are joined together at e 
their eitremities so as to form a triangle. The 
angle opposite the largest pole is a right angle. ^ 
(Why?) A similar method is known to have 
been used by the surveyors, or " rope-stretchers," of 

23. The theorem of Pythagoras 
is employed to find the "equation 
of a circle " about the origin as a 

Take any j>oint /' ilk a circle about 
the origin 0. Draw the ordinate MP. 
Let OAf = X, and MP = y. Then 
OAl^ + MP^ = OP^. If the radius 
OP = r, this becomes x^ + y'^ — r*. 
This equation holds for the coordi- 
nates of any [toint on the circle, and is called the equation iif (he 
circle, r being any known number. 

24. Plot the equations ar* -H / = 2.j ; x'' + y' = 88. (See Ex. 23.) 
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Proposition VIII. Problem 

349. To construct a square equal to the gum or the differ 
of two given aquares. 



a I I b 



LIJ 



Given two squares A and B. 

Inquired to construct a square C equal to A + B, and a s. 
C equal to A —B. 

(To be completed.) 



1. Construct a square equal to the sum of three given squares. 

2. If a, b, and c are line segments, construct 

X ^ Va'"+ 6= ; r = Vn" + fi" + c*. 






L square ; three 



3. Construct a square twice i 
times as large. 

4. If squares be constructed 
prove that their sum equals the i 
the sides of the rectangle. 

5. Represent by squares the a 
states, using a scale in which 1 cr 

United States (including Alaska) 

Tesas 

California 

New York 49,170 sq. mi. 

6. Represent by three squares the area of the state in which you 
live and of two neighboring states. Then construct a square repre- 
senting the combined areas of the three states. 



n the diagonals of a rectangle, 
m of the squares constructed on 

as of the following countries and 
represents 100 mi, : 

3,605,600 sq. mi. 
265,780 sq. mi. 
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PaoposiTioN IX, Pkoblbm 

350. To comtruet a »qiiare equal to a given r 
parallelogram). q 




Given the rectangle ABCD. 

Reqidred to construct a square equal to ABCD. 

Construction. 1. Produce AB, the shorter side of ABCD, 
to E, making AE = AD, and on AE as a diameter construct 
a semicircle. 

2. Construct BF A. to AE, meeting the semicircle at F. 

3. Draw AF. The square on AF is the required square. 
Pnwf. 1. Draw HE and DF. 

. 2. Then AADF=AAHE. b. a. a. 

3. But ai'ea rect.XC = 2 area AADF, Why? 

and area square FH = 2 area A A HE. 

i. Hence rect.^BC7)= square WF. Ax. 1 

351. CoHOLLARi" 1. To transform a triangle into a, square, 
first transform the triangle into a rectangle having the same base 
as the triangle and an altitude equal to one half the altitude of 
the triangle, and then transform that rectangle into a square. 

352. Corollary 2. To transform a jiolygon into a square, 
first transform the polygon into a triangle (§ 340), and then 
transform that triangle into a square, as above. 

Note. Proposition IX enables us to find the area of any polygon by 
one neaeuremeut, namely, tbfit of the side of the eqoal square- 
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Proposition X. Problem 

353. To construct a equare which shall he a given part of 
a given t^are. jf 



f' ' 



Given the square ABCD. 

Required to construct a square equal to J of ABC B. 

Construction. 1. On A B canst-mut BF t=i A B. §212 

2. J)tA-w EF Wio AD. 

3. Transform the rectangle EFBC into a square BH (§ 350). 
This is the required square. 

(Proof to be completed.) 



Constructions 

1. Construct a square equal to a triangle of base 7 cm. and alti- 
tude 5 em. 

2. Construct V21. 

Solution. Let VsT = x. Then a;* = 21 =^ 7-3. (Aiiply § 350.) 

3. Construct Vl2 in. by several methods. Compare your final 
results. 

4. Construct x^ — ^ a'. (^Suggexlion. z* = f Q ■ a.) 

5. Transform a pentagon into a square. 

6. Transform an isosceles triangle iuto a square. 

7. Construct a square equal to | of a given hexagon. 

8. Construct a square equal to the sum of two given triangles. 
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inraiERICAL PROBLEHS 

1. If the side of a square is n and its diftgonal is <l, show that 

rf = a V2 and that a = ^ - 
V2 
2- The diagonal of a square is 28 cm. Find the length of a side. 

« , ^ 28 28 28 280 „„ ... 

SolnbOD. a = —= = rr^ - — = tt = '0, approKimalely. 
V2 1-4 H ^* 

3. If the hypotenuse of an isosceles right triangle is c, show that 
the area of the triangle is — • 

4. The length of the leg of an isosceles right triangle is 7. What 
is the area? What is the hypotenuse? 

5. The hypotenuse of an isosceles right triangle is 10. What is 
the area ? How long is each leg 1 

6. If a side of an equilateral A is a, show that the area is — Vs. 

7. Find the area of an equilateral A in terms of its altitude. 

8. The side of an equilateral triangle is 6. Find the altitude and 
the area. 

9. A aide of a regular hexagon is 8. What is the area of the 
hexagon ? 

10. A regular hexagonal prism 10 in. high has base edges of 1 in. 
How many square inches in the entire exterior surface ? 

11. The base edges of a pyramid with a square base are 5 in. in 
length, the height of the pyramid being 7 in. Find the length of 
the other edges. 

12. A triangular pyramid is formed by 4 congruent equilateral 
triangles of side 10 cm. Such a pyramid is called a regnUi tetrahe- 
dron. How many square centimeters in its entire surface? 

13. A right triangle has legs of 6 cm. and 8 cm. Find the altitude 
on the hypotenuse. 

14. A rhombus has diagonals of 12 in. and IS in. Find its 
kltitnde. 

15. A rhombus whose side is 5 in. has acute angles of 60°. ^V^hat 
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16. What is the result in Ex. 15, if the acute angles are 45"? 

17. A square frame consists of four sticks hinged together at 
their extremities. The length of each stick is 8 in. The fnuiie ia 
drawD to one side until two of the angles become 130°. la the area 
increased or decreased, and how much ? 

18. A square frame, 20 in. on a side, is to be stiffened by a di^- 
onal crosspiece. How long is the crosspiece? 

19. The aide of a square is 5 cm. Equal dis- 
tances of 1 cm. are laid off on the sides from the 
vertices. Find the length of RS; of ST; of MN. 
Find the area of RSTV; of MNOP; of RMW. 

20. A staircase has 11 stairs, each 2 a in. wide " *' 
and a in. high. How long a board will completely protect it? 

21. The edge of a cube is 1 in. Find its di^onal. 

22. The dimensions of a rectangular room are a, b, and c. How 
long is a diagonal from a lower comer to the opposite upper 



Sqttake fioOTS 

23. If AB = 1, and BC = 1, AC is a geometric representation of 
v^. Prove. 

24. If DE = 1, and EF = V2, 
prove that DF^ V3, 

25. Construct Vs, VB, V7, using 
squared paper. 

26. The following figures illustrate two short methods of repre- 
senting square roots of small integers. Explain. 





.^ C IS a square. 
BD=BG = V2. 
AG = AE= V3,etc. 
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Pkoposition XI. Theokeu 

354. If a, b, and c detwte the sides of a triwngle, and a = 
\(a+h-^c),the area of the triangle is Vs (s — a){s — b) (s — c). 




Gireu the triangle ABC, the angle A being acute. 

To ph)M that the area of & ABC = Vs (s - a) (s - 6) (» - c). 
Proof. 1. Draw the altitude BD, and denote it by k. 
2. The area of 



A= = 6-s - a* = a* - 






§333 

Why? 

Why? 
Why? 



^ (2 6c + c' + f.° - g') (2 ic - c" - i^ + g^) 

4 6= 
_ (i + . + ^)(fc + .-„)(^-i-t..)f„ + 6-.) 



6. If a + ft + c = 23,thenS + c 



.-. S' 


2,.2(«- 


«) 


2(.-i).2( 


-c) 






4A> 




.-. h 


= ^vk^- 


»)( 


-»)(«-«) 




cethea 


reaof 








A.dlBC 


= }»•! 










= l^v. 


("- 


«)(■-')(•- 


') 



Historical Note. This is knovra as Hero's formula for the area of a tri- 
angle. Heroof Alexandria (about 75 A.D.) was a famousGreek surveyor. 
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1. The sides of a triangle are 10, 17, 21. Find ita area. 
Solution. Since s = 24, .4 = V24-lj-7;"3 

^ V4'6'7- a-7^ 
= Vi ■ 6^ ■ .7* = 84. 

2. The sides of a triangle are (a) 26, 35, 51 ; (b) 75, 176, 229 ; 
(c) 104, 111, 175. Find the area in each ease. 

3. Explain how the area of any polygon may be found by Propo. 
aition XI. 

4. Given the area A of a triangle whose aidea are a, h, i: The 

2,4 
altitudes are denoted by h^, 7ij, h^ respectively. Prove that h„ = — „ 

h^ = ^. k^ = Find the altitudes of the & in Ex, 1 and Ex. 2. 

5. A triangular park is bounded on all sides by streets. Its sides 
are 208 ft., 222 ft., and 350 ft How far is it from each corner to the 
opposite street? Which of these distances is the shortest? 

6. If two rods AB and BC, 3 and 4 units long resiiectively, are 
hinged together at B, and AB revolves about B, the length of AC 
(denoted by x) evidently depends on the size of ZB. 

1. If ZB = 90°, :(^ = 3* + i'. Hence 

2. If ZB < 00°, I* = 3* + 4* minus some quantity. 

8. If ZB > 00° and < 180", i^ = 3= + 4^ phis some quantity. 




Explain how these relations enable us to find out whether a tri- 
angle is acute, right, or obtuse, when we know its sides (§§231, 232). 

7. The sides of a triangle are 6,7,9. What kind of triangle is it? 

8. Given four rods of lengths 4, .1, 6, 8. If they are hinged together 
at their extremities, three at a time, how many different triangles 
can be made? What kind of triangle results in each case? 

9. The base of the gable triangle of a roof is 28 ft. Each of the 
oblique rafters is 17 ft. long. What kind of triangle is it? 
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IMPORTANT FORMULAS 
Express in words the following formulas; 



Rectangle, 


A = hxa. 


Square, 


A^b\ ■ 


Kite, 


-^■- 




A = bx h. 


• Triangle, 


J= JSX* 




=V.(.-.)(.-*)(.-.). 


Equilateral triangle, 


.=fv5. 


Trapezoid, 


A = i 1,(1, + f). 


Circumscribed polygon, 


X-lpxn 


Sqmre, 


. = „.V2,,. = A. 


Triangle, 


*.=¥• 


Equilatei'al triangle. 


i = ?Vs. 


Right triangle, 


j,= ?^. 



REVIEW EXERCISES 

1. Why is a square the most convenieut unit of area? 

2. Why is the Pythagorean theorem so important? 

3. In how many ways can you find the area of a polygon ? 

4. What is the importance of Proposition VV 

5. The dimensions of a rectangle are i in. and 5 in. What is the 
altitude of an equal equilateral triangle? 

6. The diagonals of a rhorabua are 8 and 7. What is the side of 
an equal square? 
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7. One leg of a right triangle in i. The angle opposite the leg is 
30°. Find the area of the triangle. 

8. The bases of a trapezoid are 13 and 10. What is the altitude, if 
the trapezoid is equal to an isosceles right triangle whose hypotenuse 
is 10? 

9. The sides of three squares are 5, 12, 84 respectively. How 
large is a side of the square equal to their sum ? 

10. A triangle has sides of Q, 10, and 17 cm. Transform it into 
a square. How long should a side of the square be ? Check by 
measurement. 

11. Given a square of side 2 a. In this square inscribe another 
square by joining the mid-points of the sides in order. In the second 
square inscribe a third square similarly. Find the sum of the perim- 
eters and the sura of the areas of the three squares. 

12. The sides of a triangle are 20, M, 42. Find the areas of the 
parts into which the triangle is divided by the bisector of the angle 
formed by the first two sides. (Proposition IV.) 

13. Transform a square into an equilateral triangle. 
Suggestion. Transform the square into a triangle having an angle 

of 60°, and apply Proposition IV. 

14. What is the area of a pentagon circumscribed about a circle 
whose radius is 20 ft., if the perimeter of the pentagon is 150 ft. ? 

15. Fold a rectaugular sheet of paper from one 
comer, as shown in the diagram. The successive 
creases are to be equally distant from each other, 
and the ends of each crease equally distant from the 
comer. Prbve that the ratio of the 
between the creases is 1 ^ : 5 1 7, etc. 

16. The ei^e of a regular tetrahedron is 7 cm. Find its entire 
exterior surface and its altitude. (See Problem 12, p. 223.) 

17. Draw a circle with a radius of i in. Draw a diameter and 
divide it into eight equal parts. Through the points of division draw 
chords of the circle perpendicular to the diameter. Find the lengths 
of these chords to two decimal places, and compute the approximate 
area of the circle by Simpson's Rule (p. 208). 

Suggestion. To calculate the chords, use the equation of the circle, 
Ex. 23, p. 219. 
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18. An irregular piece of Uud adjoined a straight rood. Its area 
was found by regarding the road as the base line and measuring 
distances (offsets) ftt right angles to it, as in the figure. The follow- 
ing measurements resulted (distances are all from 0) '. 



Distan 



', (feet) Off^u (feet) 
100 








Find the area of the field. 

19. At a certain point in its course a river is 100 yd. wide. From 
a bridge built across the river at that point aoiindiugs are made at 
intervals of 10 yd., from bank to bank. The water is found to have 
the following depths (in feet) : 5, 10, 12, 20, 20, 25, 20, 18, 8. If the 
water is flowing at an average velocity of 3 mi. per hour, how manj 
gallons, approximately, pass under the bridge per second? 

Sui/geslion. Draw a diagram to scale, and proceed as in Ex. i, p. 207. 
Calculate the result also by Simpson's Rule (p. 208). 

The three following exercises pertain to shapes used in steel- 
construction work, the dimensions being in actual use. 

20. Find the area of the accompanying " bevel nose " for the 
dimensions given (inches) : 



, 


ft 


, 


d 


. 


li 


A 


A 


i 


A 


« 


A 


A 


'1 


1 


li 


U 


A 


3 


» 



Tr 



21. Find the area of each of the accompanying special bevels : 



f 



:^f 
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22. Verify the formulas giveD in engineering worka for the 
following shapes ; 

InPig. 1, area={i;+2c)(. Id Fig. 2, area = (/( + (3 + j)2 2. 




Fig. 1 Fio. 2 

23. In Fig. 3 is shown a rapid method of constructiDg a regular 
octagon. A BCD is a square. Use the vertices as centers, and dis- 
tances equal to ^O as radii for the interior arcs. Prove that the 
octagon is equiangular and equilateral. 

Suggestion. LetAB=^2a. Then ^0 = a Va,and^F=2a-av'2. 

24. If one side of a regular octagon is n, prove that its area is 
20HV2 + I). 

Suggestion. Divide the octagon into rectangles and triangles. 

25. What is the area of the octagon in Ex. 2% \a t«rms of AB1 

26. One of the largest chimneys in the Unit«d States rests on a 
concrete octagonal foundation 40 ft. wide and 23 ft. deep. How inanj 
cubic yards of concrete were used in the construction of the founda- 
tion? (See Exs. 23-25.) 

27. A flagpole has a concrete octagonal foundation, each side of 
the octagon being 2^ ft. long. How large an area does the foundation 



28. A table top has the form of a regular octa- 
gon, each side lieing 1 ft. long. Find its area. 

29. The polishing drums in a button factory 
have the form of prisms with regular octagons for 
bases. If each side of the octagonal base is 10 in. 
and the length of the drum is 3 ft., what is the 
capacity of each drum? 

30. The construction of the above tigure is apparent. A C and 
BU are squares. liAB = A a, and DB = a, find the area of the cross. 
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PEOPORTIONAL MAGNITUDES. SIMILAR 
POLYGONS 

355. Extremes and Heans. Fourth PiopOTtioiud. In the pro- 
portion a:b = c:d, 

the terms a and d are called the ertremcB, and the terms b and 
c are called the meuiB. 

The fourth proportional to three given numbers is the fourth 
term of the proportion which has for its first three terms the 
three given numbers taken in order. 

Thus in the proportion 4 ; 8 = 5 : 10, 10 is tbe fourth proportiouat to 
i, 8, and 6. 

356. Continued Proportion. The numbers a, b, e, d, are said to 
be in continued proportion if a : i = & : c = c : r/. If three num- 
bers are in continued proportion, the second is called the mean 
proportional between the other two, and the third is caJled the 
third proportional to the other two. 

Thus in tlie proportion 2 : 4 = 4 ^ 8, 4 is tlie mean proportional )>etweea 
2 and 8, and 8 is the third proportional to 2 and 4. 

357. Definition of Inrersely Proportional. Tbe terms of one 
ratio are said to be inversely proportional to the terms of another 
when the first ratio is equal to tbe reciprocal of the second ratio. 

Thu8 a and b are said to be inversely proportional to x and y. If 
a ; 6 = V ; I. For eiample, the two altitudes of a parallelogram are in- 
versely proportioual to the correapoDding l>ases. If the sides ara a and 
b and the corresponding altitudes ha and A^, then aAa = bA«. (Wh;?) 
Whence, dividing Iwtli members i)j the product aki,, 

ft„ : ft* = b : 0. 
That is, the altitudes fta and A* of the parallelogram are inversely propor- 
tional to the corresponding bases a and b. 
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Fdndamental Principles 

358. Theorem I. In every proportion the product of the ex- 
tremes is equal to the product of the means. 

For if T = -J ' we may nmltiply the eqiiala by bd. Then 

ad = be. This principle enables us to find any term of a pro- 
portion, if the other three are given. 

359. Theorem II. The mean proportional between two num- 
bers is equal to the square root of their product. 

For if a : ft = 6 ; c, then ft' = ac. Therefore b = Vac. 

, 360. Theorem in . If the product of a pair of numbers equals 
the product of a second pair, the four numbers will be in propor- 
tion when written in any order that m,akes one pair the extremes 
and the other pair the means. 

Thus if ad = be, then it readily follows that 

5. b:a. 

6. b:d. 



3. d 



c = b 



c = b 



7. < 



a=!d 
d=:a 



361. Theorem IV. In a series of equal ratios the sum of the 

antecedents is to the sum of the consequents as any antecedent is 
to its consequent. 



Proof. If 

of the ratios. 
Then 
Hence 

Then 



d f h 



let X represent the value of each 



bx, e ^ dx, 6 = fe, g ■= hx. 
■irg={h + d-\-f+k)x. 
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Transformations of Peopoktions 

The properties of fractions and the fundamental principles 
stated above lead at once to these additional properties of 
proportions ; 

362. If four numiers are in proportion, they are in proportion 
hy alternation; that is, the first term is to the third term as the ' 
second is to the fourth. 

Thus if a:li = e:d, then a:e = b:d. Why? 

363. If four numbers are in proportion, they are in propor- 
tion by invtrsion; that is, the second term is to the first as the 
fourth is to the third. 

Thus if a:b=ic:d, then b:a=d:e. Why? 

364. If four numbers are in proportion, they are in propor- 
tion by addition; that is, the sum. of the first two terms is to the 
second term as the sum. of the last two terms is to the fourth term. 

Proof. If f = -,- then f + 1 = ^ + 1. Why ? 

d b a • 

a+b c+d 
Then ^ = ^- 

Similarly, =s 

365. If four numbers arein propoHion, they are inprt^or- 
tion by subtraction; that is, the difference of the first two terms 
is to the second tertit as the differejice of the last two terms is to 
the fourth term. 

Proof. If 1 = ^. then I -1 = ^-1. Why? 

„. ., , a~b c — d 
Similarly, = 
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1. In the following proportions determine the value of x: 
(ft)9:12 = 8:a; (b)4 ;5 = 12:i; (c)r:5 = i:4; (d)i:m = c:n; 
W^ = ^ (f)12r:. = i:27; (_g) x : M = al^ : x. 

i. Is the following proportion correct : 3^:4^ = 5:2J? 

3. Given the integers 2, 3, 4. 5, 6, 8, 9, 12. Find the fourth pro- 
portional to any three chosen at random ; the mean proportional 
between any two ; the third proportional to any two. 

4. Find the third proportional to m and n ; c and d; a + b aud e + d. 

5. Suppose that, in the annexed figure, AB is 30 in. long. Find 
the lengths of A C, CD, and DB, it AC -.CD q y, 

= 2:3, and CZ»:i)fi = 6:5. A-' 1 1 3 

6. Write as a proportion each of the following equations: cd = tiin; 
rs = ry ; a' — l^ — cd ; b^ — ac; x' — 5yz; j/^ = 3 q^; x^= a^ — ax. 

7. Two segments are 8 ft. aud 12 ft. long respectively. Show 
that their ratio remains the same if they are measured in inches ; 



8. The figure represents one form of the straight lever. A straight 
bar j4B is supported at F (fulcrum). A Weight (IF) is attached to it 

at B. Then, by exerting enough ji 

pressure (P) at A, it is possible to J 

keep the bar balanced. Examples I 

of the lever are furnished by the 

ordinary balance, the crowbar, a 

pair of scissors. Let the lengths 

of ^Fand FB be m and n respectively. Numerous experiments have 

established the law that if the lever is in equilibrium, P-.W = n:yii; 

that i8, P and W are inversely proportional to m and n. For example, 

it AF = 25 in., and FB = 20 in., and a weight of 40 lb. is attached 

at B, what pressure must be applied at ^ to raise the weight? 

Solution. P : 40 = 20 : 25. 

25 

.', the pressure P is 32 lb. 
(No allowance being made for the weight of the lever itself.) 
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In the following table supply the values of the missing terms : 
P W m n 

40 lb. 50 lb. 3 ft. ? 

35 oz. 70 oz. ? 10 in. 

50 kg. ? 40 cm. 20 cm. 

? 44 lb. 4 ft 8 ft. 

9. Two weights of 7 lb. and 11 lb. are suapended from the 
ends of a lever 9 ft long. Find the position of the fulcrum if the 
lever is balanced. 

10. A weight W is suspended first at A and then at B in the 
figure for Ex. 8, and the corresponding pressures P^ and Pj are 
found. Show that W is a mean proportional between P, and P,, 
for any fixed position of F. 

11. The sides of a triangle are 7, 8, and 9. Find the segments of 
8 made by the bisector of the opposite angle (§ 338). 

Suggestion. If m and n are the required segments, then m ; n = 7 ; 9. 
Hence m + n : m = 16 : 7, etc. 

12. Show that the side of a square is the mean proportional 
between the dimensions of an equal rectaogle. 

13. By transforming each of the following proportions, test the 
validity of altematioD, inversion, additioo, subtraction. 

15 : 10 = 9 : e, 
« : ad = i : 6*. 
U. na:b = c: il, show that 

a + 6:o-ft = c + rf:c-<f. 
In this result a, b, e, aud d are said to be in protM>rtion by addition 
And inbtntction. 

15. Transform by addition and subtraction the projiortion 

a + b: a — b = X + y: X — »/. 

16. If b is the mean proportional between a and c, show that 

a :c = 0.^:1/'. 

17. If a ; 6 = c : (/, show that 

2a» + 3 6«:2a'-36*=2c' + 3(/':2c»-3iP. 
(Let I = ^ = fc ; then a = bt, and c ~ ilk. Substitute these values of 
a and c in the given proportion and establish an identity.) 
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SIMILAR POLYGONS 

366. A surveyor is sent to measure a tract of land, which 
is in the form of an irregular polygon, — a quadrilateral, for 
example. He records the number of feet (or rods) in each 
side, and the number of degrees in each angle, or at least in 
as many of the angles as are neces- 
sary. He then desires to repi-esent 
this tract of land by means of a draw- 
ing. In order to accomplish this, he 
uses a scale of a certain number of 
feet (or rods) to the inch. 

Suppose that the scale is 20 rd. to "'"" 

the inch, and that this figure is the result. Then the ratio 
of any side in the diagram to the actual length is 1 : 3960 
(= 20 X 16i X 12). Has he made any change in the angles ? 

The drawing conveys a correct idea of the tract of land, 
for, though smaller in size, it is of the same shape. 

An architect, in drawing the plans for a house, applies the 
same principle. 

367. If a piece of cardboard in the shape of a polygon is held 
between a source of light and a wall, and parallel to the wall, a 
shadow is cast which is a copy, on a larger scale, of the original 
figure. 

^'fe ::::yK:. 



What relation exists between the angles of the original figure 
and those of the shadow ? What relation between the sides ? 

368. If a polygon is formed by joining in succession 
several intersections of the heavy lines of squared paper, and 
another figure is formed by joining a corresponding series of 
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intersections of the lighter lines, what relation' exists between 
the angles of the two polygons ? what relation between the 



Can the smaller figure be considered a copy of the larger ? 
If so, to what scale ? 

J to the above questions will be 

369. Mutually EquiAng:iilar Polygons. Homologous Sides and 
Angles. Two polygons which have the angles of one equal 
respectively to the angles of the other are said to be mutually 
equiangular. In that case two of the equal angles (one from 
each polygon) are known as homologous angles, and two sides 
(one from each polygon) which are similarly situated with 
reference to the equal angles are called homologoua. sides. 

370. Similar Polygons are polygons which have their angles 
respectively equal and their homologous aides proportional. 

The similarity of two figures is indicated by the symbol — 
(a horizontal s). Thus P~P' ^ 

means "P is similar to P'." 

Similar figures have the same 




If P and P' are similar poly- 
gons, then 

Z.A = Z.A', Z.B = Z.Ii', AC = AC',-- 



_ BC ^_CD_ CD 
~ B'C' B'C'~ CD'' CD'' 
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371. Ratio of SimiUtiide. From the foregoing considerations 
it is evident that any two homologous sides of two similar 
figures may be used to determine the scale by which one 
figure may be considered a copy of the other. The ratio of 
two homologous sides of two similar polygons is called the 
ratio of simiUtude of the polygons. 



1. The aides of a polygon are 8, S, 10, 12, and 15, Find the aides 
of a similar polygon if the ratio of similitude of the two polygons is * 
1:2 (2:3; 3:4; 4:5; 5:6). 

2. The legs of a right triangle are 5 and 12, and the hypotenuse 
of a similar right triangle is 65. Find the lengths of the legs of the 
second triangle. 

3. Show that two equilateral trianglea are aimilar. 

4. Show that two squares are similar ; that any two regular poly- 
gons of the same number of aidea are similar. 

5. Construct a rectangle whose sides are 4 cm. and 9 cm. Con- 
struct a similar rectangle, the ratio of similitude being 1 ; 2. 

6. Two rectangular building lots are of the same shape, but each 
dimension of one is three timea the correaponding dimenaion of the 
other, Find the ratio of their areas; of their perimetera. 

7- If the ratio of similitude of two similar polygons is 1, what ad- 
ditional relation esista between 
them? In what aense ia congru- 
ence a apecial case of similarity? 

The adjoining figures illus- 
trate the terms " similarity," 
"equality," and "congruence," 
as applied to triangles. 

8, Draw a scalene triangle, an 
irregular quadrilateral, a penta- 
gon, a hexagon. Copy each of 

them, using in succeasion the scales 1 : 2, 1 : 3, 2 ; 5, 2 : 3, (Is i 
ment of angles necessary in each caae?) 
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9. In drawing by measurement a poison similar to a given 
polygon (see Ex. 8), having given a ratio of similitude, is it neces- 
sary to measure (or transfer) all the parts of the given figure ? H 
not, how many parts may be omitted, and what parts V 

10. How do two similar polygons compare in size, if their ratio 
of similitude is a proper fraction ? unity 7 an improper fraction ? 

H. Given the triangle j4BC; it is required to construct geometri- 
cally another triangle similar to A^BC, which shall have to A ABC 
a ratio of similitude equal to 3 : 4. 




Note that this may be done in three different ways, as in the above 
digrams, namely, one side and two adjoining angles of the original 
figure may be used, or two sides and the included angle, or three 
sides. Several theorems must be established, however, before these 
constructions can be proved. 

12. A number of straight railroad tracks diverge from the same 
station at the point 0. Several trains leave the station at the same 
time, one over each track, and run at differ- 
ent rates of speed, say 20, 30, 40, and 50 mi. 
an hour. Suppose that the trains are stopped 
simultaneously at the end of 15 min., and 
again at the end of 30 min., etc. Make a 
drawing illustrating the statement, using a 
scale of 5 mi. to the inch. What relation is 
there between the figures formed by joining 
iu succession the stopping points in each set. Test by measurement 
with a protractor, or by actual construction, the equality of any of 
the angles. 
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PKOPOETIONAL SEGMENTS 

Proposition I. Theorem 

372. If a line it drawn through two sides of a triangle, 
parallel to tlte third side, it divides those sides proportionally. 




Given the triangle ABC, with DE parallel to BC, dividing the sides 
AB and AC into the segments m and n, and p and q, respectively. 
To prove that m : n =p ; q. 

Proof. 1. ' Draw BE and CD. 

2. Then AADE : ABDE = m -.n, §334 
and AADE : A CDE =p:q. § 334 

3. But ABDE^ACDE. Why? 

.-. AADE: ABDE = AADE: ACDE. Ax. 5 

.-. m. :n=p: q. Ax. 1 

373. The above conclusion may be called the " primary 
sense " of this theorem. The word " proportionally," however, 
may be extended in ite meaning to include the results obtained 
by taking the above proportion {§§ 362-364) : 
by inversion, n:m^q:p; 

by alternation, m:p = n:q; 

by addition, m -\-n:m=p -\- q:p; 

that is, AB:AD = AC : AE. 
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ThU last form of the proportion appears very frequently. 
In general form it is stated as follows : 



374. Corollary 1. If a liiie 
triangle, parallel to the third side, 
one of those sides is to either part 
cut off by the parallel line as the 
other side is to the correspond' 
inff part. 

375. COBOLLABY 2. If two 
lines are cut by any number of 
parallels, the corresponding seg- 
ments are proportional. 



drawn through two sides of a 




Draw BE and BL parallel to ^O. 
m' = m, p" =p' = p, and r" = t, 
m' ; n = p': q, and p": q = t':s. 
.: m:n=p:q = r:s. 



.Why? 
§372 



Proposition II. Problem 
376. To construct the fourth proportional to three given lines. 



Given the lines m, n, and p. 

RequiTed to construct the fourth proportional to m, n, and p. 

CODstmction. 1. Draw any angle GAH. 

2. On^G takeAB==m,BC = n; on^if take ^D =p. 

3. Draw BD. Through C draw a line parallel to BD, meet- 
ing AH in E. Then DE is the required fourth proportional 

Proof. (To be completed.) 
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Proposition III. Problem 

377. To divide a given line into geffments proportional to 
any number of given line». 






Given the lines AB, bi, n, and p. 
Seqidrtd to divide A B into segments propoHional to m, n, and p. 
Constniction. 1. Draw AC, making any convenieDt angle 
rith AB. 

(ConetructJon and proof to be completed.) 



1. In how many ways can the conatnietion of § 376 be made ? 
Will the result be the same in each case 1 (Check by measurement.) 

2. Find a third proportional to two given lines ni and n. 

3. If a, b, c, d, and e are five given lines, how would you construct 

V w *<^.j .. 2fcc, ^ be . ^ beef bfceVl., 

a line equal to —i to ? tor~-? to — r =-l-;IV 

a a 2 a adt a\d/A 

4. If a, b, e, and d are four given lines, how would you construct 
a line equal to — ? to — ^ to — 7 

5. Two lines, a and b, are the dimensions of a rectangle. Coit- 
struct the altitude of an equal rectangle whose base ia equal to a 
third given line c, without actually constructing the first rectangle. 

6. Construct the altitude of a rectangle of base h, which is equal 
to a square of side c, without actually constructing the square. 

7. Divide a given square into two rectangles which are to each 
other as two given lines m and n. 

8. If Hi, tj, p, q, and r are the sides of a polygon, and AG i» s, 
given line, show how Proposition III may be applied to construct 
the sides of a polygon similar to the given polygon, with ^ <r as a 
Mde homologous to m. 
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Pro POSITION IV. Thbokem 

378. If a line divides two sides of a triangle proportionally, 
it is parallel to the third side. 




Giren the trungle A&:, and the line DE drawn so that 
AD_AE 
DB~ EC' 

To prove that DE II BC. 

Proof. 1. From the given proportion, by addition, 

AD + DB: AD = AE -^ EC : AE, 
or AB:AD = AC:AE. §364 

2. Through D draw a line DG II to BC, and suppose that it 
cuts the line J C in a point F. 

3. Then AB:AD = AC:AF. §372 

4. But AB:AD = AC:AE; 

.-. AE = AF, Why? 

and the points E and F coincide. 

5. -■. DE coincides with DF. Why ? 
That is, DE II BC. 

Discnasion. Wh^ is the addition form of the proportion used in the 
above proof ? (This theorem is the conveise of Proposition I, g 872.) 



by Google 



244 PLANE GEOMETRY— BOOK IV 

SIMILAR TRIANGLES 

Proposition V. Theorem 

379. If two triangleg have the angles of one e<pial retpectively 
to the angles of the other, the triar^les are iimilar. 




Given the triai^lea ABC and A'B'C, having the aisles A, B, C 
equal to the angles A', B', C respectively. 

Toprove that AABC -^AA'B'C. 

Proof. 1. On AB lay off AD^A'B', and on AC lay off 
AE = A'C'. Draw DE. 

2. Then AADE = AA'B'C'. Why? 

3. Also DE II BC. Why ? 

4. Therefore AB:AD^AC:AE; Why? 
that is, AB -.A'B' = AC:A'C'. 

5. In like manner, by laying off the corresponding aides of 
AA'B'C from B on BA and BC it can be shown that 

AB:A'B' = BC-.B'C. 

That is, the homologoua sides of A ABC and A'B'C' are 
proportional. 

6. .-.AABC^AA'B'C. Why? 

380. Corollary 1. If tivo triangles have two angles of one 
equal respectively to two angles of the other, the triangles are 
similar. 
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381. Corollary 2. If two right triangles have an acute 
angle of one equal to an acute angle of the other, the right 
triangles are similar. 

382. Corollary 3. If two isosceles triangles have the angle 
at the vertex, or a base angle of one equal to the corresponding 
angle of the other, they are similar. 

383. Corollary 4. Two equilateral triangles are similar. 

384. Corollary 5. If two triangles have their sides respec^ 
tively parallel, they are similar. 

Produce one or both of two non- /\ 

parallel aides until they meet. It can /~ — >r~"V — 7 

then be shown that the triangles have / X \/ 

their angles respectively equal. 

385. Corollary 6. If two triangles / ""^ 

have their sides respectively perpendieu- / \^ ^v,^ 

tor, they are similar. / \, ^S 

The proof is similar to that of \I/'^ 

Corollary B, ,'\ 

Remark. It can be shonii that in Corollary 6 and Corollary 6 Uie 
parallel sides and tlie perpendicular sides respectively are homologous 



1. The diagonals of any trapezoid divide each other iu the same 

2. A line parallel to one side of a triangle, cutting the other two 
sides, produced if necessary, forms a tri- 
angle similar to the given triangle. 

3. In the acconipan3^ng figure j4BCZ) 
is a parallelogram. ,/!£ is produced to £. 
Find all the similar triangles. ^ ^ 

4. ABCD is any quadrilateral inscribed in a circle. The dit^o- 
nab intersect at 0, Prove that A ^OiJ~ A COB. 
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Proposition VI. Theorem 

386. If two triangles have an angle of one equal to an angle 
of the other, and the including sides proportional, the triangles 
are similar. 




Given the triangles ABC and A'B'C In which the angle A is 
equal to the angle A' and ABiA'B' = ACiA'C. 



Topnwethat 




AABC'^AA'B'C. 








Piwrf. 1. On AB lay off AD = A'B', and 
AE = A'C'. Draw DB. 


on 


AC 


lay off 


2. Then 




AADE = AA'B'C'. 






Why? 


3. Also 




AB _AC 
AD~ AE' 






Why? 


4. Therefore 




DE II BC. 






Why? 


Then 




Zw = ZB, 








and 




An^ZC. 






Why? 


6. 




.-.AADE^AABC. 






Why? 


That is, 




AA'B'C'^AABC. 






Ax. 1 


387. Corollary 1. If two r'njht triangles 
one proportional to the legs of the other, they a 


have the legs of 
re similar. 



388. CoKOLLABY 2. If two right triangles have tlie hypote- 
nuse and a leg of one proportional to the hypotenuse and a leg 
of the other, they are similar. 

Since it can be shown by the Pythagorean Theorem thai the legs' of 
the two triangles are proportional. 
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Proposition VII, Theorem 
389. If two triangles have their sides respectively propor- 
tional, they are similar. 




Given the UiangleB ABC and A'B'C, in wbicii AB : A'B' = 
AC:A'C'= BC'. B'C. 

TopTOVethat AABC~AA'B'C'. 

Proof. 1. On AB lay off AD = A'B', and on AC lay off 

AE = A'C. Draw DE. 

{It will be proved, first, that AADE-^AABC, and then 
that AADE = AA'B'C). 



2. Then 


AABC'-.'AADE. 




§386 


For 


Z^ is common, 






and 


AB : AD = AC : AE. 


Hyp 


and Cons. 


3. Hence 


AB BC 
AD~ DE' 




S370 


4. But 


AB __ BC . 
A'B' ~ B'C' 




Hyp. 


and since 


AD = A'B', 




Cons. 




BC BC 

" DE S'C' 




Ax. 1 


Hfflice 


DE = B'C 




Why? 


6. 


.-. AADE = AA'B'C. 




3. 3. S. 


6. 


.-.A ABC -^AA'B'C. 




Ax.l 




a, congruence ia es- 
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390. Summary. As ati aid in working original problems, the 
residta found (§§ 379-389) may be stated as follows : 



In order to prove 



/four lines propOTtional\ . 
\ two angles equal / ' 



Vangles/ 

In order to prove two triangles similar ; 

1. Show that their angles are respectively equal. 

2. Show that an angle of one is equal to an angle of the 

other, with the including sides proportional. 

3. Show that their aides are respectively proportional. 

4. Show that they are right triangles and have 

(a) a pair of acute angles equal, or 

(b) two pairs of corresponding sides proportional. 
6. Show that they are isosceles triangles and have 

(a) their vertex angles, ori 

(b) their base angles J 

6. Show that they are both equilateral triangles. 

7. Show that their sides are respectively parallel. 

8. Show that their sides are respectively perpendicular. 
It a, b, c, d, ait four line-s^:ment8, and it is required to prove 

tbat ad= be, show that a:b= c:d. 






1. Homologous altitudes of 

2. Homologous medians of 

3. The radii of circles circumactibed 

about similar triangles are pro- 

4. The mdii of circles inscribed in ' f^^'f"^ *^ homologous 

5. Lines drawn from homologous 

vertices to the opposite sides 
and making equal angles with 
homologous sides in 
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6. A mediaa of a triangle bisects an; line parallel t« the corre- 
sponding base and included between the other two sides. 

7. Lines are drawn parallel to the base of a triangle and are 
terminated by the other two sides. What is the locus of their 
middle points? 

8. Parallel tines are drawn with their extremities in the sides of 
an angle. Find the locus of their middle jwints. 

9. Given a square A BCD. Let E be the middle point of CD, 
and draw BE. A line is drawn parallel to BE and cutting the square. 
Let P be the middle point of the segment of this line within the 
square. Construct the locns of P as the Hue moves, always remain- 
ing parallel to BE. 

10. On squared paper plot the points (1, 2), (2, 4), (3, 0). Prove 
that these points lie on a straight line. 

11. If the coordinates of three points are (a, b), (c, d), and (*,/), 
and ■;; = "; — ">' prove that the three points lie on a straight line. 



/ 

12. How many pairs of similar triangles a 
three altitudes of any triangle are drawn? 

13. Given that & ADE and ABC are similar. 
Suppose hADE inverted and /.A replaced on 
itself. Then FG, the new position of ED, is 
said to be antiparallel to BC. 

Give all the proportions which arise when 
FG is antiparallel to BC. 

14. Show that if the extremities of the three 
altitudes of a triangle are connected as in the 
figure, three sets of antiparallel lines are ob- 
tained. 

15. Show by the use of antiparallels that 
the angles of the smaller triangle in Ex. 14 j; 
(called the pedal triangle) are bisected by 
the corresponding altitudes. 

16. Prove the corollary of Proposition IV, 
Book Til, by drawing AE parallel to CD 
(see the figure), to meetBCproduced in £. 



: formed when the 
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17. State and prove the converse of Ex. 16. 

18. A number of rays passing through the same point intercept 
proportional parts on two paratlet lines. 





19. In E)£. 18, ii OA:OE = 1:2, what is the value of OB : OFl 
oiOC:Oai 

20. State Ex. 19 as a locus problem. 

21. State and prove the converse of Ex. 18. 

Sugijesiian. Let two of the rays, say AE and BF, intersect at 0. 
Then show that a line joining C to will cut off on the line EH a 
distance from F equal to FG, and will therefore pass through G and 
coincide with CG. 

22. The line joining the mid-points of the bases of a trapezoid 
will, if produced, pass through the point of intersection of the non- 
parallel sides. . 

23. ABC is a triangle, and is any point within 
or without the triangle. Draw 0^1, OB, OC. At.4',a 
point in OA, draw .4'B'II to AB, and draw B'C'Wla BC. 
ProvethatC.4'llC-rl,andthatA^'B'C— A^BC. Oia ' 
called the center of similitnde of the similar triangles ABC and A'B'C. 

24. Explain how the method ot Ex. 23 might be used to copy a 
triangle according to a given scale. 

25. Given a fixed point D within a triangle ABC. Choose any 
point E on the perimeter of the triangle, draw DE, and let P be the 
middle point of DE. Construct the locus of P as 

E traces out the whole perimeter of the triangle. / \ ^y" 

26. By studying the annexed figure show / X..'' 

how to inscribe a square in a given triangle. /| ^'' |\ 

(A square is said to be inscribed in a triangle /^"^ I \ 
when one side of the square ties wholly in one ' 

side of the triangle, and the other vertices of the square lie in the 
other two sides of the triangle.) 
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iniMERICAL EXERCISES 

1. Thalea of Miietua, a Greek mathematician (800 B.C.). is said 
to have computed the height of pyramida by means of shadows. He 
measured the length of the shadows oast at the same time by the 
pyramid and by an upright rod of known length. Esplain. 

2. How high is a tree that casts a shadow 60 ft. long, if a vertical 
post 6 ft long casts a shadow 8 ft. long at the same time ? 

3. Complete the following table : 



Length of rod 


Shadow of rod 


Shadow of building 


Height 


Df building 


8 ft. 


5 ft. 


60 ft. 






4 ft. 3 in. 


2 ft. 10 in. 


46 ft. 






. 6ft. Sin. 


6 ft. 


soft. 






10 ft. 


11 ft. 4 in. 


34 ft. 






Oft. 


2 ft. 


8 ft. 







4. Similar triangles may be used to measure distances indirectly. 
Suggestion. It AB cannot be measured directly, 

draw BCXto AB, and CD ± to BC. Place a stake .4-t ^^ ifl 
at 0, so that AOD is a straight line. Prove that ^^\Jp 
AOAB'^AOCD. What measurements should lie C^^D 

taken? 

5. The moon is approximately 240,000 mi. from the earth and 
its diameter is about 2160 mi. How far from the eye must a jiaper 
disk 1 in. in diameter be held to cover the moon's disk exactly 1 

6. The centers of two circles are 10 cm. apart. The radii of the cir- 
cles are 3 cm. and 2 cm. respectively. How tar from the center of the 
first circle is the line of centers cut by the common interior tangent? 
by thecommon exterior tangent? How long are the common tangents? 

7. The diagram shows how squared paper may be 
used to divide a small segment into a large number of 
equal parts, tor example, 10. If ./IB is the given seg- 
ment, erect BC ± to AB and equal to 10 divisions. 
Draw AC. At F, the first division on CB from C, 
draw FE n to B A. Then A CEF~ A ,ICB. Prove 
that EF is one tenth of AB. Similarly, MN is six tenths of AB, etc. 
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8. The method of division explained In the preceding exercise 
nnderlies the construction of the dlAgonal scale. Explain. The scale 
shown below has one inch for its unit. What is the length of 
, CD, EF, MFt 













g 






























F 


4 - 


U 


E 


















D 






C 






A 






B 







9. Make a diagonal scale and with ite aid measure the hypotenuse 
of a right triangle whose legs are 1 in. and 2 in. ; the diagonal of a 
square of side 1 in. ; the altitude of an equilateral triangle of side 2 in. 
Verify by computation. 

10. The pantograph is a machine for drawing a plane figure sim- 
ilar to a given plane figure. It was invented in 1603 by Christopher 
Scheiner. One form of tlie instrument is shown in the figure. 
ABtmd BC, DE s,nd EF,are four bars parallel in pairs and jointed at 
B,D,E,F. DiTFB is a parallelogram. 

, AD . - _ BF .. 

* 's macte equal to -^< the 



Then, if - 



AB ' 



11 always be in 
, and the ratio 




points A, E, and C 
the same straight li 

-— ^ will always equal the ratio — ^ ■ 

Now if pencils are j)laced at E and C while X is a fixed pivot, 
the points E and C will describe similar figures. Give proof. (Prove 
that /\ A DE~ A ABC.) 

The pantograph is widely used for reducing and enlarging maps, 
drawings, etc. 
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Proposition VIII. Theobbu 

391. The homologmu altitudes of two mmilar trianglet have 
the same ratio as any two homologous sides. 




Given the two similar triangles ABC and A'B'C, with the 
homologous altitudes CD and CD', 

^ ^ , CD AC AB BC 

Proof. 1. Kt. triangles CDA and CD' A' are similar. Why? 
(To be completed.) 



1. Plot the graph of the equation - = 4. Prove that 
it 13 a straight line. 

2. The annexed figure represents a pair of proportional 
compasses. Two equal rods are hinged together at 0. 
Provethat A^OC— ADOB. Prove that y : * = 6 : a. How 
maj* such an instrument be used to construct a triai^le 
similar to a given triangle? 

3. The lower and upper bases of a trapezoid*are c 
and d respectively, and tlie altitude is k. If the legs 
are extended until they meet, what is the altitude of 
each of the triangles thus formed? 

4. The height of a right circular cone* is 10 in, 
and the diameter of its base is 5 in. What Is the 
diameter of the circular section made by a plane 3 in. 
from the base? ' 

e ia generated by revolving a right triangle 
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Proposition IX. Theorem 

392. The altitude on the hypotenuse of a right triangle 
divides the triangle into two triangles each similar to the given 
triangle, and hence similar to each other. 




Oven the right triangle ABC, wltb CD perpendicular to the 
bypotenaae AB, 

To prove that H.^ACD ~ ft. A AliC ~ rt. A BCD. 

Proof- (Tobe completecl.) 

If the lines in the above figure are given values represented 
by the small letters, it follows that 



1. 



Why? 



Why? 



Why? 



Hence 


l^^ce. 


(3) 


3. Also 


a* cd d 
b''~ ce e 


Dividing (2) by (3). 


4. Also 


a' + i= = erf + ce 
= e(rf + e 


Adding (2) aud (3). 
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Statements 1-3 in general form are as folloirs : 
If in a right triangle a perpendicular is let fall frovt the ver- 
tex of the right angls upon the hypotenuse : 

393. Corollary 1. The perpendicular is the -mean propor- 
tional between the segments of the hypotenuse. 

394. CoBOLLABY 2. Either leg is the mean proportional be- 
tween the whole hypotenuse and the adjacent segment. 

395. Corollary 3. The squares of the legs are to each other 
as the adjacent segments of the hypotenuse. 

The Pythagorean Theorem follows also as a corollary (from*4). 

396. Corollary 4. The square of the hypotenuse of a right 
triangle is equal to the sum, of the squares of the legs. 

From Proposition IX and Corollary 1 follows directly 

397. Corollary 5, If a perpendicular is let fall 
from any point in a circle upon any diameter, it ' 
is the m,ean proportional between the segments of the diameter. 

Proposition X. Problem 

398. To construct the mean proportional between ttiio given 



OiTen tbe lines a and b. 

Required to construct the mean proportinnal between a and b. 
CoastructioD. 1. Draw .1 B = a, and produce AB to C so that 
BC = b. 

2. On ^ C as a diameter describe a seinieircle. 

3. At B erect a perpendicular upon AC, meeting the circle 
in D. Then BD is the required mean proportional. Why ? 

I ,z,;i:, Google 
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1. A primitive method of det«niiiniDg the distance from a girsn 
point ^ to ttn inaccessible point B on the same q 

level was based on the use of an instrument that 
may be improvised by hinging a carpenter's square 
to the top of a pole set upright in the ground at 
A. Show how, by measuring AD and AC, to find the distance AB. 

2. If a and b are two given lines, how would you construct Vafi? 
V2^7 J^-t 2V7b1 ^V^? V2^? -^'? 

3. Show how Proposition X may be used to transform a rectangle 
into a square; a polygon into a square. (See 

§§340,350.) 

4. The accompanying figure gives a sec- , 
ond construction for the mean proportional i 
(AE) between AB and AC (see § 39i). ^^ 
Prove this statement. ' 

5. To transform a square into a rectangle, the sum of whose 
base and altitude is equal to a given line. (Describe a semicircle on 
the given line as a diameter, and at a distance from the diameter 
equal to one side of the square draw a line parallel to the given line, 
intersecting the semicircle. From one of the points of intersection 
let fall a perpendicular on the diameter. The toot of the perpendic- 
ular marks off the dimensions of the rectangle. Why? When is the 
construction impossible 1) 



\o 



D 



6. To transform a given triangle into au equilateral triangli 
(Transform the given triangle into a triangle one c 

of whose angles is 60°, and find a mean proportional a/^' 'D 
between the two sides inclosing the angle.) 

7. A door is surmounted by a circular arch. The 
span AB is 3 ft (see figure), and the height of the 
crown CD is 6 in. Find the radius of the circular arch. 



i.vCoogIc 



SIMILAR TRIANGLES 
Proposition XL Theorem 



399. The areas of two similar triangles are to each other as 
the squares of any two homologous sides. 




Given the two similar triangles ABC and A'ffC. 

„ ^ , AABC AB^ 

To prove that . .,„,„, = , ■ 

AA'B'C A'B-^ 

Proof. 1. Draw the altitudea CD and C'D'. 



2. Then 

3. But 



A ABC 
AA'B'C ' 



AB X CD 



AB 



(' X CD' A'B' CD' 



A'B' CD' 
AABC AB 



§334 
S391 
Ax.l 



1. Prove the above proposition by meana of g 337. 

2. The accompanying diagram gives a simple illustration of 
Proposition XI. Explain. 

3. It two similar triangles have a ratio of 
similitude of 2:3 [4:5; a : 6], what is the 
ratio of their areas? 

4. It the ratio of the areas of two similar 
triangles is 4 : 25 [2 : 3 ; o : fi], what is their 
ratio of similitude? 
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1. The aides of a triangle are 13, 14, 15. Find the three sides of a 
similar triangle whose area is S| times the area of the given triangle. 

2. On the altitude of a given equilateral triangle as a side a 
second equilateral triangle is constructed. What is the ratio of the 
areas of the two triangles 7 

3- Find the ratio of the areas of two equilateral triangles respec- 
tively inscribed in and circuro scribed about the same circle. 

4. How far from the vertex of a triangle of altitude 10 must a line be 
drawn parallel to the base to divide the triangle into two equal parts 7 

5. To divide a triangle in a given ratio by a line parallel to a 







\. 



Given the A^BC. 

Required to divide the AABC in the ratio 3 : 5, by a line II to SC. 

Analysis. Suppose the constructlou completed by means of the 
line DE. 

Then A ADE : tra^zoid DECB = d -.5. Cons. 

Whence AADE : AABC = S:». By addition 

But AADE : A ABC = ^:b'. § 3S9 

.-. rf* : J» = 3 : 8. 

Thatis, - ^ = ^-^,or^ = b.^- 

It is therefore necessary first to find a line equal to — ; that is, 
to find a fourth proportional to S, 3, and the side b, and then to find 
a mean proportional between this line and the side b. 

6. Construct BE in Ex. 5, if the given ratio is 4 : 5 (2 : 3, 5 : 7). 

7. To divide a triangle into five equal parts by lines parallel to 
the base. 

S. At what distances from the vertex should lines be drawn parallel 
tathe base to divide a triangle of altitude m into n equal parts? 
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TRIGONOMETRIC RATIOS 

400. Draw an acute angle XA Y. From various points in A X, 

such as Bj, Bj, B^, etc., let fall perpendiculars upon the other 
side, meeting it at C^, C^, C^, etc. A aeries of similar triangles 
is formed. (Why ? See the figure.) 
From this construction it follows that 




The ratios in each group will be equal for all positions of the 
perpendicular, that is, the ratios will be equal for any number 
of right triangles containing the angle A. 



o —J for any position ot the point i) 



For example, if /i -lis 3C 
has the value j. 

401. Sine, Cosine, and Tangeat of an Angle. Every acute angle, 
therefore, has corresponding to it a set of definite ratios whose 
values may be found by constructs 
ing any right triangle containing 
the given angle. 

Suppose that Zx is such an 
angle, and that a right triangle 
is constructed to contain it Let " 

b he the leg of the right triangle adjoining the given angle, 
a the opposite leg, and c the hypotenuse. Then 

The ratio - is called the sine of x (sin a:). 

The ratio - is called the cosine of x (cos a;). 
The ratio - is called the tangent of x (tanx). 
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Trigonometric Table 



Aiei« 


Sin 


Cm 


Tan 


Angle 


Bia 


Cm 


Tui 


1' 


,017 .t 


1998 


.017 


48= 


707 


707 


1.000 


2° 


.035 


1994 


.035 


46= 


719 


695 




8« 


.052 


me 


.052 


47= 


731 


683 


l!072 


4° 


.070 . 


>978 


.070 


48= 


743 


609 


1.111 


8° 


,087 


906 


.087 


49= 


755 


660 


1,150 


V 


.106 


995 


.105 


80° 


766 


643 


1.102 


r 


.122 


993 


.123 


81° 


777 


628 


1.235 


V 




990 


.141 


82= 


788 


616 


1.280 


V 


;i66 


988 


.168 


88° 


790 


602 


1.327 


Uf 


.174 


985 


.176 


84° 


800 


6S8 


1.376 


w 


.101 


982 


.194 


86= 


819 


674 


1.428 


laf 


.208 


978 


.213 


M° 


820 




1.483 


18= 


.225 


974 


.231 


6T° 


830 


545 


1.540 


14' 


.242 


970 


.249 


88° 


848 


530 


1.600 


15° 


.259 


968 


.288 


68° 


857 


515 


1,604 


16= 


.276 


061 


.287 


60° 


800 


600 


1.732 


17= 


.292 


956 


.306 


61° 


875 


486 


1.804 


18» 


.309 


951 


.326 


62° 


883 


469 


1.881 


19= 


.326 


048 


.344 


63° 


891 


464 




20= 


.342 


«40 


.364 


64° 


899 


438 


2,050 


ai" 


.358 


934 


.384 


68° 


900 


423 


2.144 


32= 


.376 


927 


.404 


66= 


914 


407 


2,246 


23= 


.301 


921 


.424 


67° 


921 


301 


2,356 


34" 


.407 


914 


.445 


68° 


927 


.375 


2.475 


3S= 


.423 


908 


.400 




934 


358 


2.605 


26= 


.438 


890 


.m 


70° 


940 


342 


2.747 


27- 


.454 


891 


.510 


71= 


046 


326 


2.904 


M= 


.46S 




.632 


72° 


051 


300 


3.078 


29= 


.485 


875 


.554 


78° 


056 


202 


3.271 


80= 


.500 


886 


.577 


74= 


061 


270 


3.487 


81= 


.515 


857 


.001 


78= 


960 




3.732 


82° 


.530 


848 




76° 


070 


242 


4.011 


88° 


.545 


830 


'.640 


77= 


074 


225 


4.331 


84° 


.559 


829 


.075 


78° 


978 


208 


4.705 


88= 


.574 


810 


.700 


79= 


082 


191 


5.146 


86* 


"" .588 


809 


.727 


80= 


985 


174 


5.671 


87° 


.802 


790 


.764 


81° 


088 


150 


8.314 


88= 


.ei6 


788 


.781 


82= 


000 


130 


7.115 


89= 


.620 


777 


.810 


83° 


993 


122 


8.144 


40= 


.043 


766 




84= 


095 


106 


0.514 


41= 


.056 


755 


!889 


86° 


096 


087 


11.43 


42= 


.069 


74S 


.900 


86° 


0970 


070 


14.30 


48= 


.082 


731 


.033 


87= 


9980 


052 


19.08 


44° 


.896 


710 


.066 


88° 


9904 


036 


28.64 


48= 


.707 


707 


1.000 


89° 


9998 


017 


57.29 
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402. On the opposite page is shown a table which gives the 
values to three decimal places of the sine, cosine, and tangent 
of all angles in degrees from 1° to 89°. 

To illUHtrate the use of the Table, find the value of sin 36°. In the first 
column, UDder An^le, look for 36°, aad opposite this in the second column, 
with the caption Sin, we find the numl)er .574. Hence Bia35° = .574. 

The Table is also used to find the value of an angle when its sine, 
cosine, or tangent are given. For example, to find the angle whose 
tangent equals .033, look for this number in one of the columns with 
the caption Ian. We find .S33 opposite 48°. Hence this is the angle 
Bought. If the given number lies between two numbers in the Table, 
choose the one nearer the given number, and the corresponding angle. 
For example, tor the angle whose cosine equals .432, choose 64.°. 

What change takes place in the value of the sine as the angle 
increaaes ? in the value of the cosine ? of the tangent ? 



1. On a sheet of squared paper and with the aid of a protraetor, 
draw angles of 10°, 20°, 30°, ■ - ., 80°, and determine by measure- 
ment the approximate values of the sine, cosine, and tangent of 
these angles, to two decimal places. (Use millimeter paper it pos- 
sible.) Make a table of these values and compare the results obtained 
with those given in the Table, p. 260. 

2. Find bytheTablethe values of sin 25°; cos 36°; tan 85°; cos 75°; 
sin 62°; tan 34°; sin 42°; cos 54°; tan 15°. 

3. Find without the use of the protractor or the Table the values 
of the sine, cosine, and tangent of 30° ; of 45° ; of 00°. Express the 
results (in radical form) in a table as follows : 

^ne cosine tangent 

30° 
45° 

oo- 

Check the results by reducing to the decimal form and comparing 
with the Table, given that V2 = 1.414, V5 = 1.732, approximately. 

4. Notice that the values of sine and cosine in the Table are less 
than unity. What is the reason 'I 



by Google 



262 PLANE GEOMETRY— BOOK IV 

APPLICATIONS OP TEIGONOMETRIC RATIOS 

403. Since the values of the sine, cosine, and tangent of an 
angle may be ascertained from the Table, it is possible to find 
the leng^th of any side of a right triangle, if another side and 
one of the acute angles are known. 

Thus, suppose that in the right triangle ABC the /LA and 
the side c are known. 



Then, since 




Similarly, it can be shown that a = b x tan J, b = a x. tanS, 

~ sin ^ 

For example, suppose it is desired to find the height of 
a building without actually measuring it. The horizontal dis- 
tance AC can readily be measured, and the angle at A can 
be determined by a transit instrument, or by some simple sub- 
stitute for it (see §123). Suppose that „ 
AC isl20ft., and that the angle at .■! ..--' TWIimif] 
is 36°. NowBC = -4C-tanvl. From ...--'' [^^ffl] 
the Table, tan ^ = tan 35°= .700. H^M 
Hence the height of the building, or ^^^^^^=±±=iSHl£Si 
BC, equals 120 x -700, or 84 ft. "* '' 

If the lengths of two sides of the right triangle are given, 
and the value of the sine, cosine, or tangent of one of the angles 
ia obtained, the nearest value in the Table under the proper 
heading gives the value of the angle to the nearest degree. 

DiqilizDdbyGoOgle 
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In trigonometric problems, when reference is made to the right 
triangle ABC, it ia understood that the ^C is the right angle, and 
that the sides opposite the angles A, B, and C are represented by 
the letters a, h, and c respectively. 

By using the Table of values of the trigonometric ratios fill the 
vacant spaces in the following table : 



« 


* 




.1 


« 


16 

66 


24 


28 


is," 
66° 


72° 
60° 




140 


12" 



6. A church steeple subtends an angle of 35" at a point on level 
ground 00 ft. away. How high is the steeple ? 

7. A cord is stretched from the top of a pole to a point on the 
ground 48 ft. from the foot of the pole. It makes an angle of 50" 
with the horizontal. Find the length of the cord and the height of 
the pole. 

S. A mariner finds that the angle of elevation of the top of a 
cliff is 16°. He knows from the location of a buoy that his distance 
from the foot of the cliff is half a mile. How high is the cliff? 

9. A ladder resting against the side of a house makes' an angle 
of 24° with the house. If it reaches a point 18 ft. from the ground, 
how long is the ladder? 

10. A man standing 47 ft. from the comer of a house, in line with 
the north and south wall, finds that the east and west wall subtends 
an angle of 52". How long is the east and west wall? 

11. The Singer tower, in New York City, is 612 ft. high. How 
lai^e an angle does it subtend at a point in New York bay, IJ- mi. 
away? (Assume that the base of the tower is at sea level.) 

12. What is the angle of the sun's altitude if a telegraph pole 
30 ft. high casts a shadow 42 ft. long? 
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's altitude when a man's shadow 




e 21 ft. 



13. What is the angle of the s 
is twice his own height? 

14. Find the radius of a parallel of latitude 
passing through Chicago (42° N. Lat.), if the 
radius of the earth is taken as 4000 mi. ? i 

(Note that in the figure /i I = .^y. Why?) ' 

15. A balloon of diameter 50 ft. is directly 
above an observer and subtends a visual angle 
of 4°. What is the height of the balloon ? 

16. A house 30 ft. wide has a gable roof whose rafters ai 
long. What is the pitch of the roof (that 
is, the angle between a rafter and the 
horizontal) ? 

17. What is the area of the gable in the 
above example? (Find the altitude by - 
trigonometry,) 

18. A boat has sailed 20 mi, in a north- 
easterly direction. What distance east has it made good? What 
distance north? 

19. A hexagonal table top is cut from a cireular slab of wood 
i ft. in diameter. Find a ude of the hexagon ; find its perimeter 

20. An observer standing at the brink of the Grand CaBon of the 
Colorado finds that the opposite wall of the cation subtends an angle 
of 17°. The horizontal distance of the wall from the point of obset^ 
vation is ascertained to be 15,600 ft. How deep is the caflon at that 

21. Draw an acute triangle ABC, and draw the altitude on AB. 
Name the sides opposite the angles A, B, and C by the letters a, b, 
and c respectively, and name the altitude h. Find the value of h in 
terms of the side a and the angle B, and again in terms of the side b 
and the angle A. By equating the values thus found prove that 




22. In the acu 
Find the side b. 



■triangle ABC, a = 7.t ft, ZA = 40° and ZB= 17°. 
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Pkoposition XII. Theorem 

404, If two chords intersect within a circle, the product of the 
iegmentt of one chord is equal to the product of the aegments 

of the other. 




Given In a circle two chords AB and CD Intersecting at E. 



To prove thai 


) AE X EB = CE X 


ED. 




Proof. 1. 


Drawee and BD. 






2. Then 


AAEC ^ABEB. 


§380 


For 


^x = Zx: 








(Each being measured by J e 


irc AD.) 




And 


zj-zy. 








(Each being measured by j a 


,rc CB.) 




3. 


.-. AE : ED = CE : . 


EB, 


Why? 




AExEB^CEx 


ED. 


§358 



DiscnssioQ. Another form of statement of the proposition is; I/ltro 
cAorda irdersect within a circle, the segments of one cAord are inversehj pro- 
portionai to the segmettls <tf the other (§ 857). One chord through E is 
a diameter. Draw this diameter and then express the product of the 
segments of any chord through E in terms of the radius of the circle 
and the distance from E to the center of the circle. 

405. By a secant from an external point to a circle is meant the 
segment of the secant lying between the given external point 
and the farther point of intersection of the secant and the circle. 

The segment between the external point and the nearer point 
of intersection is called the external segment of the secant. 
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Proposition XIII. Thboreh 

406. If from a point without a circle a secant and a tan- 
gent are drawn to the circle, the tangent i» the mean propor- 
tional between the secant and its external segment. 




Given AD a tangent and AC a secant from the point A to the 
circle £CZ>. 



To prove that 


AC:AD = AD:AB. 




Proof. 1, 


Draw DC and DB. 




2. Then 


AADC ~ AABD. 


§38 


For 


Z discommon; 




d 


Z.C = ZADB. 


Why 


3. 


.-. AC:AD = AD:AB. 


Why 



407. CJoKOLLARY. If from a fixed point without a circle a 
secant is drawn, the product of the secant and its external seg- 
ment is constant, whatever the direction in which the secant is 
drawn. 

For AC>iAB = A^^. 

But AI> is constant for any fixed position of tlie point A, 
.: AC xABie 



Diacnssion. In what sense arc Propositions XII and XIII and the 

Corollary to Proposition XIII apeciai forms of one general tlieorem? 
State such a theorem. 

How may Proposition XIII be used to construct a mean proportional 
between two given lines? Is this method to be preferred to the one 
already given p 
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NUHERICAI. EXERCISES 

1. Draw a circle 2 in. in diameter. Locate within the circle any 
point not the center. Through this point draw four chords of the 
circle. Test bj measurement the equality ot the products of the 
segments of the chords. (Proposition XII,) 

2. A point E is at a distance of 3 in. from the center of a circle 
whose radius is 5 in. What is the product of the segments of any 
chord drawn through El 

3. Proposition XIII makes it possible to compute the distance 
one can see on the earth's surface from a point of known elevation 
(no allowance being made for retraction or for 
the condition of the atmosphere). Explain. 

4. Assuming that the diameter of the earth 
is 8000 mi., how far can a man see from the top 
of a building 100 ft. high? 500 ft. high? how 
far from the top of a, mountain 4000 ft. high ? 

5. Find the length of a tangent to a circle 
from a point 15 ft. from the center it the radius 
of the circle is ft 

6. Find the distance from a point to a circle (g 268) if a tangent 
from the point to the circle is 12 ft. long and the radius of the circle 
is 5 ft 

7. Find the radius of a circle if a tangent from a point 29 ft. 
from the center is 21 ft, long. 

8. Find the radius of a circle if a tangent from a point S ft. from 
the circle is 16 ft, long, 

9. Find general formulas for examples like £xs. o, 7, and 8. 

406. Extreme and Mean Ratio. If a line is divided into two 
segments such that one segment is the mean proportional be- 
tween the whole line and the other segment, then the line is 
said to he divided in extreme and mean ratio. 

That is, the point C divides the line-segment AB in extreme and 
mean ratio if 

AB:AC-AC:Cli. 
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Proposition XIV. Probi^m 
409. To divide a given line in extreme and mean ratio. 




Given tlie eegment a. 

Required to construct a segment x suck that 



Analysis. Suppose that the construction has been completed. 



Then 



aia 



^). 



Why? 



that is, x^+ ax = a'. 

Completing the square in the above quadratic equation, 

ttaU., (, + !)■=„. + (5)'. 

This equation is of the form 

Hence a; + ^ is the hypotenuse of a right triangle the legs of 
which are a and - i and x is the difference between the hypote- 
nuse and tiie shorter leg of such a right triangle. 



(Coimtruction and proof to be completed.) 
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410. Corollary 1. The arithinetieal value of x is about 
.618 of the value of a. 

For, completing the solution of the quadratic equation given above, it 
is found that z + - = i - Vs. 

Whence, neglecting the negative value of Ihe radical, 

i = -V5--, or 3: = -(V5-l)i 
2 2 2^ ■■* 

that is, X = .618 of a, nearly. 



Note. The segment i in tlie above construction is called the msjoi 
Mgnwnt, and the segment a — x the minor segment of a. 

411. Corollary 2. If a line which has been divided in ex- 
treme and mean ratio is increased at the extremity of its minor 
segment by a segment eqttal to its major segment, the resulting 
line is also divided in extrem,e and m.ean ratio. 

For, if a:x = x:a — x, 

then a + x:a = a:x. §364 

Behark. This construction, with the resulting ratio, is celebrated in 
geometry under the name of the "Golden Section." It is used in the 
construction of certain regular polygons in Book V. The Golden Sec- 
tion was used by builders during the Middle Ages in many of their 
architectural designs. 



1. Divide a line 6 in. long in extreme and mean ratio. Find the 
length of the major segment by measurement and by computation, 
and compare the results. 

2. The mean distances of the earth and the planet Mars from 
the sun are 92,900,000 mi. and 141,500,000 mi. respectively. Show 
that when the three bodies are (approximately) in a straight line, the 
greater distance is divided nearly in extreme and mean ratio. 

3- The major segment of a line which has been divided in ex- 
treme and mean ratio is 3 in. Find the length of the line by con- 
Btruction and measurement (see § 409), and also by computation, 
and compare the results. 
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4. The minor segment of a line which has been divided in ex- 
treme and mean ratio is 2 in. Find the length of the line by com- 
putation, and also by constmction and measurement, and compare 
the results. 

5. Measure the length and the width of several books of differ- 
ent sizes, of the surface of a rectangular table, of several rectangular 
picture frames, of the schoolroom floor. Ascertain whether the Golden 
Section is apparently used in their construction. 

6. In the cathedral of Colt^ne the height of the towers from the 
ground to the roof is to their total height as 5 : 8, and the height of 
the cathedral is to the height of the towers as 21 : 34. What value 
do these ratios approximate? 

7. To transform a given square into a rectangle the difference 
of whose base and altitude is equal to a given line. (On the given 
line as a diameter describe ^ 
a circle. At one end of the 
diameter erect a perpend ic. 
Tilar equal to a side ( 
given square. From the oi 
end of this perjiendici 
draw a secant through the center of the circle. What are the dimen- 
sions of the rectangle? Is the construction always possible? Why?) 

8. To construct a circle which shall pass through two given 
points and touch a given line. 

9. If two circles are tangent externally, the segments of a line 
drawn through the point of contact and terminating in the circles 
are proportional to the diameters. Hence show that the correspond- 
ing segments of two lines drawn through the point of contact and 
terminating in the circles are proportional. 

10. If two circles are tangent internally, all chords of the greater 
circle drawn from the point of contact are divided proportionally by 
the smaller circle. 

11. Two circles touch at M. Through M three lines are drawn, 
meeting one circle in A, B, C, and the other in D, E, F respec- 
tively. Prove that the triangles ABC and DEF, formed by joining 
the corresponding ends of the lines in succession, are similar. 



i of the I \ . 

irpendic I I [/"\ '\ 

i of the i ^; — J I 

he other | | \^ \,/' '" 
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SIMILAR POLYGONS 

Proposition XV. Theorem 

412. If two polygima are similar, they are composed of the 
same number of triangles, similar each to each and similarly 
placed. 





Oiven the similar polyene P and P, with the diagonals from 
two lH>mol(^:ous vertices A and A'. 



To prove th 


t Ar~AT', AU~AU', et*i 




Pn»(. 1. 


A7-~A7". 


S386 


For 


zb-^b; 


Why? 


d 


o : «■ - S : S'. 


Whj? 


2. 


.-. Z».=Zm'. 


Why? 


3. But 


ZBCD = Z.B'C'D'. 


Why? 




.: Z, = Zt.'. 


Ax. 3 


4. Also 


J ; &' = A ; A', 


Why? 


d 


li-.V = c: «'. 


Why? 




.-. e i .' = A : A'. 


Why? 


5. 


.-. AU ~AU'. 


Why? 



6. In like manner it ca 
e similar, each to each. 



be shown that tlie other triangles 
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Peoposition XVI. Theobeh 

413. If two polyg(m» are composed of the same number of 
triangles, similar each to each and similarly placed, the poly- 
goM are gimilar. 





Giveii the polygons P and P , with the triangle T similar to the 
triangle T, the triai^le U similar to the triangle V, etc. 



To prove that 


P~P'. 




Proof. 1. 


ZB^ZB'. 


Why? 


2. Also 


Zm = Zm', 


Why? 


and 


Zn = Zv!. 






.-. ZBCD = ZB'C'D'. 


Ax. 2 


3. In like manner 


the other angles are proved 


to be respec- 


tively equal 






4. Also 


b:b' = h:h\ 


Why? 


and 


h:h' = c:c'. 


Why? 




.-. h:b' = c:c'. 


As.l 



5. In like manner the other homologous sides of the poly- 
gons are proved to be proportional. 



(Definition of similar polygons, S 370.) 
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Pboposition XVII. Problem 

414. Upon a given line hoTiu)logou» to one side of a given 
polygon, to conBtruct a polygon similar to the given polygon. 







GiTen the line A'B> bomoli^ouB to AB of the polygon ABCDEF. 



Reqairtd to conatruet c 
ABCDEF. 



A'B' a polygon similar to polygon 



Constmctlon. (Outline.) Draw the diagonals from j1. On^'B' 
homologous to AB construct a triangle similar to AABC. On 
A'C homologous to ^C construct a triangle similar to A A CD. 
(See § 380.) Repeat this process until for eaeh triangle of 
the given polygon there is a corresponding similar triangle 
in the other figure. Then polygon A'B'C'D'E'F' ".■ polygon 
ABCDEF. (Why?) 



1. Let be any convenient point within or without the polygon 
ABCDE. Join O to the vertices of the polygon. From A', any 
point in OA, draw A'Bn\io AB,B' lying on OB. Similarly, draw 
B'C II to BC, etc. Prove that E'A' II EA, and that the new polygon 
isBimilartovlBCDE. 

What name is given to the point with reference to the two 
polygons? (See Ex. 23, p. 250.) 

2. On coordinate paper mark the points (5, 2), (3, 6), (7, 8), 
(10, 5), (8, 2). Join these points in succession, forming a polygon. 
Using the point (0, 0) as a center of similitude (Ex. 23, p. 250), and 
any desired ratio, construct a polygon similar to the given polygon. 

ooqIc 
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PBOPoaiTioN XV II I. Theorem 

415. The perimeters of two mnilar polygoTit are to each 
other as any two homologous sides. 





Given the two elmllar polygons Q and Q', with the perimeters 
p and p> and tbe homologous sides a and a'. 
To prove that p:n'=^ a: a'. 



~b'' 



Why? 



2. ■•■ '! "*"?', "*"","'""" =-,■ §361 

a' i- i' + c' + ■ ■ . a' 

(In a, series of equal ratjoe the sum of the antecedents is to tlie sum of 
the consequents its an; antecedent is to its consequent.) 



1. Two building lots have the same shape. It takes 400 ft. of fence 
to inclose one of the lots. If two homologous sides are res|>ectively 
10 ft. and 50 ft., how many feet of fence are required to inclose the 
other lot? 

2. A map is drawn to the scale 1 : 1,000,000. How many miles 
are represented by the perimeter of a square drawn on the map with 
a Bide 1 in. long? 

3. The perimeters of two similar triangles are 18 in. and 15 in. 
One of tbe altitudes of the first is 6 in. What Is the length of the 
homologous altitude of the other triangle? 
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Pko POSITION XIX. Theorem 

416. The areas of two similar polygons are to each other a 
the squares of any two homologous sides. 




Given the two eimilar polygons PandP'.with the areas Sand S' 
and tbe homologous sides a and a'. 



Proof. 1. Draw the diagonals from two homologous vertices. 
The two similar polygons are now divided into pairs of similar 
triangles, T and 7", U and U', et«. (Why ?) 

Ax. 1 



3. Hence 
That is, 

4. But 



T' U' 
T-i-U+V _ 

r + u'+v 

s _ 
s'~ 



Why? 
Ax.l 
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1. The areas of two similar polygona are to each other as 131 : 169. 
What is the ratio of their perimeters? of their homologous diagoDals? 
of the areas of two corresponding triangles formed by diagonals 
through homologous vertices? What is the ratio of similitude of 
two such triangles? 

2- To construct a hexagon similar to a given hexagon and having 
an area twice as great 

3. To construct a polygon similar to two given similar polygons 
and equal to their sum (or difference). Construct a line (§ 349) 
whose square is equal to the sum (or the difference) of the squares of 
homologous sides of the two given polygons. On this line construct 
(g 414) a polygon similar to one of the given polygons. Prove the 
construction. 



NUMERICAL PROPERTIES OF TRIANGLES 

417. Projection. The projection of one line upon another ia the 

segment of the second line included between the feet of the per- 
pendiculars let fall upon it from the extremities of the first line. 




CD (in the last figure AD) is the projection ai. AB upon 
MN. The line upon which the projection is taken is called 
the base line. 

418. Each Itg of a right triangle is the projection of the 
hypotenuse upon that leg. 

419. The projection of either leg of an isosceles triangle upon 
the hose is equal to one half the base. 

DiqilizDdbyGoOgle 
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Proposition XX. Theorem 

420. In any triangle the »quare of the side opposite an 
acute angle is equal to the sum of the squares of the other two 
aides diminished hy twice the product of one of those sides and 
the prelection of the other upon it. 




Given, In the triangle ABC, that ^ is the projeaion of the side b 
upon tlie side a, and tliat the angle C is acute. 
To prove that c* = a' + ii^ - 2ap. 

Proof. 1. Draw the altitude h upon the side a. 

2. Then, in Fig. 1, c" = A* + {« - ji)'. 

3. But A' = 4^ -/>''. 

4. .-. c* = 6' -y + «' - 2<ij) H 

= a^ + 1,^-2 ap. 
6. Also, in Fig. 2, «^ = A» + (j) - af. 
(To be completed.) 



Why? 
Why? 



Why? 



1. What is the projection of AB on BC. it AB is 10 in. long 
and makes with BC an angle of 30"? 45"? 60°? 90°¥ 

2. Show that the projection of AB upon CD is unchanged if AB 
is moved toward or away from CD, remaining always parallel to its 
original position (see fig,, p. 278). 

3. Show that the projection ol AB upon BC is equal to the prod- 
uct ot AB and the cosine of the angle B. 

4. Show that in the above proposition c* = a" + 6' — 2 oi cos C. 
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Pbopobition XXI. Thkoreh 

421. In any obtuse triangle the »quare of the aide opposite 
the obtuie angle ig equal to the sum of the squires of the other 
two ndes increased by twice the product of one of those sides 
and the pr<yeetion of the other upon it. 




Why? 
Why ? 



Giveii, in the triangle ABC, that p is the projection ot the side b 
upon the aide a, and that the angle SCA is obtuse. 
To prove that r" = a' + i^ + 2 op. 

Proof. 1. Draw the altitude A upon the side a. 

2. Then c^=h^ + (a+pf. 

3. But k' = /i^—p\ 

(To be completed.) 

Discussion. When the three sides of a triangle are given, tlie last 
two propositions make it possible to find tbe projection of any side 
upon any other side. The altitude upon any ade may then be deter- 
mined. Explain (see also § 364). 

From Propositions XX and XXI may be derived a metiiod ot ascertain- 
ing from the lengths of the three sides of a triangle whether the triangle 
is acute, right, or obtuse. 

In a right or an obtuse triangle the greatest side is opposite the right or 
the obtuse angle. Why? Hence if e is the greatest ^de of a triangle, and 

e" < a» -I- 6«, the triangle is acute (Proposition XX). 
If c' = a= -I- 6^, the triangle is right. 
If c" > a" -f 6=, the triangle is obtuse (Proposition XXI). 

In the alMive proposition show that c* = o*-»-J^-H2iibcos (18ff> — C). 
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Proposition XXII. Tmeobem 

422. In any triangle the gum of the squares of two sides is 
equal to tmce the square of half the third side, increased bt/ 
twice the square of the median on that side. 




Given the triaagle A£C in which m Is the median to the side c. 

To prove that a^ + b^ = 2(£\ + 2 m". 

Proof. 1. Draw CE perpendicular to AB, and suppose that 
E falls between A and D. Let DE, the projection of CD upon 
.4 if, be denoted by p. 

2. Then in A BCD, a' = (0+ m.'-+ ^[^P- Why ? 

3. Also in A AC D, V = (^ + m' - 2 /| V- Why ? 

4. .-. a»-t-J' = 2(^y+2m». Ax. 2 

423. COBOnLAEY. In any triangle the difference of the squares 
of two sides is equal to twice the product of the third side and the 
projection of the median on that side. 

In the aboYC deraonstratioD a* — 6^ = 2 cp. Ax. 3 

424. From the result of § 422 the formula for the length of 
the median wi„ upon any side of a triangle, as c, may be derived, 
^i^^^y. m, = i V2o» + 2fi*-<r'. 

DiqilizDdbyGoOgle 
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PROPoaiTiotj XXIII. Teeoreh 

425. In any triangle the product of two tidea is equal to the 
square of the bisector of the included angle, increased by the proci- 
uct of the segments of the third side made by that bisector. 




6iT«D tli« trianEle A3C, tlw bloectoi t of the angla C, and the «eg- 
menta p and q of the aide c maile hy t. 

To prove thai aft = i* + pq. 

Proof. 1. Circumacribe a circle about the AABC. Produce the 
bisector CD to meet the circumfereoce in E. Draw EB, and let 
DE = u. 



2. Then 




A^CD-A^Ofl. 


§380 


For 




^ACD^ZBCB, 


Hyp. 


and 




/1A = ZE. 


Why? 


3. 




.-. S:i + u=:(:Q, 


Why? 


or 




aft = ((( + «). 


Why? 


That is. 




oft = (= + tu. 




4. But 




tu = pq. 
.-. ab = fi^pq. 


§404 


426. From the abo 


vf, relation and from § 338 the formula for the 


length of the 


bisector 


(j upon any side of a triangle, as 


c, is derived 


as follows : 








Solving fo 


'^ 


tl = ab-pq. 




But from 


338, 


p:q = b:a. 








'. p:p + q = b:a + b. 


Why? 


and 




q:p + q = a:a + b. 
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Since, in the figure, p + <i = c, 

be , ao 

SubstitutJDg, tl = ab — r-^ ■ 

B; the use of the method and notatioa of S 354 it is found that 



c = j:j-j Vol. (.-.). 

This formula holds for the bisector of the angle C. Analogous 
formulas hold for the bisectors of angles A and B. 

Pro POSITION XXIV. Theorem 

427. In any triangle the product of two sides is equal to the 
product of the altitude upon the third side by the diameter of 
the circumscribed circle. 




GlTen d, the diameter CE of tha circle ciinunscribed about the tri- 
angle ABC, and the altitude k upon the aide c. 
To proee that ah = hd. 

(To be coioplBted,) 
Suggestion. Draw BE and compare & ACD and ECB. 

428. From the above relation, and from the formula (§ 354) for 
the altitude upon any side of a triangle, the formula for the length 
of the radius of the circumscribed circle may be derived as follows : 



2A 4VH«-°)('-*X^-0 

I, ,z,;i.,C00g[c 
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Proposition XXV. Theokem 

429. In any triangle the area is equal to the product of 
half the perimeter and the radius of the inscribed circle. 




GiT«n the triangle ABC, and the radius r of the inscribed circle. 

To prove thai area A 4iiC = J (a + b + (■)r. 

(To be completed.) 
430. From the above relation, and from the formula for the area 
of a triangle (§ 354), may be derived a formula for the length of the 
radius of the circle inscribed in any triangle, namely, 



NUMERICAL EXERHSES 

1. The sides of a triangle are 13, 11, 15. Find the projection of 
15 npon 14, and find the altitude upon 14. 

2. In the following table ascertain whether the triangles indicated 
are acute, right, or obtuse. 



« 


3 


7 


5 


10 


13 


21 


b 


4 


9 


12 


24 


15 


28 


c 





B 


11 


20 


18 


36 



3. The sides of a triangle are It, 7, and Q. Find the jirojections of 
9 and 7 upon 6. 

1. Two sides of a triangle are 10 and 13, and they inclose an 
angle of 45°. Find the projection of 10 on 12, and of 12 on 10. Find 
the altitude on 12, and the area of the triangle. 
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5. Two sides of a triangle are 7 aad 8, and they inclose an angle 
of 60°. Find the projection of the side 8 on the side 7, and the third 
side of the triangle. 

6. Two sides of a triangle are 10 and 12, and they inclose an angle 
of 30°. Find the projection of the side 10 on the side 12, the altitude, 
and the area of the triangle. 

7. Two sides of a triangle are 8 and 9, and the angle between 
them is 120°. Find the third side and the area. 

8. Two sides of a triangle are 18 and 30, the included angle is 
acute, and the projection of the first upon the second is 12. Find the 
third side. 

9. One side of an acute triangle is 20, and the projection of 
another side upon it is 10. What is known about this triangle? 
Is the triangle determined definitely? 

10. One side of an acute triangle is 8, and its projection on another 
side is i. What is known about this triangle? Is the triangle 
determined definitely? 

11. The sides of a triangle are 9, 12, and 15. Find the three 
altitudes. 

12. The sides of a triangle are 5, 9, and 10. What kind of triangle 
is it? Find the three altitudes. 

13. The sides of a triangle are 14, 16, 18, Find the length of the 
median on the side 16. 

14. The sides of a triangle are 9, 10, and 11. Find the length of 
the median on the side S- 

15. The sides of a triangle are 14, 48, and 50. Find the area, the 
altitude on the side 50, and the radius of the circumscribed circle. 

16. The legB of a right triangle are 2l and 28. Find the segments 
of the hypotenuse made by the altitude upon it. 

17. Find the altitude on the hypotenuse, and the median on the 
hypotenuse of the right triangle mentioned in Ex. 16. 

18. The sides of a triangle are 8, 26, and 30. Find the radii of 
the circumscribed and inscribed circles. 

19. The sides of a triangle are 6, 7, and 8. Find the length of the 
bisector of the angle opposite the side 7, terminating in this side. 
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Theorbus and Locus Problems 

1. The difference of the squarea of two sides of a triangle is equal 
to the difference of the squares of the segments made by the altitude 
upon the third side. 

2. The sum 6f the squares of the four aides of a parallelogram is 
equal to the sum of the squares of the diagonals (§§ 204, 422). 

3. The sum of the squares of the medians of a triangle is equal 
to three fourths the sum of the squares of the three sides (§ 422). 

4. The sum of the squares of the four sides of any quadrilateral 
is equal to the sum of the squares of the diagonals increased by 
four times the square of the line joining the mid-points of the 
diagonals. 

Suggestion. Join the mid-point of one diagonal to the extremities 
of the other, and apply § 422. 

5. If three perpendiculars upon the sides of a triangle meet in a 
point, the sum of the squares of one set of alternate segments of the 
sides is equal fo the sum of the squares of the other set (§ 344). 

6. Find the locus of points whose distances from two Axed parallel 
lines are in a given ratio. 

7. Through a point ^ on a circle chords are drawn. On each 
one of these chords a point is taken one third the distance from A 
to the end of the chord. Find the locus of these points. 

8. Giren the base of a triangle in magnitude and position and 
the sum of the squares of the other two sides. Find the locus of the 
vertex (§ 422). 

9. Given the base of a triangle in magnitude and position and 
the difference of the squares of the other two sides. Find the locus 
of the vertex (§423). 

10. Plot the locus of a point if the product of its distances from 
two perpendicular lines is constant (§ 298). 

11. The vertex ^4 of a rectangle A BCD is fixed, and the directions 
of the aides AB and -4Z> also are fised. Plot the locus of the vertex 
C it the area of the rectai^le is constant. (See Ex. 10.) 
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BOOK V 

REGULAR POLYGONS AND CIRCLES 
Construction of Regular Polygons 

431. D^nitlonB. A polygon that is both equiangulai' and 
equilateral is called a regular polygon (§§57,95). 

A polygon whose sides are chords of a circle is called an 
Inscribed polygon (g 255). 

A polygon whose aides ,are tangent to a circle is called a 
drcuHMCribed polygon (§ 277). 




1. IE a, aeries of equal chords are laid off ii 
what relatioa exists between the arcs of those 
chords? between the central angles of those arcs? 

2. What relation exists between the angles formed | 
by the successive chords? Give a, reason for your 
answer. 

3. Suppose that an inscribed [>olygon is fonried 
of equal chords of a circle. Why would such a polygon be regular? 

4. How many degrees in the central angle of a regular inscribed 
polygon of 4 (.>, 6, 8, 10, 12, 15, 18) sides? State a general formula 
for the number of degrees in the central angle of a regular inscribed 
polygon of n sides. 

5. Find the number of degrees in each interior angle of each of 
the polygons mentioned in the preceding exercise. What relation 
exists between the central angle and the interior angle of a regular 
inscribed polygon? Give proof. 

6. Which of the angles referred to in Ex. 4 can be constructed 
geometrically by methods already shown (§| 15C, 158, 188)? 

Tabulate the results of the last three exercises. 
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7. Tangents are drawn to a circle at the vertices of 
scribed polygon, fonniog a circum3cril>ed polygOD. 
A series of triangles is formed by the sides of the 
two polygons. How are these triangles related to 
each other ? Why are they isosceles 7 

8. Show that a circumscribed polygon such as is 
described in the preceding 



Summary 

432. To inscrU>e in a circle a regular polygon of n sides, 

construct a central angle of > lay off the are of this angle 

on the circle n times, and then draw the chords of these arcs. 

433. An equilateral polygon inscribed in a circle is regular. 

434. The central angle of a regular polygon is the supplement 
of an interior angle at a vertex. 

435. Tangents drawn at the vertices of a, regular inscrihed 
polygon form a regular circumscribed polygon of the same 
number of sides. 

436. If the mid-points of the arcs subtended by the sides of 
a regular inscribed polygon are joined to the adjacent vertices, a 
regular inscribed polygon of double the number of sides is formed. 





437. If tangents are drawn at the mid-points of the arcs be- 
tween adjacent poirtts of contact of the sides of a regular cir- 
cumscribed polygon, a regular circumscribed polygon of double 
the number of sides is formed. 

DiqilizDdbyGoOgle 



REGULAR POLYGONS AND CIRCLES 
Proposition L Problem 

438. (a) To ingcribe a square in a given circle. 
(b) To eireumacribe a square about a ^ven circle. 




(a) Given tlie circle 0. 

Required to inscribe a square in the given circle. ^ 

Construction. 1. Draw two diameters AC and BD perpen- 
dicular to each other. § 158 
(Construction and proof to be completed.) 

439. Corollary. By bisecting the arcs AB, BC, etc. a regu- 
lar polygon of 8 sides may be inscribed in the circle ; and by 
continuing the process regular polygons of 16, SS, 64, etc. sides 
may he inscribed. 

Similarly, regular jiolygons of 8, 16, S2, 64, etc. sides may be 
circumscribed about a given circle. 

DiscnssiOD. Starting with the Inscribed square, the construction of 
S 436 leads by repetition to regular inscribed polygons of 4x2, 4x2x2, 
4x2x2x2, etc. sides, that is, having 4x2" sides, n being a positive 
integer. Since 4 = 2", the Corollary may be stated : A regular polygon 
of S X S' sides may be iraCT^ied in or circumscribed oAout a giaen circle, 
where n is any positive integer. 

Remark. To inscribe a regular polygon with a given number of sides, 

it must be possible to construct the central angle (g 432) by means 

of the ruler and compasses. Then the regular polygon can be so con- 
structed and is said to be geometric ; otherwise noL 
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Proposition II. Problem 

To in»cribe a regular hexagon in a given circle. 



(Construction and proof to be supplied.) 
SuggestUm. Z JOB = «Jii'' = 60°. .■. A JOH is equilateral. 

441. CoKOLLABY 1, By joining the aUemate vertices B, D, F, 
of the regular inscribed hexagon, an equilateral triangle may be 
inscribed in the circle. 

442. Corollary 2. By bisecting the arcs AB, BC, etc. a 
regular polygon of 12 sides may be inscribed in the circle ; and 
by repeating the process regular polygons of 24, 48, etc. sides 
may be inscribed. In other words, regular polygons of 3 X 2' 
sides may be inscribed in a given circle, and similarly, regular 
polygons of 3 X 2' sides may be eireumseribed about a given circle, 
n being any integer, or zero. 



1. The radius of a circle is 5 (10, R). How long ia the perimeter 
of a regular inscribed hesagon? of an inscribed square? of a cir- 
cumscribed square ? 

2. The perimeter of a regular inscribed hexi^on is 42. Find the 
diameter of the circle. 

3. The diameter of a circle is 5 (10, R). Find the area of the 
inscribed square; of the circumscribed square. 

4. The radius of a circle ia R. What is the p^imeter of the 
regular circumscribed hexagon? 
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5. Analffiis if the regular inscribed kexagon: Prove that 

(a) Three of the diagonals are diameters. 

(b) The perimeter contaios three pairs of parallel sides. 

(c) Any di^ional which is a diameter divides the hexagon into 
two isosceles trapezoids. 

(d) Radii drawn to the alternate vertices divide the hexagon into 
three congruent rhombuses. 

(e) The diagonals joining the alternate vertices form an equilateral 
triangle whose area equals one half the area of the hexi^on. 

(f) The diagonals jolDiDg the correspondiDg extremities of a pair 
of parallel sides of the hexagon form with these sides a rectangle. 

6. The figure represents a regular hexagon with all its diagonals. 
Point out the diameters i the parallel lines; the rhombuses; the 
rectangles ; the equilateral triangles ; the right 

triangles; the isosceles triangles ; the pairs of 
lines which bisect each other at right angles ; 
the kites; the equal triangles (for example, 
tiABM = ABMN); a six-pointed star; another 
regular hexagon. 

How many degrees in each angle of the 
6gure? 

7. If the radius of a circle is R, find the area of the inscribed 
equilateral triangle ; of the circumscribed equilateral triangle ; of 
the regular inscribed hext^on. 

8. The area of the inscribed equilateral triangle equals one fourth 
the area of the circumscribed equilateral triangle. 

9. The area of the regular inscribed hexi^on is the mean propor- 
tional between the areas of the inscribed and the circumscribed 
equilateral triangles. 

10. In Ex. 6 compare the area of the given hexagon with that of 
any one of the figures pointed out. 

11. If squares are constructed outwardly ujKm the six sides of a 
regular hexagon, the exterior vertices of these squares are the 
vertices of a regular dodecagon. 

12. Construct angles of 30°, 15", 7^°, etc. 

13. Construct angles of 45°, 22^% 87^°, 821", 62^°. 
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Propohition III. Problem 
443. To inaaihe a regular decagon in a given circle. 




Given the circle O. 

Segtdred to inscribe a regular decagon in the given circle. 
Analysis. 1. If AB is a side of the required decagon, then 
Z.4 0B = -S^'' = 36°. Hence AOAB = /LOBA = 72°. Why? 

2. But 72° = 2 X 36°. Draw /1C to bisect the Z.OAB. 
Then in the figure, Z a; = Z y = 36°. 

3. This makes the AABC and ./IOC isosceles ; that is AB = 
AC = C0. 

4. Also AABC~AAOB. §382 

5. .-. OB:AB = AB:BC, 
or OB:OC = OC: BC. 

That is, the radius is divided in extreme and mean ratio 
(§ 408), and AB (= OC) is the major segment. of the radius. 
(Construction and proof to be completed.) 

444. Corollary 1. The oortstruetion of the regular decagon 

makes possible the construction of regular 

inscribed or circumscribed polygons of 5, 10, /""^ \. 

20, 40 [that is,5x 2% sides. j \ 

445. Corollary 2. To inscribe in a circle ^ | 
a regular pentadecagon, or polygon of fifteen \ \\ J 

Construct a, central Siiigle of 24° by subtracting ^-^^^-""^ 

a central angle of 36° (§ 443) from one of 60° (§ 440) . 
The chord of this angle la the side oi a regular inscribed pentadecagon. 
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446. HUtorical Hote. Propositions I-III establish the fact 
that a circle can be divided into 2 x 2", 3 x 2", 5 x 2", 15 X 2", 
equal parts, «. being any positive integer, or zero. The corre- 
sponding regular polygons were the only ones known at the 
time of Euclid, and for centuries it was believed that no other 
regular polygons could be constructed with ruler and compasses 
only. In 1796, however. Gauss, a famous German mathemati- 
cian, found that a circle can be divided into 17 equal parts, 
using only the instruments named. He also answered the 
generar question, What regular polygons can be constructed 
geometrically ? His result was that the number of sides must 
be a prime number of the form 2° -J- 1 (as 2, 3, 6, and 17), or a 
product of different prime numbers of this form (as 15, 51, and 
85), or such a prime number or product multiplied by a power 
of 2 (as 3 X 2- or 15 X 2-). 



1. The radius of a circle is R. Find the side s^^ of the regular 
inscribed decagon. ^^, . _ ^ (^/i — 1~) 

2. Draw all the diagonals of a. regular inscribed pentagon. How 
many degrees in each of the angles of the figure? 

Point out isosceles trapenoids ; rhombuses ; 
isosceles triangles. 

3. In the figure for Ex. 2, ZACE contains 
36°. Boes that explain how a regular pentagon 
may be constructed when one of its diagonals 

4. The diagonals of a regular pentagon by 

their points of intersection determine another regular pentagon. 

5. In a regular pentagon any Wo diagonals that are not drawn 
from the same vertex divide each other in eitreme and mean ratio. 

6. Construct angles of 36°, 18°, 9°, 4J°. 

7. Bivide a right angle into five equal parts. 
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8. Id the figure on page 291 prove that ZBAE u 

9. In the figure let ^ B ( = BC = OD) represent the length of a 
side of the regular inscribed decagon. Then .4 C is 
a, side s^ of the regular inscribed pentagon. Then, 
since Zi>CB = 36°, and Zy = IS", .-. Zi = 18°. 
Hence DE = EB. .-. DE is half the difference 
between the radius and the side of the decagon. 
Prove from this relation and from Ex.1, p. 291, 
that if the radius is R,g^ = ^ ■V'l0-2v^. 

10. Show that the sum of the squares described upon a side ii,g of 
the regular inscribed decagon and a side s^ of the regular inscribed 
hexagon equals the square described on a side i^ of the regular 
inscribed pentagon (see Exs. 1 and 9). 

11. Exercise 10 suggests a short method of con- 
structing a side n^ of a regular pentagon, as shown 
in the figure, in which A C and BD are diameters, 
and ^ C J. BD. With E, the mid-point of OC, as a 
center, and with EB as a radius, describe an arc 
cutting OA at F. Then OF = s,^ (bj Ex. 1, p. 291), 
BF= »(, and OB = s,. (Ptolemy, 150 a.d.) 

12. The top of a table has the form of a regular hex^on (oct^on). 
A carpenter is to strengthen each comer by a triangular strip of 
wood which fits exactly under the comer. What angles must he give 
to these pieces of wood if each is in the form of an isosceles triangle? 

13. Show that an angle of 1^° can be constructed by means of the 
ruler and compasses. 

14. If it were possible to construct an angle of 1°, the protractor 
could then be regarded as strictly geometric (see footnote, p. 84). 
What other regular polygons could then be constructed geometrically? 

Historical Rote. If any given angle could be trisected, it would be 
possible to construct a protractor geometrically, for an angle of 1^° 
can be constructed. The problem of trisecting an angle is one of the 
great historical questions which contributed materially to the develop- 
ment of geometry. While a number of angles can readily be trisected, 
e.g. 90°, 108", ISoMSO^a general solution of the problem is impossible 
by the use of the ruler and compasses alone. 
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Proposition IV. Theorem 

447. A circle may be circumscnbed about, and a circle may 
be inscribed in, any regular polygon. 




2. Then 


A^ OB = A COD. 


For 


AB = CD, 


and 


0B= OC; 


also 


ZABC = ZBCD, 


and 


ZOBC^ZOCB, 


whence 


ZABO = ZDca- 



Given a regular pol^:oii ABCDEF. 

(a) To prooe that a circle may he circum&cribed about ABCDEF. 
Proof. 1. It ia possible to construct a circle passing through 

I , B, and C. Let O be its center, and draw OA , OB, C, and OD. 

s. a. s. 
Hyp. 

Const. 
Why? 
Why? 
Ax. 3 
3. .•.OA = OD. Why? 

.■. the circle passing through A, B, C, passes through D. 
In like manner it may be proved that this circle passes 
through E and F. 

(b) To prove that a circle may be inscribed in ABCDEF. 
Proof. The sides of the regular polygon are equal chords of 

the circumscribed circle. Hence they are equally d^tant from 

the center. § 264 

(To be completed.) 
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448. The center of a regular polygon is the common center 
ot the circumscribed and inscribed circles. 

as. The radius of a regular polygon is the radius of the 
circumscribed circle, 

450. The apothem of a regular polygon ia the radius of the 
inscribed circle. 



If R denotes the radiiia of a regular inscribed polygon, r the 
apothem, s one side, A an interior angle, and C the angle at the 
center, show that 

1. In a regular inscribed triangle » = fl V3, r=^R, A =B(y, 
C = 120°. 

2. In an inscribed square s = fl V2, r = J fi V^, J = 90", C = 90°. 

3. In a regular inscribed hexagon s =/f, r = \Ry/i, A =120', 
C = 60°. 

4. In a, regular inscribed decagon (see £z. 1, p. 291) 

s = \R{-^-l), r = \R Vio + 2 V5, A =144°, = 36°. 

5. Show that the jierimeter of a regular cirouni scribed polygon is 
greater than the perimeter of the regular inscribed polygon of the 
same number of sides (see § 435). 

6. Show that the perimeters and the areas of regular inscribed 
polygons of 4 (8, IS, 32, etc.-) sides form a series of increasing 
numbers. 

7. Show that the perimeters and the areas of regular circumscribed 
polygons of 4 (8, 10, 32,etc.) sides form a series of decreasing numbers. 

8. Show that the perimeter of a regular circumscribed polygon of 
4 (8, 16, 32, etc,) sides is greater than the perimeter of the inscribed 
square. (Use Exs. 5 and 6 and Ax. 12.) 

9. Show that the perimeter of a regular inscribed polygon of 
4 (8, 16, 32, etc.) sides ia less than the perimeter of the circumscribed 
square (see Exs. 6 and 7). 

10. Prove Exs. 6-9 if the first polygon of the series ia one of n aides 
(n different from 4) and the fixed polygon (Exs. 8 and 9) also has 
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Proposition V. Theokbm 
451. Two reffidar polygrmg of tlte same number of sides are 
mmilar. 



Given two regular polygons, Q and Q', each having n sides. 

To prove that Q and Q' are similar. 

Proof. (To be completed.) 

SuggeatUm. 1. Are the sides of the polygons proportional ? 

2. Are the polygons mutually equiangular? 

452. Corollary 1. The perimeters of two regular polygoTia 
of the same liuwiier of sides are to each other as any two homol- 
ogous sides ; and the areas of two regular polygons of the same 
number of sides are to each other as the squares of any two 
homologous sides. §§ 415, 416 

453. Corollary 2. In a given circle a regular polygon may 
be inscribed which is similar to any given regular polygon. 

Suggestion. Construct in the given circle a central angle eqtial to that 
of the given polygon. 



1. On a side of given length to construct a regular polygon of 3 
(4, 5, e, 8, 10, 12, 16) sides. 

Suggestion. In an arbitrary circle with center O construct a regular 
polygon of the required number of sides. Let /IB be one aide. On 
the given side A'B" homologous to .4B, construct AA'O'B' — dAOB. 
Then O' is the cent«r of the new polygon. 

2. Through a given point on a given circle draw a chord so as to 
divide the circle into two arcs having the ratio 1:3 (1:5, 2:3, 
8:7, 7:8). 
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Pkoposition VI. Theobem 

454. The perimeter* of two regular polygons of the »ame 
number of sides are to each other as their radii and also as 
their apothems. 





Oiren two resolar poisons, each baring n sides, and with the 
perimeten p and p', centers and 0*, radlt R and R, and apothems 
r and r'. 



To prove that 

id 


p:p'=R: r; 
p:p-^r:r'. 




Proof. 1. 


Draw OB and O'B'. 




2. Then 


AAOn^AA'O'B'. 


§382 


For 
id 


AAOS and A'O'B are isosceles, 
Z AOB = Z A'O'B'. 


Why? 


3. 


/Each being equal to ~\ 
■.AB:A'B' = ]t:R: 


Why? 


Also 


AB:A-B' = rir'. 


§391 


4. But 


p : p' = AB : A'B'. 


§452 


5. 


.-.p-.p' = R:R', 


Ax. 1 


id also 


p:p'::>-:r'. 





455. Corollary. The areas of two regular polygom of the 
same number of sides are to each other as the squares of their 
radii and also as the squares of their apothems. % 462 
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Proposition VII. Theorem 

456, The area of a regular polygon is equal to half the 
product of its apothem and its perimeter. 



Oiven a regular polygon, with the perimeter p, the apothem r, 
and the area S. 

To prove that S = :^p x r. 

Proof. (Outline.) 

1. Draw OA, OB, OC, etc., thus dividing the polygon into 
triangles. These triangles are congruent. Why ? 

2. Now areaof A-40B = J-4B X r, Why? 

area of A BOC = ^BC x r, etc. 

3. .■.S=i(AB + BC + -..)xr Ax, 2 
or S= ^p X r. 



1. If n ia a side of a regular hexagon, find its area. 

2. If r is the apothem of a regular hexagon, find the area. 

3. The area of the regular inscribed octagon is equal to the product 
of a side of the inscribed square and the diameter of the circum- 
scribed circle. 

SolntiOD. Draw radii to three consecutive vertices. Observe that 
the octagon can be divided into four.equal kites, each having for its 
diagonals one side of the inscribed square and the radius (g 327). 

4. Prove that the area of the regular inscribed dodec^ou is equal 
to three times the square of the radius of the circumscribed circle. 
(Use the method of Ex. 3.) 
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CIRCUMFERENCE OF A CIRCLE 

Peblimjnary Discussion 

457. The following exercises will serve to introduce the 
topic to be discussed : 

1. Cut out of cardboard a circular disk 4 in. in diameter 
and wind a thread once around its edge. Measure the length 
of this thread in inches and divide the number thus obtained 
by the number of inches in the diameter. 

2. Repeat Ex. 1, using disks the diameters of which are 
6, 8, and 10 in. Tabulate the results of Exercises 1 and 2 as 
follows : 



Diameter-/) 


Length of Tlir«a.1=(' 


lU«oC./> 


4 

6 

8 

- 10 







NoTK. Measure tn teathH of an Incli and compute to two decimal 

What do you observe about the ratio C : D? 

458. Length of the Ckde. Hitherto no reference has been 
made to the " length of a circle " in linear units, for the 
reason that sueh a term could have no meaning; it would 
be impossible to apply a unit straight line to a curved line 
for purposes of measurement. The expression "length of a 
circle " calls for a definition all its own. Such a definition 
will be given in a later section (§ 487). For the present, aa 
is illustrated in the exercises of the preceding section, by the 
" length of a circle " is meant the length of the straight line 
which would be obtained if the circle were broken at some 
point and " straightened out." This form of statement may be 
regarded as providing a practical definition of " circumference." 
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459. The drcnnifereiice of a circle is its length in linear units. 

The attempt to construct, by geometric methods, a straight line nhicb 
would be equal in length to the circumference of a circle of given radius 
has occupied the attention of geometers from early times. It is now known 
that the solution of this problem is not within the means afforded b; 
elementary geometry, and that the numerical ratio of a circumference 
to iie diameter cannot he obtained exactly by algebnuc processes. 

The method of § 457 is not accurate ; nor, if it were, would 
it be geometric. But an approximation to the length of a circle 
of given diameter may be made by a method which is accurate 
and IB based upon geometric principles. 

460. Inscribe any convenient regular polygon, say a hexagon, 
in a circle. Bisect each subtended arc, and join each point of 
bisection to the two adjoining vertices of 

the polygon. A regular inscribed polygon 

of double the original number of sides is 

obtained. Repeat the process, forming a 

regular inscribed polygon of quadruple the 

original number of sides. Suppose now 

that this process of doubling the number 

of sides of the regular inscribed polygon 

were repeated several times. It may be assumed for the present 

that the lengths of the perimeters of the successive inscribed 

polygons thus formed approach nearer and nearer to the 

circumference of the circle, as the number of their sides is 

increased. By computing these perimeters in succession, it 

is possible to calculate the circumference of the circle to any 

desired degree of approximation; that is, to obtain the length 

of the circle to any required degree of accuracy. 

To approximate to the length of a circle, therefore, it is 
necessary to compute the perimeters of successive regular 
inscribed polygons each of which has twice as many sides 
as the preceding polygon. The practical difBculties in mak- 
ing this calculation are greatly lessened by the solution- of 
the following problem : - 
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Pbofosition VIII, Prosieh 
461. Given the diameter of a circle and the tide of a 
regular interihed polygon, to derive a formula for the nde of 
the regular intcribed polygon of dovhle the number of gides. 




Qivea CE, the diameter of a circle, AB, a aide of a regular Inscribed 
poison, and CE perpendicular to AB, 

Bxqtdred to derive a formula for the aide AC of a regular 
inscribed polygon of double the number of sides. 

Solution. 1. Denote^Bbya,CBbyd,-4Cby«,andCDbyy. 
Then AD = ^ {why ?), and DE = d — y. Draw A E. 

2. Then x" = dy. § 394 

3. But T = yi^-y) = ^y-y'- § ^^^ 

Transposing, i^ — dy + ~ = 0. 

The solution of this quadratic equation gives as the value of y, 



4. But in the case of a regular polygon y is less than § d. 
The negative sign before the radical therefore gives the cor- 
rect value. 



Hence, from Step 2, 



.=#; 
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462. Corollary. If d = l, that is, if a circle of unit di- 
ameter is chosen, i ;-■ — 

"N " 2"*' ' . 

or, also, a; = J ^2 - 2 Vl- a\ 

463. The results of computing the perimeters of the poly- 
gons mentioned in § 460, by means of the foregoing formula, 
are shown tn the following table: 



R,=a«^H POLVOON8 INSCR.be. 


IN A Circle wh 


Oai.D,A«ETERISUK.TV 


I4unilMf Of Sides Le 


Dgth of Side 


Length ot Perimelar 


6 


6 


8. 


12 


25881904 


3.10583 


24 


13052619 


8.13263 


48 


06540313 


3.13935 


08 


03271908 


3.14103 


192 


01636173 


3.14145 


384 


00818114 


3.14156 


768 


00400060 


8.14168 



This calculation leads to the conclusion that 

The eireumference of a circle whose diameter is one linear 
unit is equal to 3.1416 linear units, nearly. 

It has l>een shown (§ 454) that the perimeters of two regular 
polygons of the same number of sides are to each other as 
their radii, and hence also as the diameters of their circum- 
scribed circles. Then it may be assumed that the circumfer- 
ences C and C' of any two circles have the same ratio as their 
diameters D and D'. That is, C : C' = D : D'. Hence, by alter- 
nation (§ 362), C:D = C':D'. It appears, then, that the cir- 
cumference of any circle has the same ratio to its diameter as 
the circumference of the above circle has to its diameter. In 
other words, the ratio of the circumferem:e of a circle to the 
diameter is constant. The value of this ratio ia represented by 
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the Greek letter ir (pronounced "pi"). Hence if C is the 
circumference of a circle, D its diameter, and R its radius, 
C 

5 = '^' 

whence C = itD, and C = 2itR. 

In the calculation on page 301, Z) = 1. But when D = l, the 
formula gives C = it. Hence the last column in the calcula- 
tion gives successive approximations to the value of w. Using 
four places of decimals, we take 

7r = 3.1416. 

The fraction if gives a value of v correct to within ^ of 1%. 

464. The Ung:th of an arc is found by taking a proportional 
part of the whole circumference ; that is, 

The length of an arc of n° is x 2 wR. 

360 



1. Draw each of the following figures and prove in (1) that the 
circumference of the small circle is one half that of the lat^e circle; 
in (3), that the gum of the two small circumferences equala the large 
circumference. What conclusions may be drawn from (3), (4), (5)7 




2. The length of a circle is 88 {U, 66, «). Find its radius; its 
diameter, (ir = -^,^.) 

3. From the following values find the diameter D when the 
length of its circle C ia given, and find C when either R or D ia 
given. C equals 22 (40, 3 in., 4^ ft., 60.5 cm., 2 km.). D equala 
3 (50, 2 ft, 1( in., 9.1 cm., 3 km.). R equals 1 (1^, 5 ft., 4 ft., 
3i km., 5.1 cm.). 
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4. One of the famous Sequoia trees in the Mariposa grove in 
California has a diameter of 32 ft. How large around is it? 

5. The perimeter of a circular shaft is 2 ft. What is its diameter? 

6. The spoke of a bicycle wheel is 12 in. long. How long is the 
tire (inside measurement) ? If the tire is 1 in. thick, how many 
times does the wheel revolve in traveling 5 mi. 'I 

7. A circular tower has a circumference of 64 ft. ^^'hat is its 
diameter? 

8. The two hands of a clock are 5 in. and 7 in. long respectively. 
How much greater distance does the extremity of the minute hand 
travel in one day than that of the hour hand ? 

9. The radius OA of the flywheel of au ^-IJ-l-i-J-JS^ 
engine is 8 ft. During each revolution what 

fraction of the path described by A is described by a point P, if 
OP is taken successively equal to 1 ft., 2 ft., etc. ? 

10. The diameter of a circular race track is 100 yd. How many 
laps are required to make up a distance of 10 mi. ? 

11. A weight is to be lifted by means of a wheel and axle. In the 
figure OA = radius of wheel, OB = radius of axle, W = weight to be 
raised, P = force applied at A necessary to 
raise W. It is proved in physics that — = — — ; 
that is, the force to be applied in order to lift a 
weight is related to that weight as the radius 
of the axle is to the radius of the wheel, tl 

OB^^ OA, how is P related to Wf Find P, . 

if TV = 100 lb. and 0A=2 0B. °^ 

12. If the weight in Ex. 11 is to be lifted a vertical distance of 
50 ft., and the diameter of the axle is 6 in., how many turns of the 
wheel will lift the weight? 

13. A rectangular sheet of paper may be bent so as to form a 
circular cylinder. One dimension of the rectangle then becomes the 
height of the cylinder, while the other dimension represents the 
length of the circle bounding the liase of the cylinder. How may 
the area of such a cylindrical surface be found? 

14. A circular tower has a diameter of 20 ft. and a height of 100 ft. 
Find the area of its cylindrical surface (see Ex. 13). 
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18. In a certain city there are 150 mi. of street railway's. The 
wires carrying the electric current have a diameter of | in. What 
is the total surface of the wires uaed for the trolley service? 

16. Aasuming that in a certain town there are 10,000 telephone 
poles, find the total surface of these poles, if each has an average 
diameter of 9 in. and an average height of 35 ft (ignoring the 
irregular area of the tops). 

17. In Ex. 16, if these poles were to be painted, how long a fence 
8 ft. in height could be painted with the same amount of paint ? 

18. Assuming the earth to be a |ierfect sphere, how loi^ is the 
earth's equator if the radius is 4000 mi.? 

In Exs. 19-22 C represents the length of a circle and the subscripts 
signify different circles. 

19. Constructacircleequalinlength to the sum of two given circles. 
Solntion. Let x represent the radius of the required circle, while 

R and R' signify the radii of the given circles. 
iM = 2x/f + 2^^'; 
x = R + R'. 



Then 


that 1: 


3, 


20. 


Construct 


21. 


Construct 


22. 


Construct 



^1 



C = C, + C, - Cj. 

23. If the radius of a circle is 10, find the side of the inscribed 
regular polygons of 4, 8, 10, 32 sides. 

24' If the side of an inscribed polygon of 2 n sides is known, the 
aide of an inscribed polygon of n sides can be found by Proposition 
VIII. Explain. 

25. Explain how the side of a regular pentagon may be found 
if that of the decagon in the same circle is known. 

26. Derive formulas for the sides of regular inscribed polygons of 
8, 10, 12, 10 sides (§ 461), if the radius is R. Let »j be the length 
of a side of the inscribed polygon of 8 sides, etc. 




area of a circle 
Preliminaey Discussion 



465. The following exercises will serve to explain the topic 
to be Qonsidered. 



1, Describe on cross-section paper a circle whose radius is 
two of the larger units. Count the number of small squares 
inclosed, reduce the total area found by counting these squares 
to decimals of a square whose side is the larger unit, and divide 
by the square of the radius. 

2. Repeat the above process, using successive circles with 
radii of three, four, and five unite. Tabulate the results as 
follows : 



lUdliu-K 


S,u.r,ofR.d,«, 


A™a=S 


KatIoS:A' 


2 
S 
4 

6 









The above process is neither accurate nor geometric. A com- 
putation which is accurate as well as geometric may be made 
as follows : 

Circumscribe a hexagon about a 
given circle. Bisect each arc thus 
formed and draw a tangent at each 
bisection point. A regular circum- 
scribed polygon of double the num- 
ber of sides is thus formed. (Why?) 
Imagine this process repeated several 
times. The perimeters of the succes- 
sive polygons thus formed, like those referred to in § 460, may 
be assumed to approach nearer and nearer the circumference of 
I ,. ;) , Cookie 
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the circle, and their areas likewise may be assumed to approach 
nearer and nearer the area of the circle, while the radius of the 
cii'cle, which is the apotbein of ea«h polygon, does not change. 

But it ia known that the area of each polygon is equal to 
half the product of its perimeter and its apothem (§ 456). It 
follows, then, that the area of a circle is equal to half the product 
of ita circumference and its radius. 

That is, S = iRC. 

But C = 2 wR. 

.-. S = \R-2vR = irR*. 

466. The areas of two circles are to each other as the squares 
of their radii, or as the sqitares of their diameters. 

S _ wR' _ H" _ I^ 
*''' S'~ ■7tR'^~ R'''~ D'^' 

467. A sector of a circle is the figure formed by two radii and 
the ai*c intercepted between them. 

468. The area of a sector whose central angle 

contains n" is — — -ttR^ 

Since the area of the sector beare the same ratio to 
the area of the circle as its angle bears to the whole 
angular magnitude about the center, namely, 380°. 

469. The area of a sector is equal to one half the product of 
ifs r'i'/ius and its arc. 

470. A Begment of a circle is the figure fonned by an arc 
and the chord joining its extremities. „ 

The word "segment" signifies a part cut ijf, 
nnd was used in the previous chapters to mean a 
part of a line. The context will show in each c; 
the sense in which the word is to be taken. 

471. The area of a segment of a circle 
(^ CB in the figure) can be determined by "^ 
finding the difference between the area of the sector 0-ACB 
and the area of the ti'iangle OAB. 

DiqilizDdbyGoOgIC 





AREA OF A CIRCLE 



1. If S represents the area of a circle, which has the diameter D 
and the radiua it, find D and R when S is given, aod find S when 
either D or R is given, using the following values : 



iS equals 


4 


16 


36 


5s<|. in. 


4.1 sq.cn.. 


a 


i> equals 


I 


2 


8 


iin. 


1,2 cm. 


m + n 


B equals 


1 


2 


3 


Jin. 


3.7 cm. 


a-V 



2. Determine the effect on the area of a circle, it its radius is 
multiplied by 2 ; by 3 ; by x. Does a similar relation also hold good 
for diameters? 

3. Find the area of a sector if its angle and its radius have the 
following values. Construct the sector in each case. 



Angle 


30° 


60° 


120° 


160° 


240^ 


210^ 


330° 


315° 


24{F 


Radius 


2 in. 


H 


1.8 cm. 


.75 cm. 


1.15 


2.3 


.8 in. 


2.6 


.33 ft. 



4. The lengths of the hands of a watch are in the ratio of 4 ; 5. 
When each has made a revolution, how do the areas of the resulting 
circles compare ? 

5. Acity hasara<ltuaof 3mi. Ilowmanyacresintheareaofthecity? 

6. During an earthquake vibrations were noticed 100 mi. from 
the center of the disturbance. How many square miles were exposed 
to the effects of the shock? 

7. A man learning to ride on a bicycle rides a distance of 1 mi. 
the first day, IJ^ mi. the next day, 2 mi. the third day, etc. How 
much larger is the territory which is accessible to him on each con- 
secutive day as compared with the previous day, it he expends his 
trips in this way for a week? 

8. A tree has a perimeter of 3 ft. at a certain height. What is 
the area of its cross section at that height? 

9. From a circular piece of tin 8 in. in diameter the largest 
possible square is to be cul (i.e. the inscribed square). How niuch 
wast« tin is left? 
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^>^ 






10. What ia the answer in Ex. 9, if a hexagonal piece is to be cut 
out ? an octagonal piece 'I 

11. The volume of a circular cylinder ia found by multiplying the 
area of the circular base by the length of the cylinder. What is the 
Tolume of a piece of wire } in. in diameter and 20 ft. long? 

12. A reservoir constructed for irrigation purposes sends out a 
stream of water through a pipe 3 ft. iii diameter. The pipe is 
1000 ft. long. How many times must it be filled if it is to dischai^e 
10,000 acre-feet of water? (An acre-foot of water is the a 
water required to cover 1 A. to a depth of 1 ft.) 

13. All ornamental square window is divided 
into smaller squares, in each of which a circular 
piece of glass is inserted. Prove that the com- 
bined area of the circular pieces is equal to the 
area of the circle inscribed in the large square. 

14. If thediameter of a water pipe is doubled, 
how many times as much water can the pipe 
carry in a given time? What seems to be the relation between the 
increase in the perimeter of the pipe and the increase in its capacity ? 

15. Construct a circle whose area shall be four times as large as 
that of a given circle ; iiine times as large. 

In the following exercises S signifies the area of a circle, while 
the subscripts refer to different circles. 

16. Construct S = .S, + S^. 

Solution. Let fl, and A', be the radii of the given circles, and let 
X be the radius of the required circle. 

Then iri* = wR^ 4- irft/ ; that is, 2= = fi,' + R}, etc. 

17. Construct S = Sj- S,. 

18. Construct S = 5 A',, [jra-'^oxfi*. .■.x'=aR^,oT R:x = x:6R.'} 

19. Construct S = S, -f- S, + S, - S^. 

20. In a circle whose radius is a, find the area of the smaller seg- 
ment subtended by each side of a regular inscribed hexagon ; of an 
inscribed square ; of an inscribed equilateral triangle. 

21. A circular steel shaft of diameter 2 in. is to be ground down 
so that its diameter becomes 1^ in. What fraction of its volume is 
to be removed 'I 
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MENSURATION OF THE CIRCLE FORMAL 
DEMONSTRATION 

Variables and Limits 

472. In counting the number of books on a bookshelf one con- 
stantly aoparates the total number of books into two groups, those 
counted and those not counted. The number of books which have 
actually been counted is continually increasing, while the number 
of books that are still to be counted is continually decreasing. 
The total number of books, however, remains the same. This 
illustration serves to make clearer the following definitions ; 

473. A number which has different values during the same 
discussion is called a variable. 

474. A number which retains the same value throughout a 
discussion is called a constant. 



Let OA represent a rod 8 in. long. Imagine q p j 

the point P to move from O to J. Then the 

numbers eipreffling the lengths of the segmenta OP and FA are vari- 
ables, while the total length OA is a constant. 

475. Cut a i-ectangular piece of paper Into two equal parts. 
Lay one of these parts aside and bisect the other. Lay one of 
these last two pieces aside and bisect the one remaining. 
Repeat this process a number of times. If the ai'ca of the 
original piece is one square unit, then the areas of the pieces 
laid aside are J, J, ^, -^j etc., of a square unit. At any stage 
in the process the total ai'ea of all these pieces will differ from 
the area of the original piece, namely, one square unit, by the 
area of the piece about to be bisected. The area of the piece 
about to be bisected is successively ^, J, J, -^, etc. By repeated 
bisection, the area of this piece will beeume arul remain less than 
any assigned posit ii-e number, Jioii-erer small. 

Thus it ajipears that the area of the piece bisected is a 
variable which approaches 0, while the total area of the other 
pieces is a variable which approaches 1. 

,z,;i.,CoOg[c 



310 PLAKE GEOMETRY— BOOK V 

This illustration will serve to inti-oduee the definition of tlie 
next section. 

476. Limit of a Tariable. When the successive values of a . 
vai'iable approach a certain constant number so that the differ- 
ence between the constant and the variable becomes and remains 
less than any assigned positive number, however small, then the 
constant is called the limit of the variable. 

477. The statement "x approaches the limit a," where x Is 
a vai'iable and « is a constant, is sometimes written 

the symbol = meaning " approaches the limit." 



Application of the Theory op Llmits to the 

Detekmination of the Length and the 

Area of a Circle 

478. About any given circle circumscribe a squEure. By join- 
ing the points of tangency an inscribed square ia obtained. 
(Why ?) The perimeter of the inscribed 
square is less than that of the circumscribed 
square. (Why ?) 

Suppose now that the arcs subtended 
by the sides of the inscribed square are 
bisected, and that each point of bisection 
is joined to the adjoining vertices of the 
iiiscriljed square. A regular inscriljcd poly- 
gon of eight sides is thus constructed, the perimeter of which, 
as can be shown by the methods of inequalities (Exs. 6 and 9, 
p. 294), is greater than that of the inscribed square, but less 
than that of the circumscribed square. If this process of 
bisecting arcs is repeated several times, a series of regular 
inscribed polygons is constructed. The perimeters of these 
polygons increase step by step, but they always remain less 
than the perimeter of the circumscribed square. 

,z,;i.,CoOg[c 
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In like manner the areas of the successive polygons increase 
but always remain less than the area of the circumscribed 
square. 

479. Suppose now that tangents are drawn at the middle 
points of the arcs subtended by the sides of the inscribed 
square, to meet the sides of the circum- 
scribed square. Then a circumscribed poly- 
gon of eight sides results. Suppose, further, 
that this process of drawing tangents is 
continued, the number of sides of the 
circumscribed polygon being doubled again 
and a^in. It can be shown (Exs. 7 and 8, 
p. 294) that the perimeters and areas of 

the successive circumscribed polygons decrease but always 
remain greater than the perimeter and the ai'ea respectively 
of the inscribed square. 

480. It is appai'ent that the above considerations are Inde- 
pendent of the number of sides of the regular circumscribed 
polygon selected at the outset (Ex. 10, p. 294). 

481. In the first case the perimeter and the area of the 
regular inscribed polygon are increasing variables, which are 
always less than the constant perimeter and the constant area 
respectively of a definite regular circumscribed polygon; while 
in the second case the perimeter and the area of the regu- 
lar circumscribed polygon are decreasing variables, which are 
always greater than the constant perimeter and the constant 
area respectively of a definite regular inscribed polygon. 

Dropping the geometrical language, we have, in the first 
instance, two variables, each of which constantly increases 
but remains less than a given number; and in the second 
instance, two variables, each of which constiintly decreases 
but remains greater than a given number. The connection 
with the Theory of Limits is afforded now by the following 
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482. Axiom. Existence of a Limit. If a, variable constantly 
increases but always remains lets than a given constant, then the 
variable approaches a limit. This limit is either less than or equal 
to the given constant. 

Thua i( the point P ^ \, j! ^ ^ 

^different positions 



on tbe line AC so that AP always increases but remains less tlian AB, 
tlien the variable length AP approaches a limiting value AL, which is 
less than or equal to ^ it. 

483. It follows that if PC in the above figure constantly 
decreases but alwaya remains greater than BC, then the vari- 
able length PC approaches a limit LC, which is greater than 
or equal to BC. That is, as a consequence of the above axiom, 

Jf a variable constantly decreases hut always remains greater 
than a given constant, then the variable approaches a limit which 
is greater than or equal to the given constant. 

484. In accordance with the conclusion of § 481 and the 
axiom of § 482, the perimeter of a regular polygon inscribed 
in a given circle will approach a definite limit when the num- 
ber of its sides is doubled an indefinite number of times ; and 
the ai'ea of this polygon also will approach a definite limit. 

Similarly, by the preceding section, the perimeter of a regular 
polygon circumscribed about a given circle will approach a defi- 
nite limit when the number of its sides is doubled an indefinite 
number of times, and the area also will approach a definite limit. 

485. It can now be shown that the perimeter of the inscribed 
polygon and the perimeter of the similar circumscribed polygon 
will approach the same limit. This is done by proving that the 
ratio of the perimeters of the two polygons approaches unity 
as a limit. 

Proof. In the figure let A B and A 'B' be homol- 
ogous sides of two similar regular polygons in- 
scribed in and circumscribed about the same circle. 
Denote ^B by a, and OC by R, and the perimeters 
of the two polygons by p and p' respectively. 
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Then t=9^ yoT-M:' ^ ^R^-\o? _ , 

p' OC H R 

As the immber of sides is increased, the side a continually 
decreases and approaches zero as a limit, the radius R remain- 
ing constant. The ratio ~ increases but remains less than unity. 
Hence this ratio approaches a limit (§ 482), and the 

,. ., „p -^K'-a R 

U^,,tofj=-^— = - = l. 

That is, p and p' have the same limit. 

486. In like manner the areas of the two polygons may be 
shown to approach the same limit. 

The foregoing discussion justifies the following definitions : 

487. The circumference of a circle is the common limit ap- 
proached by the perimeters of a regular inscribed polygon 
and the similar regular circumscribed polygon, as the number 
of sides is continually increased, 

488. The area of a circle is the common limit approached by 
the areas of these polygons. 

Remark, There remains, howeyer, tlie following difficulty. Begin- 
ning with the inscribed square, by bisecting arcs and proceeding as in 
§ 478, a series of regular inscribed polygons of 4, 9, 16, 32, etc. sides may 
be constructed and the perimetera will, b; § 482, approach a definite limit. 
Again, beginning with the regular inscribed hexagon, the same construc- 
tion leads to a series of regular inscribed polygons of 6, 12, 24, 48, etc. 
sides, and their perimeters also will approach a definite limit. Is IhU Imal 
the same /or each of the two aerUs of polygonaf The definition of § 487 
aaftumes that these limits are the same. The proof would not he under- 
stood at this time, and it is sufGcient here to point out that the assumption 
indicated lurlis in the definitions of §§ 487 and 488. 

489. The following conclusion is used in the proofs of 
Propositions IX and X: If the variable x approaches the limit 
a, then ^ x will approach the limit I a, and, in general, - wtU 
approach the limit — i c being any constant (not zero). 

The proof follows immediately from the definition of § 476. 

DiqilizDdbyGoOgIC 
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Pk«k>sition IX. Theorem 
490. Two ctrcumferenees have the same ratio as their radii. 




Given two circles with circumferences C and C, and with radii 
J? and R' respectively. 

Toprmiethat C:C' = R:R'. 

Proof. 1. Inscribe in each circle a regular polygon of n sides, 
and letyj and^' be their perimeters. 



2. Then p:p'= R: 


It', 


Why? 


E-t. 
E R' 




Why? 


3. Let n increase indefinitely. 






The„ |*§. 




S§ 487, 489 



But ^ and ^,> being always equal variables, are really one 
and the saine variable. Henee their limits are equal. 

4. .■.^ = ^', 

R R' 

or C:C' = R:R'. 

Wl. Corollary 1. Two eirciimferenees have the same ratio 
as their diameters. 

492. Corollary 2. The ratio of a eireumfernm-e to its di- 
ameter is coTistant. 

This constant ratio is denoted by the letter it (§ 463). 
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Pro POSITION X. Theoreu 

493. The area of a circle is equal to half the product of its 
raditta and its circumference. 




Given tlie circle 0, of which the area is S, the radius R, and the 
circumference C. 

To prove that S = ^ C x R. 

Proof. 1. Circumscribe a regular polygon of n sides about 
the circle, and let p be its perimeter and A its area. The 
apotheni is equal to the radius of the circle. 

2. Then A = ip x R. § 456 

3. Let the number of sides of this regular circumscribed 
polygon increase indefinitely. 

Then A :^ S, § 488 

and ^px R = iC X R. §§487,489 

But A and ip X R, being always equal variables, are really 
one and the same variable. Hence their limits are equal. 

4. .■.S = iCxIi. 

494. Corollary 1. The area of a circle is equal to it times 
the square of the radius. 

495. CoKOLLAEY 2. The areas of ttvo circles are to each other 
as the squares of their radii or of their diameters. 

Diacuaslon. Why is the circmnscribed polygon used in the above 
theorem, while the inecilbed polygon is used in Proposition IX ? 
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496. HiatoriMl Hote. The development of geometry was aided very 
decidedly by the appearance of problems whose Golutioc seemed to defy 
the powers of the best luathematiclana. Among these difficult problems 
none has exerted a greater influence, or has attracted greater attention 
throughout the ages, than the famous problem of "the squaring of the 
circle," In its original form the problem meant the construction of a 
square which should have an area equal to that of a given circle. As 
will now be readily underslood, this question involves the determination 
of T, or the construction of a line equal to the circumference of the given 
circle. The history of this problem extends over a period of four thousand 
years, and may be divided into three periods : 

1. From theeartUst lime* to the l?tk century a.D. During this time the 
value of V was computed by means of polygons, as in Proposition VIII. 

2. From the beginning of modern maihemJtlics (calculus, etc.) to 1766. 
During tliis period the value of it was computed more accurately by 
oigetiraic methods. 

3. The modem period. In 1766 Lambert proved that ir is irrational. 
This prepared the way for the modem discovery that v cannot be con- 
structed with ruler and compasses. The proof was given by Lindemann 
in 1882. Hence it is impossible to construct geometrically a line equal to Ihe 
circun^erence of a given circle, or a square having an area equal to that of a 
given circle. 

The earliest reference to the number ir is found in the Ithind Papyrus 
(British Museum), written by Ahmes, an Egyptian scribe, about 1700 b.c. 
His rule for finding the area of a circle consista in squaring eight ninths 
of the diameter, which maties ir = S.lSOj. 

The Bible mentions the number ir in two places : 1 Kings vii, 23 ; 
and 2 Chronicles iv, 2, giving v — Z (probably a Babylonian method). 

Arcliimedes (born 287 n.c), the greatest mathematician of antiquity, 
by a method similar to that of Proposition VIII, proved that the value of 
w lies between 3J and 3^}, or, in decimals, between 3.1428 and 3.1408. 

Ptolemy, a great astronomer (150 a, D.), found that re = Sj";^ = 3.1418fl. 

The Hindus used v = VlO = 3.1623 ; also, jr = J J| J =^ 3.1416, 

Metius of Holland (1625 A.n.) found ir = 5f | = 3.1415920, and this 
decimal is correct through the sixth place. 

Ludolph van Ceuien (Leyden, 1610) carried the value of ir to thirty- 
five decimal places. 

By improved methods of calculation the value of a- has been carried 
in recent years by Shanks to 707 decimal places. The symbol jt, in the 
present sense, was used for the first time by William Jones, in 1700. It 
can be shown that x is neither a rational fraction nor a surd. It cannot 
be expressed exactly by an algebraic number. It is therefore called a 
transcendental number. 

The correct value of t to ten places of decimals is 3.1415926635. 
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1. In a certain city whose diameter is about 10 km., it is desired 
to construct a circular boulevard around the outskirts. Estimate the 
errors in the let^h of the inner curb which would arise from using 
the successive approsimationa to the value of ir in § 463. 

2. Plot a graph showing successive approximations of w (§ 483). 
Suggestion. On the horizontal axis lay oft distances representing the 

number of sides in the polygons used, and on the vertical axis lay off 
the corresponding values of w. Use a large scale on the vertical axis. 

3. Many attempts have been made to construct a line equal to the 
length of a circle. The following approximate construction is one of 
the simplest. It is due to Kochanaky (1685). 

At the extremity A of the diameter AB of 
a given circle of radius R draw a tangent CD, 
making ZCO^ =30° and CD = dR. Prove 
that BD = R Vl3i-2V3 = 3.1415 R ; that 
is, BD — )j the circumference, very nearly. 

4. Archimedes (250 n.c.) stated the prop- 
osition that the area of a circle is equal to that of a triangle whose 
base is the length of the circle, and whose altitude is the radius. 
Explain. Construct this triangle approximately by using Ex. 3. 

5. Since it is possible to transforn> any triangle into a square, 
construct a square approximately equal in area to that of a circle by 
using the method of Ex. 3. 

6. A very old Egyptian manuscript, -.written about 1700 B.C., con- 
tains this rule for finding the area of a cirple; th^t is, for "squaring 
a circle." From the diameter of a circle subtract one ninth of the 
diameter, and square the remainder. To what value of x does this 
construction correspond ? 

7. Hippocrates (430 B.C.), a great Greek geome- 
trician, tried to "square the circle." The following 
theorem illustrates his method of approaching the 
problem : If on the sides of an inscribed square as 
diameters semicircles are described, the area of the 
four crescents lying without the circle equals the area of the in- 
scribed square. Give proof. 
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HEVIEW EXERCISES 

1. What are the important topics of Book V? 

2. What use is made of regular polygons in Book V7 

3. Give a brief description of the process by which the length 
and the area of a circle are determined geometrically. 

4. Define v. Prove that it is a constant. 

5. Give two formulas tor the length of a circle. 

6. Give three formulas for the area of a circle. 

7. How is the area of a sector found? 

8. How is the area of a segment found? 

9. If the radius of a circle is multiplied by 2 (3, i, n), what is 
the effect on the length of the circle ? on the area ? 

10. The areas of two regular octagons are as 1 : IS, and the sum 
of their perimeters is 25. How long is a side of each ? 

11. A side of a regular hexagon is 12. Find the radius of the 
inscribed circle. 

12. A circle and a square have equal areas. Which has the greater 
perimeter ? 

13. A circle and a square have equal perimeters. Which has the 

14. The area of a circle is to be divided into 3 (4, 5, n) equal parts 
by means of concentric circles. 1! the radius of the given circle is 
100, what are the radii of the concentric circles? 

15. The arch of a bridge has the form of a circular arc. Its span 
. (chord) is 280 ft., and the greatest height of the circular arc above its 

chord is 80 ft Find the radius of the circle of which the arc is a part. 
IS. The radius of a circle is 10. Find the area lying between two 
parallel sides of the inscribed regular hexagon. 

17. The apothem of a regular hexagon U i. Find the area of 
the hexagon. 

18. Find the number of degrees in the central 
angle of a sector if its perimeter is equal to the 
circumference of the circle of which it forms a i>art. 

19. -Show by the figure that the value o! C : D 
lies between 3 and 4. (Use the perimeters of the polygons.) 

DiqilizDdbyGoOgIC 
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mscellaiteods exercises 

Composite Fioukes 



The equilateral triangle may be used aa the foundation of numer- 
oua ornamental designs nhieh are called trefoils. 

These figures are often seen in decorative patterns, and are tre- 
quentlj introduced in the construction of church windows. 

1 Construct an equilateral triangle. With each vertei as a 
center and with one half of a side as a radius, describe arcs as in- 
dicated in Figs 1 and 2 Let 2 a represent the length of a side of the 
equilateral triangle Find the perimeter and the area of the figure 
bounded by the area. 





FiQ. 4 

2. Modify the preceding eserciae by using the mid-points of the 
sides as centers, as indicated in Figs. 3 and 4. _ 

3. Inscribe an equilateral triangle in a circle 
of radius 2 a. Using the mid-point of each radius 
of the triangle as a center, and a as a radius, 
describe circles. A symmetric pattern will result. 
Find the perimeter and the area of the trefoil 
and of the shaded part of the figure. 

4. The perimeter of a certain church window is made up ot three 
equal semicircles the centers of which form the vertices of an equi- 
lateral triangle which has sides 3 J ft. long. Find the area of the 
window and the length of its perimeter. (Harvard College Entrance 
Examination paper.) 

5. If the area of the trefoil in Fig. 3 above is -50 sq. ft., how long 
is one side of the equilateral triangle V {Take t= ^.) 

6. Assuming that the area of the trefoil in each of Figs. 1, 2, and i 
above is 50 sq. ft., find in each case one side of the equilateral triai^le. 
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QUATREFOILS 

A square may be used aa the foundation of ornamental figures, 
which are usually called qnatrefoU*. 

7. Constnict a square. The length of a side is 2 a. In Figa. 1 
and 2 use the vertices as centers and one half of a side as a. radius. 




In Figs. 3 and 4 use the mid^point of each side as a center. In each case 
find the perimet«r and the area of the figure bounded b 
(The construction lines in Fig. 3 
show how the area of one lobe of ^ 
the quatrefoil may be found.) 

8 The adjoining quatrefoil 
arises from a combination of i 
Fig? 2 and 3 of the preceding 
exercise Find fhe area and the perintPtcr of the figure bounded by 
the ares (The construction lines indicate an Be 
equilateral triangle from which the relation 
of the arcs can be inferred ) 

9 In the adjoining figure find ihe perimeter 
and the area of tBCD k if the side of 
the square is 2 n and the radius of the cirele 




e obtained by using the 



10 The adjoining cross-shaped figures 
vertices of the squarp as centers 
and one half of a diagonal as 
a ladius Find the perimeter and 
the area of each figure if the 
diagonal equals 2 a 

(The second figure wasgnfn on 
page 230 for the purpose of determining the area of a regular octagon.) 
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11. Id the adjoining double quatrefoil the triangle ABC is equi- 
lateral. Find the arpa and the 
perimeter of the pattern, mak- 1 
ing no allowance for the over- r 
lapping of the two atnpa The 
arcs of each strip are coucentnc, i 
their centers being the vertices 
of the square. (Observe that the 
altitude of A ABC ia known. Then the length 
AB can be found.) 

12. On a network of equal squares of side a ci 
struct the vaselike figure shown in the diagram, 
The center of each arc is at the center of a square. 
Find the perimeter and the area of the figure. 

13. The centers of the four arcs in the adji 
ing figure are the vertices of the square. Prove that 
ABCD is a square, and find its area, each side 
the larger square being 2 a. Find also the area 
the quatrefoil whose vertices are A, B, C, and D. 

Suggestion. Observe that AD subtends an a 
of 30°. 




Any regular polygon may l)e used for the construction 
similar to those suggested for the square. 

14. A rose window of six lobes is to lie placed 
in a circular opening 14 ft. in diameter. It is to 
have the form shown in the diagram. Determine 
the radius of the interior hexagon ; the perimeter 
of the hexafoil ; the area of the hexafoil. 

(How does a radius of one of the smallest 
circles compare in length with a radius of the 
largest circle ?) 

15. About the vertices of a regular inscribed 
hex^on as centers, and with radii equal to the 
radius of the given circle, describe arcs within 
the circle. If the radius of the circle is a, find the 
perimeter and the area of the resulting hexafoil. 
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ARCHES 

Arches ate of great importance in architecture. The roost ci 
forms are semicircvlar, tegmental, and pointed. 

In the diagrams AB is the width or apan of the arch, while CD 
is its ietght. Owiag to the symmetry of these arches, numerical 



\ c 7fl 




coDiputatioDS involving these forms are greatly simplified. In the fol- 
lowing problems, unless the context suggests a different meaning, let 
t - span = AB, h = height = CD, 
p = perimeter of the arch = length of arc AD + arc BD, 
■ A = area of the arch — area inclosed by p and s. 

16. Draw a semi- 
circular arch. Let 
g = a. Find h,p,A. 

17. The Arch of 
Triumph in Paris 
is 162 ft. in total 
height, 147 ft. in 
width, and 73 ft. in 
depth. The crown 
of its vast arch, 
which is semicircu- 
lar, is 96 ft. from 
the ground. The 
width of the arch 
is 48 ft. Find the 
perimeter of the 
arch ; the area of 
the interior passage 

of the arch ; the entire exterior surface of the structure, disregard- 
s and other projections. 



by Google 



MJENSURATION OF THE CIRCLE 

18. In the adjoining design of & window let AB = 4 a, 
length of each arc and the area of each part 
of tte figure, 

19. If AB = ia in the following design, 
find the radius FD of the upper circle, and 
then determine the area lying between the 
circles. 

AiMlysia. I,*t FD = x. 
Then CF=2a-x. 

But ^?'° = UM^ + Uf\ 

2a 



. In the adjoining window design let 



equilateral triangles constructed on CE and 
CF respectively. Find the area of circles O 
and 0', and the total area of the crescents between 

21. A segmental arch over a door subtends a cen- 
tral angle of 60°. If the door is 10 ft. high and 4 ft. 
wide, find h, J), and A. 

22. The eijtiilaleral Gothic arch has already been de- 
fined (Ex. l.t, p. 190). Find the area of an equilateral 
Gothic arch if » = 12. 

23. The homenhoe arch is used eitensively in Moorish 
architecture. With ACl—^ as a radius and A 
as a center, construct a quadrant CF. Trisect 
arc CF at D and E. Draw AD and produce it 
to meet the perpendicular bisector of AB at H. 
From 7/ as a center, with radius HA, draw a cir- 
cle intersecting CH produced at 0. Then O is 
the center of tlie arch (radius OA). If s = 2 n, 
find h, p, and A. 

Suggeslion. In the ttAACIl, ^A =30° and AC 
and prove OA = HA. 




^' 
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24. The tegmental pointed arch has its centers below the span. In 
the figure CJf = ^OA. Cand D are the centers of 

the arcs BE and AE respectively. If i = 4 o, and 
OM = b, find ME. 

Suggestion. CE = CJi. Observe that CB ia the 
hypotenuse of a right triangle with legs b and 3 a. 

25. A four-centered arch may be constnicted 
as follows ; Divide the span into four equal 
parts. On CD construct a rectangle, making 
CF = |^B. Draw the lines FH and EK. 
C and D are the centers of the small arcs, 
and E and F of the larger arcs. If n = 4 a, 
find EK. 

26. The Brescia arch (Turkish) is con- 
structed by dividing s into 8 equal parts. On 
AC and BD, each containing three of these 
parts, equilateral triangles are constructed. 
The arcs AF and EB have their cent«rs at C 
and D respectively. At F and E draw tangeuta 
to these arcs meeting in H. If « = S n, find h,p, 
and A. (Draw FE.) 

27. The figure represents a Peraian arch. 
Triangles ABC and DEF are congruent and 
equilateral. The centers of the iip|ter arcs MC 
and NC are res]iectively D and /', while the 
lower arcs are drawn with the centtr E. Prove 
that the area of the arcli equals the area of 
triangle ABC. 

28. In the adjoining modification of the 
Persian arch the four arcs are equal quadrants. 
If « = 4 n, prove that the area of the arch ia 




29. Draw the outline of window tracery in the 
figure, using the given dimensions. The arch is 
equilateral, and all the arcs are of equal radius. 
Find the height of each of the pointed arches within 
the equilateral arch. 




by Google 



MENSURATION OF THE CIRCLE 



325 



30. In the adjoining diagram, representing a Gothic window, 
AB = BC= CD = DE. The arches are all ^ 
equilateral. The point O is the interaectiou 
of ares having the radii A D and EB (Ex. 14, 
p. 190). The construction of the trefoil is ex- 
plained in Ex. 3. If AB = a, find the area of 
each part of the figure, neglecting the tracery. 

31. The drop-pointed nrci is formed by 
two arcs whose radii are less than the span. 
In the figure, AB is trisected at C and D. 
The arcs are constructed with C and D as centers, 
and radii CB and DA resjiectively. If s = 6 n, 
find h. Prove that h = .645 x s approximately. 

32. The EtiHy English or lancet arch is formed 
by two arcs whose radii are greater than the 
span. In the figure the span AB is bisected 
at C. Construct the squares CE and CF. Make 
CH = CE, and CK = CF. The area are con- 
structed with H and K as centers, and with 
radii IIB and KA respectively. If AB = 2 a, / 
find h. Prove that h = .979 x s approximately. 




HA 



B K 



Moldings and S(;koi.i.s 

The construction of moldings and scrolls is liased very largely o 
the principles of circles that are tangent internally or _^ 
externally (see Book II, Proposition XIV). These It - 
designs are of importance in a number of industries J 
and trades. 

33. Draw the scotta molding shown in the margin. m; 
The curve is made up of two quadrants of 1 in. and " 
\ in. radius respectively. How long is the curve V 

34. Draw the cyma recta molding shown in the 
iuargin, using the given dimensions. The curve is 
composed of two quadrants of equal radii, tangent 
to each other and to the lines AB and CD respec- 
tively. How long is the curve? 
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35. Draw the accompanying diagram of window tracery, using 
the given dimeDsions. The arch ia equilateral. 
Explain how the radius of the interior circle is 

36. Copy the annexed icioll (figure below). It 
consists of two spirals and a connecting arc. The 
spirals have two centers, used in anecessioii (Ex. 9, 
p. 163). The connecting arc is drawn with its center 
at O, the vertex of an equilateral tri- 
angle BOD. If.4B = 5 ram., and£;) = 
7 cm., find the length of the scroll. /' 

37. Modify the figure in the previous 
problem by connecting the two spirals 
by a straight line tangent to each spiral. 

38. A balustrade is divided by a 
series ot vertical iron rods into equal 
rectangular panels. In each of the panels an iron scroll 
like the one shown in the figure is constructed. The 
rectangles are 36 in. high and 12 in. wide. Construct one 
of the panels, using a convenient scale, from the following 
datsi. The center ot the first semicircle is A, the radius 
AB being 3 in. is the mid-point of ^B and the center 
of the second semicircle, the radius OC being 4 J in. From 
j4 as a center, with radius -4 C, draw the next are, meeting 
a tangent drawn to it from P, the ceuter of the panel. 
If AP = 12 in., prove that Zx =^ 30'. 

39. If the balustrade in the previous problem contains ', 
what is the combined length of the scrolls? 



M 
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' pearance as Hawkes,Luby,aodTouton's"First Course in Algebra." 
Following are some of the features on which this success is founded : 

1. Sanitr 

It embodies a one year's course which is thorough, but not too difficult, with 
due atieniion lo the really valuable recent developments in the teaching of 
algebra. No hobby is ridden. 



2. Balance of Technic and Reatmuns Power 

Ample drill in the elementary technic of algebra is accompanied by a com- 
mensurate development of reasoning power. 

4. WciJth of Illuitrative Material 

In the explanation of points which experience has shown to be difficult for 
students to grasp, there is an abundance of illustrative material which assista 
the pupil to understand the subject. 

5. Abundance of Carefully Selected ProUein* 

Great care is given the important question of problems. The laige num- 
ber included in the book will be found practical, interesting,— as they bear 
on the pupil's everyday life, — and unusually well graded. 

6. Reference to Arithmetic 

In the eitplanation of algebraic processes the student's confidence is estab- 

7. Cortelation with Geometry and Phyiics 

The choice of topics and their treatment was determined by the fact that 

algebra. 

8. Seoiible Treatment of Factoring 

Only the simpler types of factors are considered. Many examples give the 
student timely assistance with the numerous difficulties which necessarily 
arise. The frequent lists of review exercises in factoring should give a 
secure grasp of forms and methods in the shortest possible time. 
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THIS book is designed to follow the authors' " First Course 
in Algebra" and continues the distinctive methods — 
liberal use of illustrative material, introduction of numerous 
interesting and " thinkable " problems, correlation with arith- 
metic, geometry, and physics, and extended work with graphs 
— which marked the earlier volume. As in the " First Course," 
prominence is given the equation ; the habit of checking results 
is constantly encouraged ; and frequent short reviews are a 
feature throughout. 

The earlier chapters present a brief but thorough review of 
the first-year work, giving each topic a broader and more 
advanced treatment than is permissible in the " First Course." 
The new material and the many new applications make the 
entire review appeal to the student as fresh and inviting. The 
later chapters introduce such further topics as progressions, 
limits and infinity, ratio and proportion, logarithms, and the 
binomial theorem. 

The aim throughout has been to select those topics consid- 
ered necessary for the best secondary schools and to treat each 
in a clear, practical, and attractive manner. The authors have 
sought to prepare a text that will lead the student to think 
clearly as well as to acquire the necessary facility on the 
technical side of algebra. 
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THIS book aims to give a thorough training in the mathe- 
matical operations that are useful in shop practice, e.g. in 
Carpentry, Pattern Making and Foundry Work, Forging, and 
Machine Work, and at the same time to impart to the student 
much information in regard to shops and shop materials. The 
mathematical scope varies from addition of fractions to natural 
trigonometric functions. The problems are practical applica- 
tions of the processes of mathematics to the regular work of 
the shop. They are graded from simple work in board measure 
to the more difficult exercises of the machine shop. Through 
them students may obtain a double driU which will strengthen 
their mathematical ability and facilitate their shop work. 

All problems are based on actual experience. The slide rule is 
treated at length. Short methods and checks are emphasized. 
Clear explanations of the mechanical terms common to shop 
work and illustrations of the machinery and tools referred to in 
the text make the book an easy one for both student and 
teacher to handle. 

It should be useful in any school, elementary or advanced, 
where there are shops, as a review for supplementary work or 
as a textbook either in mathematics or shop work. 
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